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Abstract

We deal with generalized notions of convexity for sets. Namely, the
polyconvexity, quasiconvexity, rank one convexity and separate convex-
ity. The question has its origin in the calculus of variations. We try to
systematize the results concerning these generalized notions imitating as
much as possible the classical approach of convex analysis. Throughout
the article, we will discuss the relations between the different convexities,
separation and Carathéodory type theorems, the notion of hull of a set
and extremal points.

1 Introduction

We discuss here the extension of the notion of convex set to generalized convex
sets that are encountered in the vector valued calculus of variations and in
partial differential equations. These are: polyconvex, quasiconvex and rank one
convex set.

Contrary to classical convex analysis, where the notion of convex set precedes
the one of convex function; this is not the case for the generalized ones. This is of
course due to historical reasons. Morrey introduced the notions of polyconvex,
quasiconvex and rank one convex functions in 1952 (although the terminology
is the one of Ball). It was not until the systematic studies of partial differential
equations and inclusions by Dacorogna-Marcellini and Miiller-Sverak that the
equivalent definitions for sets became an important issue. Moreover these no-
tions were essentially seen through the different generalized convex hulls, leading
somehow to terminologies that do not exactly covers the same concepts. One
of the aims of the present paper is to try to imitate as much as possible the
classical approach of convex analysis in the present context. This will, we hope,
allow to clarify the situation.



In order to describe the content of our article, we have to get back to classical
convex analysis. Here are important facts that we will try to mimic in the
generalized context.

1) A set E is convex if and only if its indicator function

(2) = 0 ifzekF
XB )= +oo ifx ¢ FE

is convex.

2) Important facts concerning convex sets are the separation and Carathéodory
theorems.

3) The convex hull of a set F is the smallest convex set, denoted co E, that
contains FE. As consequences of this definition, one finds that if

Fe={f:R" >RU{+o0}: f| <0}
Fe={f:R"—>R: f|p <0}

then
coE={zeR™: f(z) <0, for every convex f € Fp} (1)

coE={xeR™: f(z) <0, for every convex f € Fg} (2)

where co E' denotes the closure of co E.
4) Minkowski theorem for the convex hull of extreme points of compact sets.
The article is organized as follows.

In Section 3, we define the notions of polyconvex, quasiconvex and rank one
convex set. The first and the third one are straightforward and are equivalent,
as they should be, to the polyconvexity and rank one convexity of the indicator
function. The second one is more delicate. Indeed one would have liked to define
it as equivalent to the quasiconvexity of the indicator function; but quasiconvex
functions allowed to take the value +oo are, at the moment, poorly understood.
We will give a definition of quasiconvex set which is compatible with many of
the desired properties that should have such definition. Notably we will have
that

FE convex = FE polyconvex = E quasiconvex = E rank one convex

and all counterimplications turn out to be false whenever N,n > 2. This last
result is better than the corresponding one for functions, since we have examples
of rank one convex functions that are not quasiconvex (cf. Sverdk [15]) only
when n > 2 and N > 3.

Separation and Carathéodory type theorems exist for polyconvex sets and
we will discuss these extensions in Section 4.

In Section 5, we consider the definitions of polyconvex, quasiconvex and
rank one convex hulls of a given set E denoted respectively Pco ¥, Qco E/, Rco E.
They are, as they should be, the smallest polyconvex, quasiconvex and rank one



convex set, respectively, that contains E. It turns out that for polyconvex sets
(and in a similar way for rank one convex sets) we have

Pco E = {5 € RV*" . £(£) <0, for every polyconvex f € fE}

as for the convex case. However, the representation of the closure of the hulls
analogous to (2) is not true for general sets. We will discuss this question in
details introducing three more types of hulls, namely

Pcoy E = {5 e RV*" . £(€) <0, for every polyconvex f € fE}
Qo E = {f e RVX" . £(£) <0, for every quasiconvex f € fE}

Reop E = {£ € RV*™: f(£) <0, for every rank one convex f € Fr} .

It turns out that, in general,

Pco E ; Pcos E, Qco E ; Qcog E and Rco E ; Rcoy E.

However, if F/ is compact, then
Pco B = Pcoy E.
In Section 6 we will introduce the notion of extreme points in these general-
ized senses and establish Minkowski type theorems.
2 Notations and preliminaries

We recall the notation below (cf. Dacorogna [4]) used in the context of poly-
convexity.

Notation 1 (i) For £ € RNX" we let
T (€) = (€,adjyE, . .., adjy 1, 6) € RTV)

where adj £ stands for the matriz of all s x s subdeterminants of the matriz &,
1<s< NAn=min{N,n} and where

r=r(Nn) zmz(N> (”) and (N) -

s=1

In particular if N =n =2, then T (§) = (£,det§).
(i) For s € N, let

Ay = {)\ At de) X 20, YN 1}.



We also introduce a useful notation when defining a quasiconvex set (cf.
Definition 6).

Notation 2 Let Q be the hypercube (0,1)™ of R™. For an orthogonal transfor-
mation R € O(n),
- Wplefo (R ;RN will denote the space of periodic functions in W (RQ; RY),

i.e. functions u verifying u(Rx) = u(R(x+e;)) for all vectors e; of the canonical
basis of R™ and all x € Q);

- Affpiec (R Q;RN) will denote the space of piecewise affine functions in RS);
~ Wg will denote the space WL (RQRYN) N Aff e (RQ;RY) of functions

per
whose gradients take only a finite number of values.

