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Abstract

We study existence of minimizers for problems of the type

inf{/Q F(Du(2))dz: u = ug, on aQ}

where f is non quasiconvex and wug, is an affine function. Applying some
new results on differential inclusions, we get sufficient conditions. We also
study necessary conditions. We then consider some examples.



1 Introduction

We discuss the existence of minimizers for the problem

(P) inf{/ﬂf(Du () dz : u = ug, on ag}.

where 2 C R"™ is a bounded open set, u : & — R™ (if m = 1 or, by abuse
of language, if n = 1, we will say that it is scalar valued while if m,n > 2,
we will speak of the wvector valued case) and Du denotes its Jacobian matrix,

ie. Du= (g%) seen as a real matrix of size m x n, f: R™*" — R is lower
J

semicontinuous and ug, is a given affine map (i.e., Dug, = &y, where §; € R™*"
is a fixed matrix).
If the function f is quasiconvezr, meaning that

/U F (€ + Dy () dx > £ () meas(U)

for every bounded domain U C R", £ € R™*" and ¢ € VV01’°C (U;R™), then the
problem (P) trivially has ug, as a minimizer. We also recall that in the scalar
case (n =1 or m = 1), quasiconvexity and ordinary convexity are equivalent.

The aim of the article is to study the case where f fails to be quasicon-
vex. The first step in dealing with such problems is the relazation theorem,
first established in the vectorial case by Dacorogna (see [5]) and then further
generalized by many others. It has as a direct consequence (cf. Lemma 11) that
(P) has a solution @ € ug, + Wy ™ (€;R™) if and only if

f(Du(x))=Qf (Du(zx)), ae. €

[ @1 (Du@) dr = Qf (o) meas
Q
where Qf is the quasiconvex envelope of f, namely

Qf =sup{g < f: g quasiconvex} .

The problem is then to discuss the existence or non existence of a u satisfying
the two equations. The two equations are not really of the same nature. The first
one is what is called an implicit partial differential equation, which has recently
received a lot of attention and we refer to Dacorogna-Marcellini [7] for some
bibliographical and historical comments. The second one is more geometric in
nature and has to do with some "quasiaffinity” of the quasiconvex envelope Q f.

The scalar case (n =1 or m = 1) has been intensively studied by many au-
thors including: Aubert-Tahraoui, Bauman-Phillips, Buttazzo-Ferone-Kawohl,
Celada-Perrotta, Cellina, Cellina-Colombo, Cesari, Cutri, Dacorogna, Ekeland,
Friesecke, Fusco-Marcellini-Ornelas, Giachetti-Schianchi, Klotzler, Marcellini,
Mascolo, Mascolo-Schianchi, Monteiro Marques-Ornelas, Ornelas, Raymond,
Sychev, Tahraoui, Treu and Zagatti. For precise references see [6] and [7].



The vectorial case has been investigated for some special examples notably
by Allaire-Francfort [1], Cellina-Zagatti [4], Dacorogna-Ribeiro [10], Dacorogna-
Tanteri [11], Mascolo-Schianchi [17], Miiller-Sverak [18] and Raymond [20]. A
more systematic study was achieved by Dacorogna-Marcellini in [6], [7] and
[8]. Building on [6] and owing to the recent developments in the treatment of
implicit partial differential equations, we will obtain at the same time simpler
and more general existence theorems. Several examples can be treated as a
direct consequence of the general and simple theorem obtained in Section 3. We
will concentrate on two of them (in Subsection 5.1 and 5.2) and we will mention
very briefly those classical examples that could be treated in the same way. We
will also devote some attention to necessary conditions.

2 Preliminaries

We recall the main notations that we will use throughout the article and we
refer, if necessary, for more details to Dacorogna [5] and Dacorogna-Marcellini
. We start with one notation for matrices.

Notation 1 For £ € R™*" we let
T(§) = (& adjs&, ..., adjmank) € RT

where adjs& stands for the matriz of all s X s subdeterminants of the matrix &,
1<s<mAn=min{m,n} and where

e =5 (0 (5] e (0) =

s=1
In particular if m =n =2, then T (§) = (£, det &) .
We next define the main notions of convexity used throughout the article.

Definition 2 (i) A function f : R™*" — R = R U {400} is said to be poly-

convex if
T+1 T+1
f (z u&) S s
i=1 i=1
whenever t; > 0 and
T+1 T+1 T+1
doti=1,T (Z tifi) =Y LT (&),
i=1 i=1 i=1

(ii) A Borel measurable function f:R™*™ — R is said to be quasiconvex if

/U f (€ + Do (x)) dz > f () meas(U)



for every bounded domain U C R™, £ € R™*™ and ¢ € VVOl’oo (U;R™).
(iii) A function f: R™*" — R = RU {400} is said to be rank one convex if

f&G+ A =8)&) <tf(&)+ 1 —1) (&)
for every &1,& € R™*™ with rank {§; — &} = 1 and every t € [0, 1].

(iv) A Borel measurable function f : R™*™ — R is said to be quasiaffine (or
equivalently polyaffine or rank one affine) if both f and —f are quasiconvex.

(v) The different envelopes of a given function f are defined as

Cf=sup{g < f:g convex},

Pf =sup{g < f: g polyconvex},

Qf =sup{g < f: g quasiconvez}

Rf =sup{g < f: g rank one convez} .

