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Abstract

In the homogenization of second order elliptic equations with periodic coefficients, it is well
known that the rate of convergence of the corrector u, —u"°™ in the L? norm is 1/n, the same
as the scale of periodicity (see Jikov et al [7]). It is possible to have the same rate of convergence
in the case of almost periodic coefficients under some stringent structural conditions on the
coefficients (see Kozlov [8]). The goal of this note is to construct almost periodic media where
the rate of convergence is lower than 1/n. To that aim, in the one dimensional setting, we
introduce a family of random almost periodic coefficients for which we compute, using Fourier
series analysis, the mean rate of convergence r,, (mean with respect to the random parameter).
This allows us to present examples where we find r, > 1/n" for every r > 0, showing a big
contrast with the random case considered by Bourgeat and Piatnitski [3] where r, ~ 1/y/n.
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1 Introduction

Let D be a bounded domain in RY. Let f and g be suitable data. Consider the following sequence
of Dirichlet boundary value problems :

—div(A,(z)Vu,) = fin D,
{ Up gon 0D . (1.1)

where A, (+) is a family of matrices with measurable entries satisfying
AEP <Ap(x)E-E< A€ ae zeD, VEeRY, (1.2)

for given constants 0 < A < A. Typically the coefficients A,, oscillate at a scale 1/n as is the case
when A, (z) := A(nz), and A(-) is either a periodic or an almost periodic function on R¥. So,
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although there is existence and uniqueness of a solution wu, to (1.2), its numerical computation
is impracticable due to highly oscillating coefficients. The theory of homogenization provides the
asymptotic behaviour of the sequence of problems and it is well known (see [9], for a recent transla-
tion of the original work of Murat and Tartar on H-convergence during the 70’s) that the sequence
u,, converges in H'(D) towards the solution u"°™ of a homogenized problem :

- hom hom — :
{ div(A"emVyom) fin D, (1.3)

ul°™ = gon dD .

The effective matrix AP™ is independent of the data f and g, as well as of the domain D, and,

in the periodic or almost periodic case, it has constant coefficients. In those special cases the
computations required to calculate the matrix AM™ and then to calculate uP*™, knowing AM™ are

numerically stable. So, u"™ can be used as a numerical approximation of w, if we can estimate
for example the mean square of the error u, —uP™, that is ||u, —uP°™ || r2(p)- The error u, — uhom
is also called the corrector of order zero.
When A(+) is periodic it is well known that the following estimate holds (see [7]) :

[un = u"™ || 2(py < C/n (1.4)

However, even for very smooth almost periodic coefficients the estimate (1.4) is not always sat-
isfied and additional assumptions are needed. In oder to estimate the corrector in this case,
Kozlov (see [8]) proposed a perturbation method derived from a formal asymptotic expansion,

U () = uP™(z) + —uy (2, nz) + ..., where uy is a sufficiently regular function, almost periodic in
n

the second variable. By this method he could prove an estimate of the type (1.4) provided that the
equation :

—div(A(y)V(ye +xx(y) =0mRY, 1<k<N. (1.5)

has an almost periodic solution x. The existence of such solutions is not always guaranteed. A
sufficient condition to have such a solution is that the coordinate projection of the frequencies of
a;j(-) (see Definition 2.1), for each coordinate, have a finite basis {wilj, e ,wflj} over Z and that
there exists constants C' > 0 and s > 0 such that

k1w + -+ + kawi| = Clk|™* V(ky, -+, ka) € 29, Vi, j. (1.6)

Furthermore, it is assumed in [8] that the coefficients a;; have a degree of regularity depending on
the exponent s. In the purely periodic case the condition (1.6) is trivially verified and no smoothness
is required.