We now recall the different notions of convexity for functions.
Definition 3 (i) A function f: R™ — RU {+o0} is said to be convex if

SAE+HA =) SAFE+T=A) fF(n)
for every A € [0,1] and every §,n € R™.

(ii) A function f : RNX" — R U {400} is said to be polyconvex if there
exists a convez function g : RV — R U {+oo} such that

f(&) = 9(T(g)).

(iii) A Borel measurable function f : RN*" — R is said to be quasiconvex if

£ (€) meas(U) < /U f (€ + Do (2)) da

for every bounded open set U C R™, £ € RVX" and ¢ € VV01’°O (U;RN) .
(iv) A function f: RN*" — R U {+oc0} is said to be rank one convex if

JOEFA =) SAFEO+A=X) f(n)
for every X € [0,1] and every &,m € RN*™ with rank(¢ —n) = 1.
(v) A function f:R™ — RU {400} is said to be separately convex if
FOAE+A =) <AfE)+A—=A) f(n)

for every X € [0,1] and every £,n € R™ with & —n = se;, for some s € R and
i € {1,....m} (e; denoting the i'"-vector of the canonical basis of R™).

(vi) A Borel measurable function f : R¥N*" — R is said to be quasiaffine if
both f and —f are quasiconvex.

Remark 4 A good definition of quasiconvex functions equivalent to the weak
lower semicontinuity of the corresponding integral taking the value 400 is not
available at the moment. Moreover, if we allow it in the above definition, then
the known implication

f quasiconvex = f rank one convex

s mo longer true.



Equivalent conditions for polyconvexity and quasiconvexity are given in the
next result. For the proofs see, respectively, Dacorogna [4, page 106] and Sverdk
[15].

Theorem 5 (i) A function f: RNX" — RU {400} is polyconvez if and only if

T+1 T+1
f (Z Aifi) <> Nf(&)
=1 =1

whenever (A1, .., Ary1) € Ary1 and

T+1 T+1
r (z A@«) ST (e,
=1 =1

(ii) A Borel measurable function f : RV*" — R is quasiconvex if and only
if
[ <[ [+ Dy(x))de

RQ
for ©:=(0,1)" and every R € O(n), ¢ € Wi (RQ;RY) and £ € RV*™.

per

The different envelopes are then defined as

Cf=sup{g < f:g convex},

Pf =sup{g < f: g polyconvex},

Qf =sup{g < f : g quasiconvex},

Rf =sup{g < f: g rank one convex},
Sf =sup{g < f : g separately convex} .

As well known we have that, provided f : RV*™ — R, the following impli-
cations hold

f convex = f polyconvex = [ quasiconvex

= f rank one convex = f separately convex

and thus
Cf<Pf<Qf<Rf<Sf<J.
3 Generalized notions of convexity
We start giving the generalized definitions of convexity for sets.

Definition 6 (i) We say that E C R™ is convex if for every A € [0,1] and
&,n e E, then
M+(1-ANneE.



(ii) We say that E C RN*" js polyconvex if there exists a convex set K C
R™(N-") such that
(K NTRY*") = E,
N,n) in
(N,n)

where T denotes the orthogonal projection of (the first component of) R7(
RN*" - Bquivalently, E is polyconvex if there exists a convex set K C RT
such that

{¢eRV*":T(()e K} =E.

(iii) We say that E C RN*" js quasiconvex if we have
€+ Dp(x) € E, ae. x € RQ,
for some R € O(n) and ¢ € Wg

(2 denoting the hypercube (0,1)™).
(iv) Let E C RN*". We say that E is rank one convex if for every A € [0,1]
and £,m € E such that rank(§ — n) =1, then

}:>£EE

A+ (1= MNneE.

(v) We say that E C R™ is separately convex if for every A € [0,1] and
&,m € E such that § —n = se;, for some s € R and i € {1,...,m} (e; denoting
the ith-vector of the canonical basis of R™), then

A+ (1= ) € E.

Remark 7 (i) The operator 7 introduced in the above definition is more pre-
cisely defined as follows. If

X = (X17"‘7XT(N,H)) then 7T(X) = (X17"-3XN><’I’L)'

In particular, if N =n =2 and X = (£,0) € R®*2 x R, then n(X) = €.

(#i) The definitions of convex, rank one convex and separately conver sets
are standard.

(i4i) In what concerns polyconvexity, the more usual way to define it is with
the condition in Theorem 8 below. However, the two conditions turn out to be
equivalent. With our definition we get some coherence with the analogous notion
for functions.

We note that one could think, in view of Definition 3 (ii), that a set E is
polyconvex if T(E) is convex. This is however not true. Consider, for example,
the polyconvex set E = {I,£}, where I is the identity matriz and £ = diag(2,0).
Then T(E) = {(I,1), (& 0)} which is not convex.

(iv) The best definition for quasiconvex sets is unclear. Several definitions
have already been considered (see Dacorogna-Marcellini [5], Miller [11], Zhang
[18]). The one we propose here is consistent with known properties for functions
and have most properties which are desirable (cf. Theorem 11 below).

We first give an equivalent condition for polyconvexity.



Theorem 8 Let E C RN*™. The following conditions are equivalent.
(i) E is polyconvex.

(ii)
I I
Z NT(&) =T (Z m) !