As well known we have that the following implications hold
f convex = f polyconvex = f quasiconvex = f rank one convex

and thus
Cf<Pf<Qf<Rf<f

Remark 3 An equivalent characterization of polyconvezity can be given in terms
of Hahn-Banach theorem (cf. Theorem 1.3 page 107 in Dacorogna [5]). A func-
tion f : R™*™ — R is polyconvex if and only if for every & € R™*™ there exists
A= \(&) € R7™™) 5o that

fE+n) —f(—NTE+n)—T(&) =0, for everyn e R™*". (1)
We now give an important example that concerns singular values.

Example 4 Let 0 < Ay (§) < ... < A\, (€) denote the singular values of a matriz

& € R™ ™ which are defined as the eigenvalues of the matriz (§§t)1/2. The
functions

£— Z)\ © and ¢ J[N©.v=1,..n,

i=v

are respectively convex and polyconvex (note that [[;_, Xi (§) = |detg|). In
particular the function & — X, (§) is convexr and in fact is the operator norm.

We finally recall the notations for various convex hulls of sets.
Notation 5 We let, for E C R™*",

Fgp={f:R™" 5 R=RU{+oo}: f|; <0}
Fp={f:R™" =R: f|; <0}.



We then have respectively, the convex, polyconvex, rank one convex and (closure
of the) quasiconvex hull defined by
coE ={{eR™": (&)
PcoE = {{ € R™™: f(£) <0, for every polyconvez f € F}
Reo E = {£ € R™ " : f(£) <0, for every rank one convez f € Fg}
QeoB = {€ e R™™: £ (¢)

&) <0, for every convex f € ?E}

&) <0, for every quasiconvex f € ]—'E} .

We should point out that by replacing Fr by Fg in the definitions of co E
and Pco E we get their closures denoted by c6E and PcoE. However if we do
so in the definition of Rco E we get a larger set than the closure of Rco E. We
should also draw the attention that some authors call the set

{§ eR™ ™ : f(£) <0, for every rank one convex f € .TE}

the lamination convex hull, while they reserve the name of rank one convex hull
to the set

{€ e R™*™: f(€) <0, for every rank one convex f € Fg}.

We think however that our terminology is more consistent with the classical
definition of convex hull.
In general we have, for any set £ C R™*"™

E CRcoE CPcoFE CcoFE

E C ReoE C QcoE C PcoE C ©oE.

We now turn our attention to differential inclusions. We will need the fol-
lowing definition introduced by Dacorogna-Marcellini (cf. [7]), which is the key
condition to get existence of solutions.

Definition 6 (Relaxation property) Let E, K C R™*". We say that K has
the relaxation property with respect to E if for every bounded open set 2 C R™,
for every affine function u¢ satisfying

Du¢ (z) =€ € K,
there exist a sequence u, € Af fpicc (ﬁ; Rm) (the set of piecewise affine maps)

u, € ue + Wy (% R™), Du, (z) € EUK, a.e. in

u, = ug in Whee, /dist (Duy, (z); E)dz — 0 as v — oo.
Q

The main theorem, established in Dacorogna-Pisante [9], is then.



Theorem 7 Let Q C R™ be open and bounded. Let E, K C R™*™ be such that
E is compact and K is bounded. Assume that K has the relazation property
with respect to E. Let ¢ € Af fpicc (Q; Rm) be such that

Dy (x) e EUK, a.e. inS.
Then there exists (a dense set of) u € o + Wy ™ (Q; R™) such that
Du(z) € E, a.e. in .

Remark 8 This theorem was first proved by Dacorogna-Marcellini (see Theo-
rem 6.3 in [7]) under the further hypothesis that

E={{eR™": F(§=0i=12,..1}

where F; : R™"™ — R,i = 1,2,...,1, are quasiconvex. This hypothesis was
later removed by Sychev in [22] (see also Miller and Sychev [19]). Kirchheim
in [14] pointed out that using a classical result of function theory then the proof
of Dacorogna-Marcellini was still valid without the extra hypothesis on E; it is
this idea combined with the original proof of Dacorogna-Marcelling that is used
by Dacorogna-Pisante in [9].

We next give a sufficient condition that ensures the relaxation property.
In concrete examples this condition is usually much easier to check than the
relaxation property. We start with a definition.

Definition 9 (Approximation property) Let E C K (E) C R™*™. The
sets E and K (E) are said to have the approximation property if there exists
a family of closed sets Es and K (Es), § > 0, such that

(1) Es C K (Es) C int K (E) for every § > 0;

(2) for every e > 0 there exists §g = 0 (€) > 0 such that dist(n; E) < € for
every n € Es and § € [0, do];

(3) if n € int K (E) then n € K (Es) for every 6 > 0 sufficiently small.

We therefore have the following theorem (cf. Theorem 6.14 in [7] and for a
slightly more flexible one see Theorem 6.15).

Theorem 10 Let E C R™*™ be compact and Rco E has the approrimation
property with K (Es) = Reo Es, then int Rco E has the relazation property with
respect to E.