On the other hand, in the case of random media, the rate of convergence results are strikingly
different. In the one-dimensional case, Bourgeat and Piatnitski (see [3]) consider the following
mixing condition on the random coefficients &(x,w) :

E(¢(,0) €0 w)) — Be(w,0) EE(y,w)| < d7E( (@, w) FE(E(y,w))F , forall [w—y| > d (1.7)

for some B > 1, where the symbol E just denotes the expectation, that is, the integral with
respect to the random variable w. Under this condition, they show that for all x, the sequence



V(U (2, w) — uh®™) converges in law to a Gaussian random variable. This means that the typical
deviation of u, from u"™ is of the order 1/y/n. This is significantly different from the type of
estimate (1.4) obtained in the periodic case or in the almost periodic case so far.

In this note, we take up the problem of determining the rate of convergence of u,, — u"™, in
the one-dimensional almost periodic problem. We do not make any structural assumptions of the
kind (1.6) but we assume as in Guenneau [5], that the almost periodic coefficient is obtained by
restricting a periodic function a(z1,z2) defined on R? along a line of irrational slope .

We obtain precise estimates, by introducing a random parameter in the problem and by
averaging over it. Using Fourier analysis, we derive the average rate of convergence from the
behavior of a series involving o and the Fourier coefficients of a~* (Theorem 3.1). As a consequence,
we obtain that the rate of convergence cannot be faster than 1/n and that it is exactly 1/n under
a necessary and sufficient condition which is less restrictive than (1.6).

Furthermore, in contrast with the stochastic case considered in [3] where the mixing condition
(1.7) is satisfied, we provide examples where the rate is slower than 1/y/n and in particular can be
set to be 1/n" for arbitrary positive r < 1/2 (see Corollary 3.4 and Remark 3.5).

Finally we derive an upperbound for r,, taking into account the regularity of a(z1,z2) and

the irrationality measure of the slope a (Corollary 3.7).

2 Setting of the homogenization problem.

We first recall the notion of almost periodic function and then introduce the problem of almost
periodic homogenization in the random setting using the formalism of dynamical systems.

Almost periodic functions. We denote by Trig(R) the space of trigonometric polynomials on
R, that, is finite sums of the form

p(l-):zakeika7 (IkGC,&kER.

There are several choices of norms on the space Trig(R) and its completion with respect to any of
these leads to different notions of the space of almost periodic functions. The closure with respect
to the sup norm || is called the space of almost periodic functions in the sense of Bohr. Obviously,
such functions are continuous, and therefore are too restrictive for physical applications, like, for
instance, the modeling of quasicrystals. Instead we will use the following norm on Trig(R) (see
Besicovitch [1] or Jikov et al [7] for details)

Lo
= lim — d . 2.1
= (o [ (o) d (2.1)
Definition 2.1 The closure of Trig(R) with respect to the norm | - |2 will be called the space of
almost periodic functions in the sense of Besicovitch. We will denote this space by AP?(R). The
elements of AP?(R) are identified as measurable functions f defined on R for which the limit in
the right hand side of (2.1) exists and is finite. For such a function f the set of frequencies defined
below is an at most countable subset of R

Freq(f) = {w € R: M(fe %) # 0}. (2.2)



Dynamical systems formalism (see [7]). Recall that a dynamical system on R with respect to
the probability space (2, A, ) is a family 7' = {T'(x) }zer : 2 — €2 such that

1. T'(z) is measure preserving on (Q, A, n), i.e., [, f(T(x)w) dp = [ f(w)dp, forall f € L>()
and for each z € R;

2. T(x+y)=T(x)oT(y) for all z,y € R;

3. for every measurable function f on €2, the application (z,w) — f(T'(z)w), called a stationary
random field, is measurable on (R x Q, F ® A), where F is the Lebesgue o-algebra on R.

We say that T is ergodic if T-invariant functions are constant that is, if f(7T(z)w) = f(w), p-
a.e. w e Q, for all x € R, then f is constant p a.e. in 2. In this case, by the Birkhoff Ergodic
Theorem (see [7], p.225), for every f € L'(€, i) and for every compact subset K C R the following
convergence holds for almost all w € € :

i [ ) o= gy [ (2.3

Almost periodic random fields. We will focus on a particular stationary random field whose
almost all realizations are almost periodic in the sense of Besicovitch. Consider the probability
space ([0,1)?, F® F, m), where F is the o-algebra of Lebesgue measurable sets in [0,1) and m the
restriction of the two-dimensional Lebesgue measure to [0,1)2. Let o € R\ Q and let T'(z) : Q — ,
where Q = [0,1)2, be defined as follows :

T(z)w := (w+ (1,a) x) mod[0,1)?, forw € Q. (2.4)

It is easy to see that {T'(x)},er is an ergodic dynamical system with respect to m.