=1

&G EE, (M,..., 1) € Af
Moreover one can take I = 7(N,n) + 1.
(iii) Denoting by coT(E) the convex hull of T(E),
E =7(coT(E) N T(RN*™))

or equivalently
E={¢cRY*": T(¢) € coT(E)}.

Proof. (i) = (ii). Suppose

I I
Z NT(&) =T (Z Ai@) , (3)

for some & € E and (\1,..., A7) € A;. By hypothesis, & € 7(K N T(RY*"))
for some convex set K C R™™) and so T(¢;) € K. Therefore Zle AT(&) €
co K = K and, by (3), we conclude that Zle A& € E.

The fact that we can take I = 7(N,n) + 1 in (i¢) is a consequence of
Carathéodory theorem (see Dacorogna [4, Theorem 1.3, page 106]).

(ii) = (iii). We have to see that E = m(coT(E) NT(RY*")). Evidently E
is contained in the set in the right hand side. For the reverse inclusion, consider
€€ m(coT(E)NTRN*™)). So, T(£) € coT(E) and we can write

I

T(¢) =Y NT(&)

=1

for some & € E and (A1, ..., A1) € A;. We then use (ii) to get that £ € E, as
wished.

(#41) = (i) This is immediate. m

The next result shows the relation between the notions of convexity for sets
and the corresponding notions for functions (the proof is straightforward).

Proposition 9 Let E C RVN*™ and xg denote the indicator function of E:

0 if¢€kE

XE(f):{ too ifE¢E.

Then E 1is, respectively, convex, polyconvex, rank one conver or separately
conver, if and only if xg is, respectively, convex, polyconver, rank one convex
or separately convez.



Remark 10 One would have liked to have the same result for quasiconver sets
but, as already discussed, quasiconvex functions taking the value +o0o are not
considered here.

The convexity conditions are related in the following way.

Theorem 11 Let E C RV*". We have the following implications

E convex = FE polyconver = E quasiconvex

= E rank one conver = E separately convez.

All counterimplications are false, as soon as N,n > 2.

Remark 12 We will see (c¢f. Proposition 28) that, as for the convex case:
E, respectively, polyconvex, quasiconver, rank one convex or separately convex
implies that intE is also, respectively, polyconvex, quasiconver, rank one conver
or separately conver. However, this is not anymore true for E. Indeed we will
give (cf. Proposition 28) an example of a bounded polyconvexr set E C R?*2
with E not even separately convez.

Proof. Part 1. We only prove the implications related to the notion of quasi-
convexity since the others are trivial and well known.
(i) We prove that if E is polyconvex then E is quasiconvex. Assume that

4+ Dp(x) € E, ae. x € RQ

for some R € O(n) and ¢ € Wgi. We can write Dp(x) € {m,...,nk}, a.e. ¢ €
R for some 7; such that £ +7; € E, i = 1,..., k. Defining

Ai =meas{z € RQ: Dy(z) =n;},

we have \; > 0, Zle A; = 1. Since ¢ is periodic and the functions adj, are
quasiaffine (s =1,..., N An) we have

k
1) = [ T+ De(w)ds = S AT(E+m).
R i=1
Using the polyconvexity of the set E we obtain that £ € E.

(ii) We now prove that if a set E is quasiconvex then it is rank one convex.
Let £, € E be such that rank(( —n) = 1 and A € (0,1). We will prove that
X+ (1 —A)n € E. To achieve this, it is enough to find R € O(n) and ¢ € Wg
such that

X+ (1 —=XNn+ Dy(x) € {&,n}, ae.x € RQ

or equivalently

Do(x) € {(1 = A (€ —n), =N —n)}, ae z€RQ.



The result will then follows from the quasiconvexity of E. The construction of
such ¢ is standard for relaxation theorems (see, for example, Dacorogna [4]).
We just outline the proof. Since rank({ —n) = 1, we can write { —n =a® v
with @ € RY and v a unit vector in R". Choose R € O(n) any orthogonal
transformation such that Re; = v (e; denoting the first vector of the canonical
basis) and define the function h : R — R by

s, 0<s< A
h(s){ A A<s<l1

and h(s+1) = h(s)+ A\, Vs € R. Then p(z) = —A(§ —n)z+ah({x;v)) satisfies
the required conditions, which finishes the proof.

Part 2. We will next see that the reverse implications are, in general, not true.
(i) There are polyconvex sets which are not convex. Consider, for example, the
set B = {&,n} C R?*2 where ¢ = diag(1,0) and n = diag(0, 1).

(ii) Quasiconvexity does not imply polyconvexity. Consider the matrices (cf.
Dacorogna [4])

1 0 0 1 -1 -1

= <2(/)3 1(/)3> '

T(n) = 3T(60) + 5T(&) + 3T(E)

The set E = {£1,£2,&3} is not a polyconvex set since n ¢ E. However, it is
quasiconvex. Suppose £ + Dy € E for some ¢ € Wg where R € O(2). Since
rank(§; — §;) = 2 for @ # j, we have that the solution of this three gradient
problem is an affine function (cf. Sverdk [13], [14], Zhang [20]) that is to say
&+ Dy is identically equal to one of the matrices &;. Using then the periodicity
of ¢ it results that £ = ¢; € E. We can then conclude that E is quasiconvex.

and

We have

(iii) Rank one convexity does not imply quasiconvexity. We should again draw
the attention to the fact that our result is better for sets than for functions. We
prove this assertion in two steps.