3 Sufficient conditions

The problem under consideration is

(P) inf{[(u) = /Qf(Du () dz: u € ug, +W01’°°(Q;Rm)}



where €) is a bounded open set of R", ug, is affine, i.e. Dug, = &. We will
assume throughout the article that f : R™*™ — R is lower semicontinuous,
locally bounded and satisfies

f&) z s T (&) + 8, V& e R

and for some a € R™™™) and 3 € R.

With the help of the relaxation theorem and of Theorem 7 we are now in a
position to discuss some existence results for the problem (P). The following
lemma (cf. [6]) is elementary and gives a necessary and sufficient condition for
existence of minima.

Lemma 11 LetQ, f and ug, be as above, in particular Dug, = &o. The problem
(P) has a solution if and only if there exists T € ug, + Wy ™ (4 R™) such that

f(Du(x))=Qf (Du(x)), ae. €0 (2)
/Q QF (DT (2)) dz = QF (€) meas 9. (3)
Proof. By the relaxation theorem (cf. [5]) and since wg, is affine, we have

inf (P) = inf (QP) = Qf (§) meas .

Moreover, since we always have f > Qf and we have a solution of (2) satisfying
(3), we get that u is a solution of (P). The fact that (2) and (3) are necessary
for the existence of a minimum for (P) follows in the same way. B

The previous lemma explains why the set

K={¢eR™":Qf (&) < [(&}

plays a central role in the existence theorems that follow. In order to ensure
(2) we will have to consider differential inclusions of the form studied in the
previous section, namely: find @ € ug, + VVO1 22 (Q; R™) such that

Du(z) € 0K, a.e. x € Q.

In order to deal with the second condition (3) we will have to impose some
hypotheses of the type "Qf is quasiaffine on K”.

The main abstract theorem is the following.

Theorem 12 Let Q C R™ be a bounded open set, &, € R™*™ f:R™*" — R
a lower semicontinuous function and let

K={neR™":Qf ()< fn)}

Assume that there exists Ko C K such that
b 50 S K07



o Ky is bounded and has the relazation property with respect to Ko N 0K,
o Qf is quasiaffine on K.
Let ug, (z) = {ox. Then the problem

(P) inf{](u)—/Qf(Du(x)) dz : u€u50+W&’°°(Q;Rm)}

has a solution @ € ug, + Wy ™ (Q; R™).

Proof. Since § € Ko and K is bounded and has the relaxation property
with respect to Ko N JK, we can find, appealing to Theorem 7, a map u €
ug, + W (Q; R™) satisfying

Du € KogNOK, a.e. in €,

which means that (2) of Lemma 11 is satisfied. Moreover, since @ f is quasiaffine
on K, we have that (3) of Lemma 11 holds and thus the claim. m

The second hypothesis in the theorem is clearly the most difficult to verify,
nevertheless there are some cases when it is automatically satisfied. For example
if K is bounded we can prove that K has the relaxation property with respect
to OK.

We will see that, in many applications, the set K turns out to be unbounded
and in order to apply Theorem 12 we need to find some weaker conditions on
K that guarantees the existence of a subset K of K satisfying the requested
properties. With this aim in mind we give the following notations and defini-
tions.

Notation 13 Let K C R™*™ be open and A\ € R™*™,

(i) For & € K, we denote by Lk (&, \) the largest segment of the form
[ +tNE+ 3N, t<0<s, sothat (§+tA €+ sA\) C K.

(#) If L (&, \) is bounded, we denote by t_ (§) < 0 < t4 (§) the elements so
that L (§,\) = [ +t_N\, &+t A]. They therefore satisfy
E4t A dK and €+iNe K Ve (t_,t,).
(i) If H C K, we let

Lic(H3) = U, Li(€.)).

Definition 14 (Boundedness and stable boundedness in a direction \). Let
K CR™ ™ be open, & € K and X\ € R™*™,

(i) We say that K is bounded at & in the direction A if Lk (£o, ) is bounded.

(i) We say that K is stably bounded at & in the rank-one direction A\ =
a®pf (with o € R™ and € R™) if there exists € > 0 so that Lx (§o+a® B, A) is
bounded, where we have denoted by

fo+a®@Be={{eR™": (=& +a®buwith [b] <e}.



Clearly a bounded set K is bounded at every point £ € K and in any
direction A and consequently it is also stably bounded.

We now give an example of a globally unbounded set which is bounded in
certain directions.

Example 15 Let m =n =2 and
K={¢eR™? a<det{ < p}.

The set K 1is clearly unbounded.
(i) If & = I then K is bounded, and even stably bounded, at &y, in a direction
of rank one, for example with

1 0 0 0
)\—(O 0)0r)\—<0 1).

(i) However if £, = 0, then K is unbounded in any rank one direction, but
1 bounded in any rank two direction.

In the following result we deal with sets K that are bounded in one rank-one
direction only. This corollary says, roughly speaking, that if K is bounded at
&o in a rank-one direction A and this boundedness (in the same direction) is
preserved under small perturbations of & along rank-one A-compatible direc-
tions, then we can ensure the relaxation property required in the main existence
theorem.

Corollary 16 Let 2 C R™ be a bounded open set, f : R™*" — R a lower
semicontinuous function and let §y € K where

K={¢eR™":Qf (&) < f(&}.