Let now a(wy,ws) be a given function in L?(2) which we implicitely periodize on all R2. Then, we
claim that, for almost all w € ©, the function 2 +— a(T(x)w) belongs to the class AP?(R). Indeed

we may write a(wi,ws) = Z ap €2 F@rtles) and consider its polynomial approximations
(k)ELXZ
D i= Z ag €2 F@Hle) - Applving (2.3) with f = |a — p,|? which is an element of L*(€2, x),
|k| |l <n

the following convergence holds for almost all w € €

li L
1m ——:
N—+o00 2N

N
/ a(T(2)w) — pu(T(2)w)? di = / 0= puf? do. (2.5)
-N Q

The claim follows since the right hand side of (2.5) goes to zero as n — 400 and x — p, (T (z)w)
is a trigonometric polynomial.

Setting of the homogenization problem. Let « be fixed in R\ @ and consider 7'(-) defined in
(2.4) . Let a(wy,ws) be a bounded measurable function on 2 = [0, 1]? satisfying

0<A<a(-)<A ae inQ (2.6)



for given constants 0 < A < A. Let us define the stationary random field
E(a,w) = a(T(2)w). (2.7)

We have already noticed that almost all realizations of £(-,w) are Besicovitch almost periodic and
therefore the realizations of the rescaled fields z +— &(nx,w) are almost periodic at a scale 1/n, for
every n € N.

We consider the following boundary value problem, where w € ) acts like a parameter :

i (s ™) — 0 0.),

(2.8)
up(0,w) =0, up(l,w) = 1.
The solution of (2.8) is given explicitly by
e t,w) "t dt T la(T(nt)w)] Ldt
R X0 e B AL T) 09

o [t [ la(T(nt)w)]

Then (2.3), together with the coercivity condition (2.6), yield the weak convergence in H'(0,1),
as n — 400, for almost all w € Q, of the sequence wu, to the function u(t) = ¢. Similarly the
dun(z,w) 1

dx ) la(T(nt)w)] " dt
x, converges strongly in L2(0,1) to (a=!)~! for almost all w in Q. Thus, for almost all w € (2, the
homogenized equation reads as

, which is a sequence of constant functions in

sequence &(nz,w)

d d
a 14

—%« ) da:) =0,

(2.10)
w(0) =0, u(l) =1,

where (a™!) = [, a(w)™'dw. Note that the equation (2.10) is independent of the parameter w.
Due to the compact inclusion H'(0,1) C L?(0,1), the following convergence takes place :

1
r2(w) == / |t (2, w) — z|* dz — 0, (2.11)
0

for almost all w € €. By (2.6) the sequence {u, } given by (2.9) is uniformly bounded for all z € [0, 1]
and all w € Q and therefore, by Lebesgue’s Dominated Convergence Theorem we conclude from

(2.11) that
1
r2 = / / lun (z,w) — z|* dz dw — 0.
o Jo

The main question, now, is to find the rate of the convergence of the error r,,.

Remark 2.2 Actually it is easy to deduce a rate of convergence for individual realizations (that
is for 7, (w) given in (2.11)) if we know the behavior of the quadratic average r,. More precisely
assume that r, < &, (which means that Z—Z converges to zero as n tends to +o00) for a suitable

rn(w)
€

exists for every § > 0 a subset Qs C Q such that P(2\ Qs) < ¢ and sup r,(w) < &, .
w€eNs

sequence €, \, 0, then converges to 0 in L?(£2) and therefore by Egoroff’s Theorem, there