Step 1. There are (cf. Kirchheim-Preiss [7]) n1,...,mx € 0B(0,1) C R?*2
such that rank(n; — n;) = 2, V i # j and there is a non affine Lipschitz
function u : (0,1)> — R? with affine boundary data and satisfying Du(z) €
{1, ..,k }, a.e. in (0,1)2.

Step 2. Let E = {n,...,nr}. Since there are no rank one connections
between the matrices 7;, the set E is rank one convex. We will see that F
is not quasiconvex. Let u be the function mentioned in Step 1. Since u is
Lipschitz and has affine boundary data, we can write u = ug¢ + ¢ for some
@ € W,°((0,1)%;R?), denoting by ug an affine function such that Dug = £.



Besides Du(x) = £ + Dp(x) € E, a.e. in (0,1)%, but, as we will see, £ ¢ E,
which ensures that E is not quasiconvex. We argue by contradiction.
If £ € B, say £ = n; then, since

k
E= / Du(x)dx = Aini,s
(0,1)2 ;

with A; € (0, 1) since u is not affine (in particular A; # 1), we would have

LAY
m = Z 1_ /\177¢~
i=2

But, since n; € 9B(0,1), i = 1,..., k, the above identity is not possible and thus
E#Fm.

(iv) Separate convexity does not imply rank one convexity. Indeed, the set
E = {¢n} C R?*2 where

<=0 ()

is separately convex but not rank one convex. m

4 Separation results for polyconvex sets

We next deal with the problem of separating polyconvex sets generalizing in
this way known results in the convex context.

Theorem 13 Let E be a polyconver set of RN*™,
(i) If n ¢ E orn € OF, then there exists 3 € RTN")\ {0} such that

(8;T(n) —T(£) <0, VEE€E.
(ii) If E is compact and n ¢ E, then there exists 3 € R™™N)\ {0} such that

(B;T(n)) < gng{<ﬁ;T(§)>}-

Proof. (i) Since E is polyconvex, if ¢ E then T'(n) ¢ coT(E); in the case
n € OF then we get T(n) € dcoT(E). In both cases, using the separation
theorem for convex sets we obtain the existence of (8 satisfying

<5’T(n) _X)> S Oa vVXe COT(E)a

and, in particular, for X € T'(E) as desired.

(#4) This stronger result can be obtained using the strong separation theorem
for the closed convex set coT(E). m

As a consequence of the previous separation theorem we have the character-
ization of a polyconvex set given in the following result. This is an extension
of the classical version for convex sets which ensures that a closed convex set is
the intersection of the closed half-spaces containing the set.

10



Theorem 14 A compact set E C RN*" s polyconvez if and only if
E={¢cRYN*": (&) >0, for every quasiaffine © with ¢ip >0}

Proof. Let E be a compact polyconvex set and &y be such that ¢(§) > 0 for
every quasiaffine ¢ satisfying ¢z > 0. We will see that § € E. If this was not
the case, then, from Theorem 13 (i),

(BT (&) < e < I {(BT(E))

for some 8 € RTV-")\ {0} and ¢ € R. Defining C' = ¢ — infee g {(3; T(€))} and
the quasiaffine function

P(&) = (B:T(€) +C = (5;T())

we get a contradiction since 1)(§p) = C' < 0 but, since |z > 0 we should have

¥(&) > 0.

The reverse inclusion is evident. m

5 Generalized convex hulls

Having defined the generalized notions of convexity, we are now in position to in-
troduce the concepts of generalized convex hulls. We follow the same procedure
as in the classical convex case.

Definition 15 The polyconvex, quasiconvex, rank one convex and separately
convex hulls of a set E C RN*" are, respectively, the smallest polyconvez, qua-
siconvex, rank one convex and separately convex sets containing E and are re-
spectively denoted by Pco E, Qco E, Rco E and Sco E.

From the discussion made in Section 3, the following inclusions hold:
E CScoE CRcoE C QcoE CPcoE CcoE.

As we note below (cf. Remark 25) there are some authors who have adopted
other definitions for the rank one convex hull, but this one is more consistent
with the convex case. Besides, with the above definitions one has the following
result (cf. Dacorogna-Marcellini [5]) whose proof follows in a straightforward
manner from Theorem 23 below.

Proposition 16 Let E be a subset of RVN*™ and xg be its indicator function.
Then

PXE = XPco E
RXE = XReo E
SXE = XSco E

where Pxg, Rxg and Sxg are, respectively, the polyconvex, rank one convex
and separately conver envelopes of XE.

11



In the following we will give some representations of the hulls defined above. We
start giving two characterizations of the polyconvex hull of a set. The second
one, which has been proved in Dacorogna-Marcellini [5], is a consequence of
Carathéodory theorem and is the equivalent to what is obtained in the convex
case.

Theorem 17 Let E C RNX"™. Then
(i) Pco E = m(co T(E) N T(RYV*")),

T4+1
(it) Pco E = {f eRV*": T(€) = Z)\iT(gi)v &G €E, (M, s Arq1) € Ar+1} :

i=1

In particular, if E is compact, then Pco E is also compact and if E is open, then
Pco E is also open.