If there exist a rank-one direction X € R™*™ such that

(i) K is stably bounded at & in the direction A = a ® [3,

(i) Qf is quasiaffine on the set (cf. Definition 14) Lx (& + a ® Be, \),
then the problem

(P) inf{](u):/gf(Du(x)) dz : u6u§0+W01’°°(Q;Rm)}

has a solution @ € ug, + Wy ™ (Q; R™).

To prove the corollary we will need the following result. It is due to Miiller-
Sychev [19] and is a refinement of a classical result.

Lemma 17 (Approximation lemma) Let Q C R™ be a bounded open set.
Lett € [0,1] and A, B € R™*™ such that

A—B=a®b



with a € R™ and b € R™. Let b3,...,by € R", kK > n, such that 0 €
int co{b, —b, b3, ...,bx}. Let o be an affine map such that

Dp(z)=E(=tA+ (1 -t)B, 2€Q

(ie. A=+ (1—t)a®band B=¢—ta®Db). Then, for every e > 0, there
exists a piecewise affine map u and there exist disjoint open sets Qa,0p C €,
such that

|meas Q4 — ¢ meas |, |meas Qp — (1 —¢) meas Q| < e
ulz) = plz), = € 09
lu(z) = p(z)] <&, 2 €Q

A inQ
Du(:r)—{ B ng

Du(z) eé+{(1-t)a®b, —ta®b,a®bs,...,a® b}, a.e. in .

Proof. (Corollary 16). We divide the proof into two steps.
Step 1. Assume that |G| = 1, otherwise replace it by 8/|8], and, for j < k
and some k > n, let §; € R", with |5;| =1, be such that

0€ H:=intco{l,—5,03,...,0} C B1(0) ={z e R" : |z| < 1}.
Let then, for € > 0 as in the hypothesis,

Ko:=(S+a®eH)U[0KNLk(§%+a®eH,\)|.

We therefore have that £ € K, and, by hypothesis, that Ky is bounded,
since

Ko C Ko C Lr(§+ a® Be, ).

Furthermore we have
Fo NOK =0KnN LK(fo +a® GF, )\)

In order to deduce the corollary from Theorem 12, we only need to show that
K has the relaxation property with respect to K¢ N 0K. This will be achieved
in the next step.

_ Step 2. We now prove that Ky has the relaxation property with respect to
KoNOK. Let £ € Ky and let us find a sequence u, € Af fpicc (Q; Rm) so that

uy, € ug + Wy ™ (4 R™), Du, (z) € (KoNOK) UKy, ae. in Q
; _ (4)
u, = ug in W, [ dist (Du, (z); Ko NOK) dz — 0 as v — oc.
Q

If ¢ € 0K N Lg(& + a ® eH,\), nothing is to be proved; so we assume that
£ €& +a®eH. By hypothesis (i), we can find t_ (§) < 0 < t4 (£) so that

=64+t A€ 0K and E+tNe K Vte (t_,ty)

10



and hence &4 € Ko N OK. We moreover have that

—t_ t _
€+ —TF ¢ with & € KonOK.

. te —t_

Furthermore, since £ € {y + a ® eH, we can find v € eH such that

E=¢+a®ny.

The set H being open we have that Bj(y) C eH, for every sufficiently small
& > 0. Moreover since for every d > 0, we have

0 € 0H = intco{£005,00s,...,00:}
and since for every sufficiently small § > 0, we have
£58 € co{a (ty — t-) B} C cofk (¢ —t-) 3,005, .., 08},
we get that
0 € 0H = intco{+003,60s,...,00k} Cintco{=x (t; —t_) 3,003, ...,00k}.

We are therefore in a position to apply Lemma 17 to

ot
oty —t]

a=a, b= (tx —t_)B, b =060 for j =3,... .k, ¢

A:§+:f—i—t+t_+t_a®(t+_t,)ﬁ:f—i-(l—t)a@b,

t
ty —t_

B=¢ =6+ a® (ty —t_)f=E&—ta®b

and find us € Af fpicc (ﬁ; Rm) , open sets 2, Q_ C , such that

|meas (24) — tmeas Qf, |meas (Q_) — (1 —t)meas Q| <4

us(z) = ug(x), x € 00

jus(2) — e ()| < 6, z €0 (5)
Dus(x) =&+ ae. in Qg

Dus(z) € E+{tra® f,t_a® B,a®00s3,...,a® If}, a.e. in Q.

Since ¢4 € Ko NOK and
+a®B; € {+a®éH = {+a®(y+0H) C &+a®eH C Ky for j =3,..,k,

we deduce, by choosing 6 = 1/v as v — oo, from (5), the relaxation property
(4). This achieves the proof of Step 2 and thus of the corollary. m

We finally want to point out that as a particular case of Corollary 16 we find
the existence theorem (Theorem 3.1) proved by Dacorogna-Marcellini in [6].

11



4 Necessary conditions

Recall that we are considering the minimization problem

(P) inf{](u) = /Qf(Du (2)) dz: u € ug, +W01’°O(Q;Rm)}

where Q is a bounded open set of R", ug, is affine, i.e. Dug, = & and f :
R™*™ — R is a lower semicontinuous function. In order to avoid the trivial
case we will always assume that

Qf (§0) < f (&) -

Most non existence results for problem (P) follow by showing that the re-
laxed problem (QP) has a unique solution, namely ug,, which is by hypothesis
not a solution of (P). This approach was strongly used in Marcellini [16] and
Dacorogna-Marcellini [6]. We will here extend this idea in order to handle more
general cases. However we should point out that we will give an example (see
Proposition 36 in Section 5.2) related to minimal surfaces, where non existence
occurs, while the relaxed problem has infinitely many solutions, none of them
being a solution of (P).

