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SYNOPTIC ABSTRACT

Exact and limit distributions are obtained for the maximum claim, using
the collective model. Prediction bands are derived, falling either into a con-
trolled and or a non-controlled case. These cases are separated by a crucial
value of an estimable parameter. An application to automobile insurance data
is given.
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1. INTRODUCTION

Let Y(¢) be the maximum claim paid up to time ¢t € RT. Let us assume
that the claims {X; > 0 : i € N} are random variables .i.d., with common
distribution function Fx(-). We also take the number of claims up to time ¢,
N(t) to be generated by a Poisson process with rate A(t) (¢ > 0), independent
of the claims. We obtain the exact distribution of the random variable Y'(t),
Fy)(+), and conditions for the limit distribution of the random variable Z(t) =
A(t)g(Y (1)), with ¢g(-) a known function, to be exponential. The expression of
Z(t) will be obtained for some special (and theoretically important) cases.

Our results refer to the Collective Risk model, for instance see Bowers
(1986), but instead of the sum of claims up to instant ¢ we are interested in

the maximum of those claims. Thus we will be interested in the tails of the
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claims distribution, namely their representation, using the Pareto generalized
distribution, see McNeil (1997).

Moreover, we will obtain prediction bounds for Z(t), showing that these
fall into two situations corresponding to controlled and non-controlled max-
imum claim. The two situations are separated by a critical value for an es-
timable parameter. An example with real data on automobile insurance is

shown.

2. EXACT DISTRIBUTION

Let Y () = max{Xj, ..., X,,} be the most severe claim up to time ¢t € R*
with n the total number of claims occurred up to that time, and let ¢n ) (u) be
the moment generating function of N(¢). We have for the distribution function
of Y(t), Fy(y), with y > 0:

Fyp(y) = PIY(1)<yl=) PIN(t)= n]P[ﬂ Xi <n

= Y PIN() = n]F§(y) = dnen(In(Fx(y))) — PIN(t) = 0]

By definition Y'(¢) = 0 whenever N(t) = 0.
Since we suppose that N(t) is Poisson distributed with parameter \*(¢) =
3 A(u) du > 0, we immediately know that

Fyio(y) = exp(-X"(1)(1 — Fx (). y > 0. 1

3. LIMIT LAW
3.1. DISCRETE CASE

If g(-) is a continuous strictly decreasing function, verifying lim, ., g(v) =
0 and lim,_ g(v) = oo, the inverse function g—!(-) will have the same mono-
tonicity properties as the direct function. Let W (t) = g(Y'(¢)), then, according
to (1), the distribution function of W (t) will be

Fyg(w) = Plg(Y(t)) Sw]=PY(t) 2 g (w)] =1- Frulg (w))
= 1—exp[At(l - Fx(¢9'(w)))], w = 0. (2)
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Defining the random variable Z(t) = A*(t)g(Y (t)), we have
PROPOSITION 3: If L(w) =1— Fx(g~'(w)) has an expansion in Mac-

Laurin series then, the limit distribution function of Z(t) is
tlim Frip(z) = 1—exp{L(0)z}, 2>0
with L'(0) > 0.

Proof: Since lim,,_o L(w) = 0, we will have

2 & L(w) w’
L(w) = 2 i ‘w_o T
so that, by (2),
Fr)(2) = Fw(2/(\'(1)) = 1 — exp {—X"(t) ‘ djju(;}) . (2/ (A;!(t)))J}

and so
Jim Fyn(z) =1—exp{L'(0)z}, zeR".

To finish the proof we just have to show that L'(0) > 0, but

_dFx(g” ! (w))) dg~* (w)
dg—(w) dw

RO

o) =

w=0

>0

w=0
with fx(-) the probability density function of X. O
So, when L/(0) > 0 the limit distribution is exponencial. Moreover, if

lim, o fx(z)2" = ¢ > 0 with > 1, we will have

lim fx (g~ (w)) 97" (w) = ¢ >0,

w—0
hence
o g (w)
_i@o[j (w) dg~lw) ~ ©
dw

For instance, if we take g~!(w) = w™*, then, —g‘*(w)dg:l—;(w) — sw™Vs=1 and
with s = 1/(r — 1), we obtain —g_r(w)—dg;;(w) = (r —1)~! and consequently,

C
lim L' = L'(0)= .
lim I'(w) = 1/(0) = ——
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Since, the inverse function of ¢g7'(w) = w=Y~V =y is w = y'~", we have

PROPOSITION 4: If L(w) = 1 — Fx(g~'(w)) has an expansion in Mac-
Laurin series, and lim,_,» fx(x)z" = ¢ > 0 with r > 1, the limit distribution
of Z(t) = ()Y ()17 is 1 — exp{—c/(r — 1)z}, z € R*.