Proof. (i) We prove the first representation of Pco E. It is clear that Pco E C
m(coT(E)NT(RN*")). For the other inclusion we start noting that, since Pco E
is polyconvex, by definition,

Pco E = (K N T(RV*™))

for some convex set K ¢ R™(V:%)_ Since E C Pco E, K must contain T'(E) and,
consequently, must contain coT(E), from that the desired inclusion follows.

(7i) For this second representation of Pco E, denoting by Y the set on the
right hand side, it immediately follows, from the definition of polyconvex set,
that Y C PcoFE. Moreover, one easily verifies that Y is a polyconvex set
containing E which implies that PcoE C Y.

For the assertion concerning compact sets, it is trivial that Pco F is bounded
if E is compact. Let then &, € Pco E with &, — £. By the first representation
of PcoE, T'(§,) € coT(E), which is a compact set since T'(E) is compact. Then
T() =limT(&,) € coT(F) and thus £ € Pco E as wished.

Finally, it can be seen, using an inductive argument, that, if

T+1

(€)= Z NT (&),
i=1

for some &, & € RV*™ and (A1, ..., A\ry1) € Ary1, then

T+1
T(E+n) =Y NT(&+n), ¥V neRV™

i=1
From this and (i7), it easily follows that Pco E is open if F is open. m

We now give a different representation of the polyconvex hull, using the
separation results of the previous section.

12



Theorem 18 Let E C RV*™ be such that Pco E is compact. Then
PcoE = {€ e RN*" . ©(€) > 0, for every quasiaffine @ with @|e > 0}.

Proof. The set in the right hand side is polyconvex and contains E, then it
contains Pco E. On the other hand, since Pco E is polyconvex and compact
then, by Theorem 13 we have

Pco B = {€ € RVN*": ©(€) >0, for every quasiaffine ¢ with ¢ pcor > 0}
Since any quasiaffine function ¢ with ¢|pe, g > 0 verifies also p|g > 0, one gets

{€ e RNX™ . (&) > 0, for every quasiaffine ¢ with g >0} CPcoE,

which finishes the proof. m

We next give a representation for the quasiconvex hull, similar to (i) of
Theorem 17. This representation is however weaker than the one obtained in
the polyconvex case since we cannot obtain the representation formula in a
prescribed finite number of steps.

Theorem 19 Let E C RN*". Let QocoE = E and define by induction the sets

v > 0.

3 R e O(n), ¢ € Wg such that
Qit1coE = {f e RV*m ;

&+ Dy(x) € QicoE, a.e. x € RQ)

Then Qco F = U;enQ coE.
In particular, if E is open, then Qco E is also open.

Proof. By definition of quasiconvex set and by induction, we have Q;coFE C
Qco E, for every ¢ and thus U;enQ;coF C Qco E. The reverse inclusion follows
from the fact that U;enQicoF is, as we will see, a quasiconvex set.

Let R € O(n), ¢ € Wg and £+ Dp(x) € U;enQ,coE, a.e. x € RQ. One has

Dy(z) € {n1,...,nx} a.e. x € RQ, with

meas{z € RQ: Dy(x)=mn;}>0,i=1,..,k.

Moreover, £ + 1; € Qq(;)coE for some (i) € N. Let s = max{a(1),...,a(k)}.
Since Q;coE C Q;yr1coF, we have, for all i = 1,...,k, £ +1m; € QscoE. Thus
&+ Dy(x) € QscoF and, by definition, we get £ € Qsy1c0E C U;enQ;icoE; the
quasiconvexity of this last set follows.

Under the hypothesis of F being an open set, one easily gets, using induction
arguments, that each Q;coF is open. By the preceding representation of Qco
it follows that this set is also open. m

The analogous representation for the rank one convex hull of a set is given
in the result below (for the proof, see Dacorogna-Marcellini [5, page 136]).

13



Theorem 20 Let E C RN*", Let RocoE = E and define by induction the sets
€:>\A+(1_A)Bv>‘€[071]a }

12> 0.
A,B € R;coE, rank(A— B) =1

RH_lCOE = {f S RV .

Then Rco E = U;enRicoFE.
In particular, if E is open, then Rco E is also open.

Remark 21 (i) Similar construction and results can be obtained for Sco E.
(i) The last assertion of the theorem follows, as in the quasiconver case,
from the fact that each R;coE is open if E itself is open.
(iii) In general it is not true that rank one convex hulls or separately convex
hulls of compact sets are compact (see Aumann-Hart [1] and Koldr [9]).

We will now consider representations of the convex hulls through functions
as we can get in the convex case.

Notation 22 Given a set E C RV we consider the following sets of func-
tions

Frp={fRV" S RU{+o0}: f| <0}
Fo={f RV SR fly <0}

With the above notation, one has, for £ ¢ RVX",

coFE = {§ e RVX™ . £(£) <0, for every convex f € .TE} (4)
coE = {£eRV*": f(£) <0, for every convex f € Fp} (5)

where co E denotes the closure of the convex hull of E.

Analogous representations to (4) can be obtained in the polyconvex, rank
one convex and separately convex cases. However, (5) can only be generalized
to the polyconvex case if the sets are compact (see Theorem 26). When dealing
with the other notions of convexity, (5) is not true, even if compact sets are
considered.

Theorem 23 Let E C RVX™ then

PcoE = {f e RNX" . £(€) <0, for every polyconvex f € ?E}
Rco E = {f e RNX™ . £(£) <0, for every rank one convez f € ?E}
ScoE = {f e RNX" . £(€) <0, for every separately convex f € ?E} .