The right notion in order to have uniqueness of the relaxed problem is

Definition 18 A quasiconvex function f : R™*™ — R is said to be strictly

quasiconvex at & € R™*" if for some bounded domain U C R™ and every
© € W™ (U;R™) such that

/U f (€0 + Dy (2)) dz = f (&) meas(U)
then ¢ = 0.

We will see below some sufficient conditions that can ensure strict quasicon-
vexity, but let us start with the elementary following non existence theorem.

Theorem 19 Let f : R™*"™ — R be lower semicontinuous, &, € R™*™ with
Qf (&) < f (&) and Qf be strictly quasiconvex at &. Then the relaxed problem
(QP) has a unique solution, namely ue,, while (P) has no solution.

Proof. The fact that (QP) has only one solution follows by definition of the
strict quasiconvexity of @ f and the fact that the definition of strict quasicon-
vexity is independent of the choice of the domain U. Assume for the sake of
contradiction that (P) has a solution @ € ug, + W, ™ (€; R™). We should have
from Lemma 11 that (writing @ (z) = &z + ¢ (z))

[+ Dy () =Qf (§o+ Dy (x)), ae. €

/QQf (&0 + Dy (z)) de = Qf (&) meas Q.

12



Since Qf is strictly quasiconvex at &y, we deduce from the last identity that
@ = 0. Hence we have, from the first identity, that Qf (§) = f (&), which is in
contradiction with the hypothesis. m

We now want to give some criteria that can ensure the strict quasiconvexity
of a given function. The first one has been introduced by Dacorogna-Marcellini
in [6].

Definition 20 A convex function f : R™*™ — R is said to be strictly convex
at &g € R™*™ in at least m directions if there exists a = (a1)1<i<m e Rm™xn,

a' # 0 for every i = 1,...,m, such that: if for some n € R™*" the identity
1 1 1
§f(§0+77)+§f(§0):f So+ 57

holds, then necessarily o
<oﬂ;77’> =0,i=1,....,m.

In order to understand better the generalization of this notion to polyconvex
functions (cf. Proposition 26), it might be enlightening to state the definition
in the following way.

Proposition 21 Let f: R™*™ — R be a convex function and, for & € R™*"™,
denote by Of (§) the subdifferential of f at £&. The two following conditions are
then equivalent:

(i) f is strictly convex at & € R™*™ in at least m directions

(i) there exists o = () € R™ ™ with o # 0 for every i = 1,...,m,
so that whenever

1<i<m

fo+mn)—f()—(Nn) =0
for some n € R™*™ and for some X € Of (&), then

<o/;77i> =0,1=1,....,m.

Proof. Step 1. We start with a preliminary observation that if

3 @)+ 57 €0 = £ (60 + 3) (©

then, for every t € [0,1], we have

tf(Go+n)+ (1 =1)f()=1[(5 +1n). (7)

Let us show this under the assumption that ¢ > 1/2 (the case t < 1/2 is handled
similarly). We can therefore find « € (0,1) such that

1
§:at+(1—a)0:at.

13



From the convexity of f and by hypothesis, we obtain

1 1 1
3 @+ 57 @) =1 (&4 5n) < of G+t +(1-a) f (&),
Assume, for the sake of contradiction, that

f (& +tn) <tf(So+mn)+ (1 —1)f (&)

Combine then this inequality with the previous one to get
31 (& +m)+ 3 (6) <
altf (§o+n)+1—1t)f ()] + 1 —a)f()
=1 (& +m) +3f (%)

which is clearly a contradiction. Therefore the convexity of f and the above
contradiction implies (7). This also implies that

F (€om) = Tim L& F 01 = f (%)

t—0t t

=f (& +mn)—f(&)-

Applying Theorem 23.4 in Rockafellar [21], combined with the fact that 9f (&)
is non empty and compact, we get that there exists A € df (£y) so that f (§o +n)—
f (&) = (X\;n) and hence

f (& +1tn) = f (&) —t(Xm) =0, Vi e [0,1]. (8)

We have therefore proved that (6) implies (8). Since the converse is obviously
true, we conclude that they are equivalent.

Step 2. Let us show the equivalence of the two conditions.
(i) = (ii): We first observe that for any p € R™*™ we have

TfE+n)+3f(&)—f(&+3n)=
31 (&o+n) = F (&)= ()] = [f (€o+3n) — [ (&) — 5 (wm)] -
Assume that, for A € 9f (&), we have

f(&o+n) = f (&) — (Asm) = 0.

From (9) applied to u = A, from the definition of df () and from the convexity
of f, we have

(9)

0<5f(o+mn)+ 351 (&) —f(&+3m)
=—[f(&+in) - f&) - 3] <0.
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Using the above identity, we then are in the framework of (i) and we deduce
that <ai;ni> =0,i=1,...,m, and thus (ii).
(ii) = (i): Assume now that we have (6), namely

;f(foJr??)JF;f(fo)f(foJr;??) =0

which, by Step 1, implies that there exists A € 9f () so that

f (& +1tn) = f () —t(Xm) =0, vie[0,1].