Remark 2.3 We conclude this section by emphasizing that our problem is not a particular case
of the one studied in [3], since the mixing condition (1.7) is not satisfied, in general. In fact
we claim that it is never the case unless a(w) is constant. Indeed in view of (1.7), saying that
¢(x,w) := a(T(z)w) satisfies a mixing condition implies that there exists 5 > 1 such that

4P

[ olt@) ar) ao- | [ atw) dwr

1
< —/ a(w)? dw, whenever |z —y| >d. (2.12)
Q

Since « is irrational, we may choose a subsequence ny of n such that the fractional part {n;a} of
ng a converges to 0, as k — +oo. Applying (2.12) with = 0, y = ng, we would obtain

11
klil_’I_l / / a(wr,wa) a(wy + ng, we + 1y @) dwy dwy = (a)?, (2.13)
—TJo Jo

Now, using some approximation arguments and the periodicity of a(w), it can be easily shown
that ap(wy,ws) = a(wi + ng,ws + Ny a) converges strongly to a(w) in L?(Q)). Thus, by (2.13),
Jo (a(w1,ws))? dwy dwy = (a)? and a(w) = (a) for almost all w € Q as claimed.

3 Main result

In this section we state and prove our main result on the rate of convergence of correctors for the
problem (2.8). More precisely we give an equivalent of 7, as n — 400 where

Tn = |lun —ull L2(0,1)x0) - (3.1)

r

In the following we will write r,, ~ €, if the ratio i ranges between two positive constants for
€

large n. "

We consider a non-constant measurable periodic function a(w;, ws) satisfying (2.6) and we represent
its inverse in terms of Fourier series

ail(wl,wg) = Z br g2 milkwitlws) (32)
(k1)ELXL
We will say that o' € HS,, (R?) if
D fbwl? (k% +17)* < oc. (3.3)
k,l

We introduce the non increasing function S : Ry — (0, 4+00] defined by

_ _bul®
S@)'mggﬁ(k+a02' (3.4)

Theorem 3.1 Let u,, and u be the solutions of the equations (2.8) and (2.10) respectively, where
a(w) is given by (3.2). Then we have

1

re o~ /”ﬁawﬁ, (3.5)
0



Remark 3.2 A trivial consequence of (3.5) is that the rate of convergence of r,, cannot be faster

1
than —. Indeed, since S(t) is non increasing, we have
n

1

lim n4/” Sty dt = S04 g
n—-+o0o 0 4

Therefore, by (3.5), the following equivalence holds

1 - |y
e S(04) = i+ al)? < 400 . (3.6)
(k,1)#(0,0)

Notice that the right-hand side condition holds when the function a~! belongs to Trig(R?).

In the case where the previous series diverges ( i.e. S(04+) = +00), the speed of convergence of r,
can very often be deduced from the behavior of S(t) near t = 0. For example, it is easy to check
that, for every real 5 € [0,2], one has
S(t ! t—0 ! 3.7
()N'[;_/B as v — :>Tnan——§ ()
The proof of the theorem is based on the following lemma which converts the initial problem into
a more explicit one, involving Fourier series. Let g : R — R, be the function defined by

1 3 3
_[5_W+(1+W)COSQW4 t#0,

3
g(t) = (3.5)
0 t=0.
Lemma 3.3 Let a=! be given by (3.2). Then
2o =S ol kvt (3.9)
" n? (k+ al)?
(k,1)#(0,0)
Proof: From (2.9), we obtain
dt — t)w)] " dt|?
// |fo xfo . 2”)‘*’)] | dew da
|fo w)] 7 dt|
1
The assumption (2.6) implies that |f o dip is bounded from below and from above
t
0

by positive constants A% and A2, respectlvely, 1ndependently of n. So, we have

2

b))V dt — @ /0 (Tt L de| dwde

re ~




Using the Fourier representation (3.2), we may write for every fixed x :

x 1
/ [a(T(nt)w)] L dt — = / [a(T(nt)w)] " dt
0 0

_ Z bk1627rin(k+al)x _ 1 _ x(627rin(k:+al) _ 1) 627ri(kw1+lw2) |
(EDE00) 2min (k+ al)

and compute the L?(£2) norm of the right hand side (as a function of (wy,ws)) thanks to Parseval
identity. The relation (3.3) follows by integrating in z and after checking that g defined in (3.8)
satisfies the equality