Proof. We prove the first identity, the others being analogous. Let us call X
the set in the right hand side. Evidently X is a polyconvex set containing £ and
thus PcoEF C X. Consider now £ € X. Since xpco g is a polyconvex function
of Fg, one has xpeo g(€) < 0 and consequently ¢ € Pco E obtaining the other
inclusion. m

We next introduce some new sets which will allow a better understanding of
the closure of the different hulls.
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Definition 24 For a set E of RVX™, let

cof E = {5 e RVN*" . £(£) <0, for every convex f € fE}
Pcos E = {¢ € RNX" . f(£) <0, for every polyconver f € Fr}
Qco; B = {§ e RNX™ . £(£) <0, for every quasiconvex f € fE}
Reos E = {¢ € RNX" . £(€) <0, for every rank one convex f € Fi}
Scoy E = {§ e RN*" . £(£) <0, for every separately convex f € fE} .

Remark 25 (i) As well known,
coy B =coE.

(ii) The above sets are all closed because any separately convex function tak-
ing only finite values is continuous. Besides, they are, respectively, (according to
our definitions) convez, polyconvex, quasiconvez, rank one convez and separately
convez.

(iii) Some authors (see, for example, Miiller-Sverdk [12], Sverdk [16], Zhang
[19]), when dealing with quasiconvexity and rank one convexity, have adopted
the above definitions for the hull of a set (in the generalized senses). They call
laminate convex hull what we have called Reco E.

(iv) As in Theorem 17, it can easily be shown that

Pcos E = m(coy T(E) N T(RN*™)).

We next see the relations between the closures of the convex hulls and the
sets introduced in the above definition.

Theorem 26 Given any set E C RN*" and denoting by Pco E, Qco E, Rco E
and Sco E the closure of, respectively, the polyconvex, quasiconvex, rank one
convez and separately convex hulls of E, we have

Pco &/ C Pcoy

Qco £ C Qeop E

RcoE C Reoy B

Sco B/ C Scoy E.

In general, the four inclusions are strict. However if E is compact, then
PcoE = Pco F¥ = Pcoy E.

Remark 27 We call the attention to the fact that, contrary to what was stated
in Dacorogna-Marcellini [5, page 132], in general, Pco E # Pcoy E, unless E is
compact. We should also draw the attention (cf. Proposition 28) that in general
the sets Pco E, Qco E, Rco E, Sco E are not even separately conver.
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Proof. Since Pcoy E is a closed polyconvex set containing F then PcoF C
Pcos E. In the same way we get the inclusions for the quasiconvex, rank one
convex and separately convex cases.

We now deal with the fact that the inclusions are strict. The first one follows
(cf. Proposition 28 below) from the fact that there are polyconvex sets whose
closure is not polyconvex though Pcoy E is always a polyconvex set. If we
assume F to be compact then we have, as we will see,

Pco E' = Pco I = Pcoy E.

By Theorem 17, in this case, Pco E is compact and then Pco E = Pco E. We
will prove that Pcoy £ C PcoE. We start noting that, since E is compact,
T(E) is compact and thus coT(E) is also compact. Considering { € Pcoy E
then, since the function n — dist(7T'(n),coT(E)) is a polyconvex function,
dist(T'(€),coT(E)) = 0. Since coT(E) is closed, we can deduce that T(&) €
coT(E) and thus, £ € Pco E.

Next we use an example due to Casadio [2] (or equivalent examples by
Aumann-Hart [1] and Tartar [17]) which will give at once Qco E ; Qco; F,

Rco E % Rcos E and Sco B/ ; Scos E/. The second non inclusion was already

observed in Dacorogna-Marcellini [5, page 133]. Consider the following four
diagonal matrices of R?*?

& = diag(~1,0), & = diag(1, 1), & = diag(2,1), & = diag(0,2).

Since rank(&; — &;) = 2 for ¢ # j, the set E = {{1,£2,&3,&4} is rank one convex.
It is also quasiconvex, the argument is the same as in the proof of Theorem
11, assertion (i) of Part 2, here using the non existence of non-affine Lipschitz
functions whose gradient takes four possible values with no rank one connections
(cf. Chlebik-Kirchheim [3]). However, any separately convex function f € Fg
and consequently any rank one convex or quasiconvex function in Fg, has f(0) <
0 (see [5]). Thus 0 € Scoy E, but 0 ¢ QcoE. m

We can write

ScoE CRcoE C QcoE CPcoE Ccol =cop E
and also
Scoy E C Reoy E C Qeoy B C Peog B C co B = coy E.

Moreover, the same example and arguments used in the proof of Theorem
26 (see also Proposition 28) shows that, in general,

Scoy E ¢ Reo E, Recof E ¢ Qeo E and Qcop E € PcoE.

However, if E' is compact one has Qcoy E C Pco E.
We draw the attention to the fact that several characterizations of the sets
in Definition 24 have been used in the literature according to the specific needs
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of each situation. These sets can be written in terms of measures (cf. Kirchheim
[8], Miiller [11]) or using the distance function (cf. Zhang [18]): if E C RV*" is
compact, then

Qeoy B = {¢ e RV*™: Qdist(¢, E) =0},

where Qdist(-, F') is the quasiconvex envelope of the function dist(-, F).