We are therefore, choosing t = 1, in the framework of (ii) and we get <o/; ni> =
0,i=1,...,m, as wished. m

Of course any strictly convex function is strictly convex in at least m direc-
tions, but the above condition is much weaker. For example in the scalar case,
m = 1, it is enough that the function is not affine in a neighborhood of &y, to
guarantee the condition (see below).

We now have the following result established by Dacorogna-Marcellini in [6],
although the concept of strict quasiconvexity does not appear there.

Proposition 22 If a convex function f : R™*™ — R is strictly convezr at
& € R™*™ 4n at least m directions, then it is strictly quasiconver at &g.

Theorem 19, combined with the above proposition, gives immediately a sharp
result for the scalar case, namely

Corollary 23 Let f : R — R be lower semicontinuous, £ € R™ with
Cf (&) < f (&) and Cf not affine at &. Then (P) has no solution.

Remark 24 In the scalar case this result has been obtained by several authors,
in particular Cellina [3], Friesecke [12] and Dacorogna-Marcellini [6]. It also
gives, combined with the result of the preceding section, that, provided some
appropriate boundedness is assumed, a necessary and sufficient condition for
existence of minima for (P) is that f be affine on the connected component of

{£:Cf (&) < f(&)} that contains &.

Before proceeding with the proof of Proposition 22 we need the following
lemma whose proof is elementary (see Step 2 of Theorem 5.1 in [6]).

Lemma 25 Let Q) be a bounded open set of R™ and ¢ € Wol’OO(Q;Rm) be such
that _ _
(o' D¢" () =0, ae. z€Q,i=1,...,m

for some o # 0, i=1,...,m, then ¢ = 0.

Proof. (Proposition 22). Assume that for a certain bounded domain U C R™
and for some ¢ € Wy (U;R™) we have

/U f (€0 + Dy (2)) dz = [ (&) meas(U)
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and let us show that ¢ = 0.
Since f is convex and the above identity holds, we find

F o) meas) = [ |37+ 37 6o+ Do ()] do

> /U f (»so +3Dp (m)) dz > f (&) meas(U),

which implies that

/U Bf (€0) + %f(éo + Dy (@) — f (go + %DSD (x))] s —0.

The convexity of f implies then that for almost every z in U, we have

1 1 1
3 &)+ 3 @+ Do(a) — 1 (84 3Dv)) =0
The strict convexity in at least m directions leads to
<ai;D<pi (x)> =0,ae. xzelU,i=1,...,m.

Lemma 25 gives the claim. m

We will now generalize Proposition 22. Since the notations in the next result
are involved, we will first write the proposition when m =n = 2.

Proposition 26 Let f : R™*™ — R be polyconvezr, & € R™*™ and A =
A (&) € RT™™) 50 that

f&o+n)—f(&)—(NT (& +n) —T(&)) =0, for every n € R™ ™.

(i) Let m = n = 2 and assume that there exist o', a>? a?? € R?, ob'! #
0,a%2 #0, B € R, so that if for some n € R?*?2 the following equality holds

f o +m) = f (&)= (MT (§o+n) =T () =0
then necessarily
(o m*) =0 and (a"n") + ("% n®) + Bdetn = 0.
Then f is strictly quasiconvez at &.
(ii) Let m,n > 2 and assume that there exist, for every v =1,...,m,

oVt e ™ e R, oMY £ 0,8V € R(Z),Z <s<nA(m-v+1)
so that if for some n € R™*™ the following equality holds
f (& +n) = f (&)= NT (o +n) —T (%)) =0

then necessarily

m nA(m—v+1)
Yol Y (Badis (™) =0, v =1, m.
s=v s=2

Then f is strictly quasiconvez at &.
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Remark 27 (i) The exzistence of a A as in the hypotheses of the proposition
is automatically guaranteed by the polyconvexity of f (see (1) in Section 2, it
corresponds in the case of a convex function to an element of df (&) ).

(ii) We have adopted the convention that if | > k > 0 are integers, then

Sy =0.
Example 28 Let m =n = 2 and consider the function
2 2
F(n)=(n3)" + (i +detn)”.

This function is trivially polyconver and according to the proposition it is also
strictly quasiconvex at & = 0 (choose A = 0 € R®, a?? = (0,1), o' = (0,0),
abt = (1,0), =1).

Proof. We will prove the proposition only in the case m = n = 2, the general
case being handled similarly.

Assume that for a certain bounded domain U C R? and for some ¢ €
Wy (U; R?) we have

/U f (€0 + Dy (2)) dx = [ (£) meas(U)

and let us prove that ¢ = 0. This is equivalent, for every p € R™(22) | to

[/Uf@o D (2)) — £ (€0) — (1T (0 + Dop () — T (€0)) | de = 0.

Choosing p# = A (X as in the statement of the proposition) in the previous
equation and using the polyconvexity of the function f, we get

f (& + Dy (x)) = (&) — (M T (§o + Dy (z)) — T (&) =0, ae. z € U.
We hence infer that, for almost every = € U, we have
<a2’2; Dg02> =0and ("' Do') + <a1’2; D<p2> + Bdet Dy = 0.