1
g(t) _ / |€27rzt:p —1- $(627rzt . 1)|2 dr.
0

Proof of Theorem 3.1 Recalling (3.8) we can check, by developing the cosine function in a
Taylor series near 0 and also by noticing that g(¢) is O(1) away from 0, that there exist two positive
constants ¢y and ¢ such that,

ttot<1,
co h(t) < g(t) < c1 h(t), where h(t) := 1 i1 (3.10)
Define on Z x Z \ {(0,0)} the measure p and, for each n, the function ®,, as follows
o= Z M 5kl q)n(k l) ;= inf l n (k + Oél)2 .
(k+al)2 ™’ ’ n’
(k,1)#(0,0)
Then we can write
1 |bra | /g(n (k +al))
— —_— k )= | =—/———=d A1
(k,1)#(0,0)
and, in view of (3.10),
k l
a2 < S0EEOD) o o
On the other hand, since u is a Radon measure, one has
+oo
/@i dp = 2/ ({0, 1) - ®p (kD) > 1Y) dt (3.13)
0
Computing the measure of
0, t>1,
k) : ®p(k,l) >t} =
k1) = k1) > 1} {(k:,l):|k:+ozl|>\/%}, t<



we obtain

u({(k,1) = @k, 1) > 1)) = { (3.14)

n
/N
NS
N———

~

A

3= 3|~

The relation (3.5) immediately follows from Lemma 3.3 and equations (3.11)-(3.14) after a simple
change of variables. u

Corollary 3.4 Let a € R\ Q and let {e,} be a sequence such that

en 0y , {ney,} isincreasing Z(En/n) < 400 .
Then there exists a bounded periodic function a(wi,ws) satisfying (2.6) such that rp ~ &, .

Proof: Given any a € R\ Q, the set {k — al: k,l € Z} is dense in R. So given any real number
0 < X < 1 we can choose, for every j € N, a pair (k;,/;) € Z* (among an infinite number of such
pairs) such that

N AT <k —al; <N 2.

Then we set
1 . . 1
aj = lkj—alj| , nj= a_j . Jn i=sup j:aj>ﬁ ,
where [z] stands for the integer part of . We observe that a; decreases exponentially to zero as

j — 400 and therefore,

. . Mnj4+1 _
~1 lim 2t — \-1 3.15
Jurcn(n), o tm S (3.15)

We claim that, given any § with 0 < § < 1, we have

A
5 " < nj, <n for large n. (3.16)

Indeed, by the definition of j,, we have a, > % which implies the second inequality. On the other
hand, as j, tends increasingly to infinity, there holds for n sufficiently large

)\jn+1 _ /\Q(jn—H)

A (N — A2

SA (M4 X20m) > 6 Xy,

Ajp+1

v v IV

1
Then, since a;, 41 < —, we conclude that for large n
n

1 oA oA
n;, > — — 12> —1>6xn—1> —n.
Qjy, Q41 2




This proves (3.16). Recalling that &, is non increasing whereas ne,, is increasing, we deduce
En ~ Enj, - (3.17)
Now we define a~! by specifying its Fourier coefficients by;. We set
fi 3 (kL) = (aje1,05), KL< 0, (k1) # (0,0)

bri := 1< c¢o if (k, 1) =(0,0) (3.18)
0 otherwise

where, recalling that {ne,} is increasing, we define f; for j > 1 by

fj=q \/n? s~ ”?—1 €1 (3.19)
Since nja; < 1, it is easy to check that
fi<eéen,; . (3.20)

On the other hand, since ¢, is non increasing, we have

nj j

1 1 Ek
o S gy 3 @ € o 3 E

(n‘] o njil) kznj,1+1 nj k:nj,1+1
Therefore, by (3.20) and (3.15) there exists a positive constant C' such that
€k
ij < Zenj SCZ? < +00 . (3:21)
j21 Jj21 k>1