We next prove, as already mentioned in Remark 12, that the interior of
generalized convex sets keeps the convexity (in the generalized sense), but that,
contrary to the classical convex case, this is not true for the closure.

Proposition 28 (i) Let E C RNX" be, respectively, a polyconvex, quasicon-
vex, rank one convex or separately convex set. Then intE is also, respectively,
polyconvex, quasiconvex, rank one convex or separately convez.

(ii) There is E C R?*? a polyconvexr and bounded set such that E is not
separately conver.

Proof. (i) We present the proof in the context of polyconvexity. For the other
convexities the proof is analogous. It is sufficient to prove that Pco(intF) =
intE. The non trivial inclusion is Pco(intE) C intE. Since E is polyconvex,
evidently

Pco(intE) C PcoE = E. (6)

On the other hand, intE is open and thus (cf. Theorem 17) Pco(intE) is also
open. From (6), it follows then the desired inclusion.

(73) We define
p={s(g 1) 0<axt).
0 =z

It is a bounded set and E is not separately convex. In fact, let & = diag(1,0)
and & = diag(—1,0), one has &;,& € E, but A& + (1 — \)é ¢ E for any
0< A<

We now show that E is polyconvex. Let &, ..., € E and suppose

6

T(&) = Z ANT(&), for some (A1, ..., Ag) € Ag. (7)
i=1

We have to see that £ € E. We can write {1,...,6} = I UI_ for some I and
I_ such that

1 0 e -1 0 o
&(0 xi)lfzeh_and&( 0 _xi>1fz€I_,

where 0 < z; < 1, ¢ =1,...,6. In any case det¢; = z;.
If Iy =0 or I_ = () then it is clear that £ € E. We will see that the other
case: I; # () and I_ # 0, is not an admissible one. In fact, from (7), we can
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write

D=\ 0
§: el iel_ _ (

i€l iel_

= O
N———

SR

6
and det £ = af = Z AiZi.
i=1
Then |a| < Z?:1 =1, |0 < 2?21 Aix; and thus |af| < Z?:l Aix;, which
is a contradiction. m

6 Extreme points

An important tool in convex analysis is the notion of extreme point. In a
straightforward manner we can define it for generalized convex sets as follows
(cf. Dacorogna-Marcellini [5, page 138]).

Definition 29 (i) If E C R™ is convex, £ € E is said to be an extreme point
of E in the convex sense if

E= M1+ (1-X2)&

=a=8=¢

)‘ € (Oa 1)7 51762 S E }

For an arbitrary set E C R™, the set of extreme points of co E will be denoted
ngt'

(ii) If E C RNX" s polyconvez, & € E is said to be an extreme point of E
in the polyconver sense if

T7+1

T(&):Z;)‘iT(&)’ =&=€i=1,..,7+1.

()\1, ...,)\7—4_1) c AT+1, A > 0, & cFk

For an arbitrary set E C RN*", the set of extreme points of Pco E will be
denoted E”

ext”
(iii) If E C RNX" is quasiconvez, £ € E is said to be an extreme point of E
in the quasiconvex sense if

¢+ Dp(x) € E, ae. z € RQ,

= Dp =0.
Q=(0,1)", ReO(n), p € Wgr

For an arbitrary set E C RN*" the set of extreme points of QcoE will be
denoted EY ..

18



(iv) If E C RNX™ s rank one convex, £ € E is said to be an extreme point
of E in the rank one convex sense if

E=Xa+(1-XN& }
=&

N (0,1), &1,6 € E, rank(& — &) < 1 B

For an arbitrary set E C RN*" the set of extreme points of Rco E will be
denoted E7,.

(v) If E C R™ is separately convex, £ € E is said to be an extreme point of
FE in the separately convex sense if

E=M1+ (1= )N)&
A€ (0,1), &,6 € E, & —& =se;, =6 =86=¢

with s € R and e; a vector of the canonical basis of R™

For an arbitrary set E C R™, the set of extreme points of Sco E will be denoted
ES

ext”

We next see the relations between the sets of extreme points for the different
notions of convexity.

Proposition 30 Let E C RN*". Then

P
Egmt C Eext

CE!,CEl,CE,.

exrt

Proof. The non trivial inclusions are those related to EZ,,, the set of extreme
points of Qco E, but it can be obtained with the same arguments used in the

proof of Theorem 11, Part 1, and we opt not to repeat them. m

Minkowski theorem (often better known as Krein-Milman theorem which
is its infinite dimensional version) assures that the convex hull of a compact
set coincides with the convex hull of its extreme points. We next deal with
the generalization of this result to the other convexities. We start with the
polyconvex case (see also Dacorogna-Tanteri [6]).