Lemma 25, applied to the first equation, implies that ¢? = 0. Using this result
in the second equation we get

<a1’1; D<p1> =0

and hence, appealing once more to the lemma, we have the claim, namely ¢! =
0.m

Summarizing the results of Theorem 19, Proposition 22 and Proposition 26,
we get

Corollary 29 Let f: R™*"™ — R be lower semicontinuous, & € R™*™ with

Qf (§o) < f (&) -
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If either one of the two following conditions hold
(i) Qf (&) = Cf (&) and Cf is strictly convex at & in at least m directions;

(1) Qf (§0) = Pf (&) and Pf is strictly polyconvexr at & (in the sense of
Proposition 26);

then (QP) has a unique solution, namely ug,, while (P) has no solution.

Proof. The proof is almost identical under both hypotheses and so we will
establish the corollary only in the first case. The result will follow from Theorem
19 if we can show that Qf is strictly convex at &;. So assume that

/QQf (€04 Dy (z)) dz = Qf (&) meas Q)

for some ¢ € VVO1 °9(Q;R™) and let us prove that ¢ = 0. Using Jensen inequality
combined with the hypothesis Qf (&) = Cf (&) and the fact that Qf > Cf,
we find that the above identity implies

/QCf (o + Dy (z)) dz = Cf (&) meas Q.

The hypotheses on C'f and Proposition 22 imply that ¢ = 0, as wished. m

5 Examples

We now consider two examples of the form studied in the previous sections,
namely

(P) inf{[(u) = /Qf(Du () dz: u € ug, +W01’°°(Q;Rm)}

where () is a bounded open set of R", ug, is affine, i.e. Dug, = & and f :
R™>*"™ — R is a lower semicontinuous function.

1) We consider in Subsection 5.1 the case where m = n and

f(&) = g(X2(8), -, An-1(£), det &)

where 0 < A\1(§) < -+ < A, (€) are the singular values of £ € R™ ™. Functions
of the above type are simplified versions of stored energy functions that appear
in nonlinear elasticity.

2) In Subsection 5.2 we deal with the minimal surface case, namely when
m =n+1and f(¢) = g(adj,€). One should note that if u : R* — R"*! is a
surface in parametric form, then adj, Du is the normal to this surface. In this
sense the minimisation problem is of minimal surface type.

The same analysis could be applied to the following examples that have been
treated by other authors.

18



— Integrands of the form

f(&) =g(®(g)

where @ : R™*"” — R is quasiaffine. This problem has first been considered
by Mascolo-Schianchi [17] and later by Dacorogna-Marcellini [6] for the case
of the determinant (m = n, ®(§) = det{). The general case was studied by
Cellina-Zagatti [4] and later by Dacorogna-Ribeiro [10]. We remark that the
result of Subsection 5.1 includes the case f(§) = g(det&).

— The Saint Venant-Kirchhoff energy functional (here m = n and v € (0,1/2)
is a parameter):

2 v 2 2
7@ = lgg = 11" + =5 (1¢F —n)

or in terms of the singular values 0 < A1 (&) < --- < A\ (&) of € € R™*™

FO =2 04O - 1)+ =5 (Z ) —n) :

i=1

This case has been studied by Dacorogna-Marcellini [6] with the help of a repre-
sentation formula due to Le Dret-Raoult. With the present theory it is possible
to establish more general results, but we do not discuss the details here.

— Optimal design problem (with m =n = 2):

_ [ 1H[gP g0
f(g)_{ 0 if ¢ = 0.

This problem was introduced by Kohn-Strang [15]. The existence of minimizers
was then established by Dacorogna-Marcellini in [6] and [7] and in a different
manner by Dacorogna-Tanteri [11].

5.1 The case of singular values

In this section we let m = n and we denote by A1 (§), ..., \n(§) the singular
values of & € R™*™ with 0 < A1(§) < -+ < A\, (§) and by @ the set

Q={r=(x2,..,n1) €ER"?: 0< 2y <+ <y}

which is the natural set where to consider (A2(§), ..., A\n—1(§)) for & € R™*™,

The functions under consideration are functions depending not only on some
singular values, but also on the determinant.

Theorem 30 Let g: Q x R — R be a function such that g(-,s) is continuous
and bounded from below for all s € R. Let f : R"*™ — R be defined by

F(&) = g(X2(8), s An-1(§), det &)
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then
Pf(&) = Qf(&) = Rf(§) = Ch(det ),

where h : R — R is given by h(s) = ing g(z,s).
S

Remark 31 We remark that if some dependence on Ay or A, is allowed, then
no simple and general expression for the envelopes is known; see Proposition 32
below, when there is dependence on \1, and Theorem 3.5 in Buttazzo-Dacorogna-
Gangbo [2], when there is dependence on \y.

Proof. Firstly we remark that, using Theorem 3.1 of Dacorogna-Ribeiro [10],
we can easily obtain the following assertion. Let

E={eR™": N(¢)=my, i=2,...,n—1, det& =c}
for some 0 < mg < -+ < my,_1, c € R, then
Reo B ={{ € R"*": det& = c}.
We now prove the result. Since we always have

Ch(det§) < Pf(£) < Qf(§) < Rf(§),

we only need to prove that Rf(£) < Ch(det &) which follows if Rf(§) < h(det ).
In fact, if we get Rf(§) < h(det&) then the rank-one convex envelope of each
member preserves the inequality and since the rank-one convex envelope of

h(det &) is Ch(det&) we get Rf(€) < Ch(deté). Let & € R™™ and let 2% =
k

(z%,...,2F_) € Q be a sequence such that

h(det &) = inf g(-, det £) = lim g(z*, det £).
For each k € N we define

Gr(n) = Rf(n) — g(a*, det €)

which is a rank one convex function. We will prove that G, (§) <0 for all k € N
and the result follows by passing to the limit.