1

Writing ¢™" in the form

a_l(wl, wg) =co+ Z fj COS[27T(CLJ'+1Q)1 — CLjQ)Q)],
j=>1

we see that, possibly after multiplying the f;’s by a suitable constant, we may choose cg in (3.18)
so that condition (2.6) is fulfilled.
Now we may compute S(¢) given in (3.4) taking into account (3.18)). We have, for all t € Ry,

2
S(t) = Zf—g

a;>t a]
Thus, by Fubini’s Theorem :
1/n f2 1 4
n2/ t3S(t)dt = = [inf {aj, —H =an + by , (3.22)
0 — n
Jj=0 "7

where we have set )

1 f;

an = — L, by=n’ fiod
n 1%
a>5 7 <y

10



We can calculate a, with the help of the definition (3.19), using (3.16) and (3.17), whereby it
follows immediately that

2
1 f 1
_ i _ 2 2 .2
n =5 g o3 = 22 Mjn Eny, ™ En- (3.23)
J<in J

On the other hand, using the fact that a; ~ M and also the definition of j,, the following calculation
yields, for some positive constant C', that

1
Y oaj=) aj=Caf < ¢ (3.24)

o<t §>in
-_n

From (3.20), (3.24) and since the sequence ¢, is nonincreasing, we infer that

by <nen > ai <Cep. (3.25)
J>jn
The conclusion follows from (3.22), (3.23) and (3.25). u

1
Remark 3.5 The conditions of Corollary 3.4 are satisfied if we take e, = — for any r € (0,1).
n

We may also choose ¢, = {(logn)...(log” ' n)(log™ n)s}f1 for every m € N and s > 1, where
log™ denotes the log function composed with itself m times. These examples show that the rate
can be much weaker than that previously exhibited by Bourgeat and Piatnitski in the random case
(see [3]) without the mixing condition (1.7).

We now wish to study how the regularity of a=!(wy,ws) and the degree of irrationality of a influence

the behavior of r,. It is well known in Number Theory that to each real number o we can assign

a value &y(«), the irrationality measure of a, defined by §p(a) := sup &, where x(«) is the
£ex(a)

k 1
set of all £ € Ry is such that the inequality 0 < ‘a — 7‘ < € has an infinite number of solutions
(k,1) € Z,1 > 0. It can be seen easily that &y(a) = 1 if z is rational, and &y(a) > 2 if « is irrational.
In fact it is a difficult result due to K.F. Roth that {y(a) = 2 for every algebraic number. In view
of Lemma 3.6 below this equality extends to almost all irrational numbers. If £y(a) = 400, then
« is called a Liouville number. For further details and results on this topic we refer to Hardy and

Wright [6] or Cassels [4].

Lemma 3.6 There exists a Lebesque negligible subset D C R such that Q C D and & () < 2 for
every a € R\ D.

Proof: Since &y(a+n) = &(a) for all n € Z, it is enough to specify D as a subset of [0,1) we will
implicitely extend by periodicity. Define, for any A > 1 and € > 0,

P I p 1
Ea.i= | [—— Py ]m{o 1).
’ Aq2te A g2te ’
regnn.1 q >t q q

11



Then we set

Clearly we have m(D) = 0 since

Let o € [0,1)\D. Then, for every € > 0, there exists a contant A, such that P_al> for all

1
qu2+€
b € [0,1]. The latter inequality extends to all L € Q provided g is so large that
q

q
1
e < min{a, 1 — a}. It follows that {(a) < 2 + . Hence the conclusion by sending ¢ to
eq
Z€ro. u

Let us consider an irrational number « with finite irrationality measure &y = £y(«). Then, by the

1
definition, for every € > 0 there exists ng € N such that for all ||, |I| > ng, |a — ks [T+ and,
consequently,

1
|k + ol > — (3.26)
(k2 +12)" =

Corollary 3.7 Let o' € H?