Theorem 31 Let E C RV be a compact set. Then

Pco E = Pco E?

ext®

Proof. One inclusion is trivial: Pco EY,, C Pco E, since E?, C Pco E. We will
next show the reverse inclusion. We start remarking that

Pco E = m(coT(E) N T(RN*™))

Pco B, = m(coT(E?,,) N T(RN*™)).

exrt

Let € € Pco E. We will see that £ € Pco EY,. By the above characterization
of Pco E we have T'(§) € coT(FE). Moreover, by Minkowski theorem, and using
the fact that T'(E) is compact, we have

coT(E) = co(T(E)gy),
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where T(E)¢,, is the set of extreme points of coT(F) (in the convex sense).
We will next prove that
T(E)gxt - T('Efxt)?
which will finish the proof.
Let then X € T(E)¢,,. In particular, X € T'(E) and we can write X = T'(n)

ext*

with n € E. Tt suffices then to see that n € E¥_,. Suppose that

ext*

741

T(n) = Z AiT'(n;)

for some (A1,...;Ar41) € Ary1, Ay > 0, n; € Pco E. Noting that, since 7; €
Pco E then T'(n;) € coT(E), it immediately follows, from the fact that T'(n)
is an extreme point of coT(F), that n; = n for every 4, that is to say 7 is an
extreme point of Pco E. The proof is finished. m

As remarked in Kirchheim [8], the result above is not true for quasiconvex,
rank one convex or separately convex hulls (see Example 33 below). Even
though, for these cases, a weaker result can be proved (cf. Theorem 32). We
reproduce the proof of Matousek-Plechac [10], which is also seen to apply to the
quasiconvex case. See also Zhang [18] for the quasiconvex case.
Theorem 32 Let E C RN*" be a bounded set and E,, E™S, EI, denote,
respectively, the set of extreme points of Qcoy E (in the quasiconvex sense), the
set of extreme points of Recoy E (in the rank one convex sense) and the set of
extreme points of Scoy E (in the separately convex sense). Then
Qcoy E = Qcoy EYY, Rcos E = Reoy ELY, and Scos E = Scoy E,.
Proof. We divide the proof in two steps. The first is common to the three
convexities and we present it in the context of quasiconvexity. In the second
step we consider separately the quasiconvex and the rank one convex cases (this
last being analogous to the separately convex case). In all what follows we will
denote by EZL the closure of Egj:t

Step 1. We remark that, for any set K C RV*", since Qcoy is automat-
ically closed, Qco; K = Qcoy K. Thus, it is enough to prove that Qcos E =
Qcoy EZL. The inclusion Qcoy EZL C Qcoy E is trivial. It remains to verify
the reverse inclusion. We use a contradiction argument.

Suppose there is some 7 € Qcoy E \ Qcoy FZL, then, by definition, there
exists a quasiconvex function f : R¥*X" — R with f € Fgar , such that

ext
f(n) > 0.
Now let

M = max f and A={£€Qcop E: f(§) = M}.
Qcoy B
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This set is nonempty and compact (since Qcoy E is compact and f is a con-
tinuous function). Thus, considering RV*™ with the lexicographic order (the
elements of RV *" being seen as vectors) one can consider the maximum element

of A, say &. We have & ¢ E%, which follows from

0< f(n) < QIgE:XEf =M = f(&).

As we will see in Step 2 this will lead to the existence of an element in A
greater than &y for the lexicographic order, which is absurd.

Step 2. Quasiconvez case. Since &y € Qco; E\ E%, there are R € O(n) and
i € Wg such that

§o + Do(x) € Qeoy B, a.e. v € RQ, with Dy # 0.
We can write
Dy(z) € {&1,...,&k} and \; = meas{z € RQ: Dp(z) =&} > 0.

Since &y + & € Qcoy E, we have f(§o +&;) < M. Consequently, by the quasi-
convexity of f we get

k
M= 1)< [ HE+Dela)da = 3 Nfo+8) < M
i=1

implying f(& + &) = M, i = 1,...,k that is §& + & € A. Finally, from the
fact that Do # 0 and 0 = [, Do(x) dz = Zle A& we conclude that among
the elements &y + &; there must be at least one which is greater than & (in the
lexicographic order) which contradicts the fact that £y is the maximum element
of A.

Rank one convex case. We recall that in this case the function f is a rank
one convex function. Since & € Rcoy E'\ E;{t, there are 1,72 € Reoy E, with
rank(n; — n2) < 1 such that & = My + (1 — N)na and & # n1, §o # 2. As in
the quasiconvex case we get f(11) = f(n2) = M and from & = Ay + (1 — N1
it follows that 7; or 772 must be greater than &y, which is a contradiction. m

As observed by Kirchheim [8], the example of Casadio [2] (or those of
Aumann-Hart [1] and Tartar [17]) considered in the proof of Theorem 26 shows
that, in general,

QcoEl, #QcoE, RcoEl,#RcoE and ScoE?, # ScoFE.

ext

Example 33 We consider a set of diagonal matrices which we identify with
elements of R2. In particular, rank one convexity and separate convexity coin-
cide.

Let
F=F,UFE,UFE3UFE,;UEs,

where
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Ey={(z,y) eR?*: 0<2 <1, 0<y<1},
Ey={(z,1)€R?: 1<z<2}, E3={0,9)cR?: 1<y<2}
Ey={(z,00eR?: -1<2<0}, Es={(l,y)eR?: -1 <y <0}

Note that E is a compact rank one convex set and

Ega:t - Egmt = {517527£3a€4}3

where
&1 = (—1,0)7 & = (17 _1)» &3 = (27 1)a &4 = (072)'
Thus, since there are no rank one connections between the elements &;,
QcoEY,, = EY,, and Reo EY,, = E7,,. However, E{,, C El,, G E=RcoE C
Qco E.

In Dacorogna-Tanteri [6], it was also proved the existence of the Choquet
function for the polyconvex case. The result is the following.

Theorem 34 Let E C RNYX" be a nonempty compact polyconvex set. Then
there exists a polyconvex function o : RN*" — R U {+oco} such that

EP,={ze€E: px)=0} and o) <0<z e E.
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