For the Pareto generalized distribution
Fzld,y) =1—Q+~z/8)7 Y, 2>0,6>0;, v>0

we have

3.2. EXCEDANCES AND ADJUSTMENT

According to the Pickands-Balkema-de Haan theorem (see McNeil, 1997)
we assume that the distribution of the excedances over the high threshold v,

whenever Fx(v) < 1,
Fx(z|v) = P(X —v < z|X > ),

as the threshold tends to the right endpoint, has as limit distribution the
generalized Pareto distribution F(z — v|d, 7).

Let N,(t) be the number of claims up to time ¢ that exceede v. This will
be a Poisson process with rate A%(t) = A*(¢) (1 — Fx(v)). So

Z,(t) = MY ()

will have, according to Proposition 4, limit distribution 1 —exp{—c/(r — 1)z},
where 7 and ¢ may be estimated following the procedure due to de Haan (1994).

Let Xy gn < ... < X, , be the claims exceeding v. Then (see de Haan,
1994), with

k r
Z [ (xn ant ")} (scale invariant)

Tn— kn

Prl»—k

we have the estimators

2 1
1 MV
Ap = 14+ MY — 3 (1 — W (scale invariant)
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B MY {pzl if 4, >0
n — U

Applying these estimators to a sample of 16 trimestral claim totals for an

automobile insurance portfolio for 2001,/2006, we obtained the estimates

4 = 0.05204

0 = 320.518,
so that

7 = 20.21599

and ¢ may be derived from (3).

4. PREDICTION BANDS

The limit distribution for Z,(t) has the quantiles z, = —=1 log(1 — q).

i) = (A:Z&)y

increases with Z, = Z,(c0), we have the quantiles

1

a(q,r) = (—log(l - Q)) >0

when 0 << t. We point out that the ratios

Yo (t)  algo,r) <§gl:22>il

- log(1 — ¢1)

Since

with

Yo (1) algr,7)

do not depend on time.

Using the new time scale t* = % A*(f) we get y,(t*) = a(q,r) #7T with
T a’(qﬂn) N
t") = t*)=1 >0
i) = 8 )
and
a(g,r) 2—r , , s-2r <0, r<0
Yy (t°) (t)~= ¢ =0, r=2

>2, r>2.
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To illustrate the cases with r < 2 and r > 2 we present the graphs of the
80% prediction bands for the maximum claim, for » = 1.9 and r = 7.5, in

Figure 1.
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Figure 1. — 80% prediction bands for the maximum claim.

For the automobile insurance data we have the 90% prediction band in
Figure 2, which displays a situation with good control of the increase of the

maximum claims over time.

)
Yol yooith

0.8 y.a(t®)
0.6
0.4

0.2

1 2 3 4 5¢*

Figure 2. — 90% prediction band for the maximum claim for
the automobile insurance.

5. TIME RANDOMIZATION

We now randomize time t*. Since the actual value of this parameter at a
given time will depend on a great number of factors we can avail ourselves of
Fisher’s metatheorem (Fisher, 1918) to assume that ¢* is normally distributed
with mean vector u(t) and variance bu(t). Thus, the ¢-th quantile of t* is given
by

13(6) = u(t) + 20\/Buld).
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Accordingly, for the random variable
g(t*) =c(t)”, s>0,
we have the quantiles
6u(t) = ¢ (t,)° = ¢ (u(t) + 51V/bu(®))
from which we can obtain tollerance intervals for the y,(t) = y,(t*(t))
voralt) = calg,r) (u(t) + 51 /bu(®)

Taking
q=p/2, ¢=p/2

we get
P(Y(H) € Weral®); t1-g1-a®]) = 1= (p+p").
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