peT(RQ) and suppose that o has irrationality measure & = &) <
400, then,

1
rn, < C —, forall 7“<min{
nT

Proof: From Theorem 3.1, if tﬁS(t) is bounded then 3 >0 and 7, <C

1
5 for some constant

n- 2
C'. Recalling (3.4) and (3.26) we obtain the following estimate

S < 3 ol (1 4 12) @19 0-3), (3.27)
k,lEZ

Since a~! € H®(Q), for all 3 such that (& — 1+ ¢) <1 — g) < s or, equivalently, such that
(1 - é) &1 5 1 we conclude from (3.27) that t°S(t) is bounded. The result follows by set-
0 —

ti =1-=. u
ing r 5

Remark 3.8 By Corollary 3.7 and Lemma 3.6, it turns out that, in a realistic situation like when
a(wi,ws) is a piecewise constant periodic function discontinuous along Lipschitz curves in ), the

error 1, satisfies r,, < — for every r < 1/2, provided « is either algebric or it does not belong to
n

12



the negligible subset D defined in Lemma 3.6. Indeed in this case a~! belongs to HS,,.(R?) for all

per
s < 1/2. In a very similar way, keeping the same assumption on a, we obtain r, ~ — if a=! is
n

assumed to have the regularity H5.,(R?) for some s > 1.

Remark 3.9 The upper bound obtained in Corollary 3.7 is not optimal in general. For example,
let @« € R\ Q with () = 2 and let a be the characteristic function of periodically distributed

1 1
squares in R?. Then, Corollary 3.7 yields that r, < C — for every 7 < 3 Whereas, we can make
n
1
a more refined estimate using the fact that |by| ~ v For that we split the series given by S(04)
into two parts: the sum over (k,l) such that |k — al] > 3 which results in a finite value and the

1 1
<37 which is of the order Z % 1) < 400 (notice that for any
I>>M

given [ a unique k(l) ~ «l is associated in the latter sum, besides the fact that for given € > 0, one

sum over (k,l) with ? -«

1 1
has |k — al| > e for k,l large enough). Eventually, by Remark 3.2, we find that r,, ~ — which
n

improves vastly the behaviour predicted by the above corollary in this special case. u

Acknowledgement : The research of L. Mascarenhas and M. Rajesh was partially supported
by FCT (Fundagao para a Ciéncia e Tecnologia), program POCTI (Portugal/ FEDER-EU). L.
Mascarenhas acknowledges the hospitality of the University of Toulon (ANAM) where this work
was partially undertaken. M. Rajesh gratefully acknowledges the support and hospitality of CMAF,
Lisboa and CMM, Universidad de Chile during the period of this work. He would also like to thank
Dominique Bang, J.P. Boto and Gyan Prakash for stimulating discussions.

References

[1] A. S. Besicovitch : Almost Periodic Functions, Dover Publications Inc., New York (1955).
[2] A. Bondarenko : Private communication.

[3] A. Bourgeat, A. Piatnitski : Estimates in probability of the residual between the random and
the homogenized solutions of one-dimensional second-order operator, Asymptotic Analysis
21(1999), 303-315.

[4] J.W.S. Cassels : An Introduction to Diophantine Approximation, Cambridge Tracts in Math-
ematics and Mathematical Physics, No. 45, Cambridge University Press, New York, 1957.

[5] S. Guenneau : Ph.D. thesis, Université de Provence, (2001).

[6] G.H. Hardy, E.M. Wright : An Introduction to the Theory of Numbers, Oxford Science
Publications. fifth edition (1979).

[7) V. Jikov, S. M. Kozlov, O. A. Oleinik : Homogenization of Differential Operators and
Integral Equations, Springer-Verlag, Berlin(1994).

13



[8] S. M. Kozlov : Averaging differential operators with almost periodic rapidly oscillating
coefficients, Math. USSR. Sbornik 35 no. 4(1979), 481-498.

9] F. Murat, L. Tartar : H-convergence, Topics in the mathematical modelling of composite
materials, 21-43, Progr. Nonlinear Differential Equations Appl., 31, Birkhduser, Boston, MA,
1997.

14