There are two different cases to consider. For fixed k let s € {1,...,n — 1}
be such that 2§ = --- = 2% = 0 and x’;'H > 0.

Case 1: s = 1. Consider the set
Ep={neR™": \(n)=xF, i=2,..,n—1, detn=det}.

Since in Ei, Gx(n) = Rf(n) — f(n) then Gy, is non positive in this set. Besides,
the rank one convexity of Gy, implies that Gy, is also non positive in Rco Ey. By
the remark made above we obtain G(£) < 0 since £ € Rco Ey.

Case 2: s > 1. Let, for t > 0,

() = R — g (S5 e e
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(write 2%, = 1 in the case s = n — 1) and let

k
T
Az(n) = ST+1a i = 27"'757

Aj(m) :z;?, j=s+1,...,n—1,
detn = det &

E; =(neR™™:

As before, H}, is non positive in this set. Since £ € Rco Ef and Hj, is rank one
convex we obtain that H} () < 0:

x§+1 xlg+1 k k
Rf(§) <y — g Tyl Ty, det§ ).

Passing to the limit as t — +o0, we get G(§) < 0 as wished. m
We next see that the previous result is not true for functions depending also
on Aq.

Proposition 32 Let f: R?**2 — R be defined by f(&) = [A\1(§) — 1| + |det&].
Then Pf(&) # |det].

Proof. Let us suppose for the sake of contradiction that Pf(§) = |det£|. Then,
for € such that A1 (£) =0, Pf(§) = |det&| = 0. From the representation formula
for the polyconvex envelope (see Theorem 5.1.1 in Dacorogna [5]), we therefore
get that there exist A” € R2¥2 7 € [0,1] and 3°0_, t7 = 1 such that

i=1"
6 6
lim > G F(AT) = 0 with Y 1 (A}, det A}) = (&, det £).
i=1 i=1

In particular, t? |A;(A?) — 1] — 0 and ¢ |det A?| — 0, ¢ = 1,...,6. Up to a
subsequence, t! — t; € [0,1] with Zf:l t; = 1. So, there is some j such that
t; # 0 and thus
7 1 7
A\ (A7) -1 = t—nt; |\ (A7) =1 =0

J

and .
|det AT| = —t7 |det A}| — 0.
t;} J J

The first condition implies that A; (A7) — 1, which contradicts the second one,
since then we would have ‘det Aﬂ >(M(A7)?—1.m

We next apply the theory of Section 3 to get the following existence result.

Theorem 33 Let

f(€) = g(Aa2(8), -, An-1(8)) + h(det &)

where g and h are lower semicontinuous functions such that g : Q — R verifies

inf g = g(ma, ..., mp_1), with 0 <mg <--- <my_q
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and h : R — R wverifies

h(t)
im —= = 4o00. 10
|t\—>+oo |t| ( )

Then (P) has a solution.

Proof. We note that, by Theorem 30, Qf(§) = inf g + Ch(det £). Letting

K={¢eRV":Qf (&) < ()}

we see that
K=L1ULg

where
Ly = {¢ e R™™: Ch(det&) < h(det &)}

Ly = {E eR™™: Ch(det&) = h(det &), infg < g(A2(&), ...,)\n_l(f))}.
We first observe that hypothesis (10) allows us to write
S={teR:Ch(t) <ht)} = J(a,8),
JEN

Ch being affine in each interval (c;, §;); thus

Li=<¢£eR™™: deté e U(Oéjvﬁj)

JEN

Note that Qf is quasiaffine on K.
We now prove the result. Clearly, if §, ¢ K then ug, is a solution of (P).
Let us suppose that £ € K. There are three different cases to consider.

Case 1: & € Li. Let (a;, ;) be an interval as above such that det&, €
(e, B;). We get the result applying Theorem 12 with

n

Ky = {5 ER™M: deté € (a;,8;), [[M©) < [[mi v= Qn} ,

=V

where m,, is chosen sufficiently large so that

Mp—1 < My, (11)

HAz(é.O) < Hm’ia v = 27"'7’”’ (12)

max {|ay|, 8]} < ma] [m. (13)
=2
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Clearly Koy C Ly C K, moreover (12) ensures that & € Ky and (13) ensures
the relaxation property of Ky with respect to

E= {E e R™™: deté € {ay, B}, AM(&) =m,, v= 2,...,n} c KoNoK
through Theorem 10 and the family of sets
Es = {f € R™*™ . det§ S {Oéj +6,/Bj — 5}, )\2(6) =m; 7(5, 1= 2,...,TL},

(cf. the proof of Theorem 1.1 of Dacorogna-Ribeiro [10] for details). Conse-
quently K has the relaxation property with respect to Ko N oK.

Case 2: & € Lo and det &y # 0. We consider in this case the set

K, = {5 ER™M: deté =det&y, [[N(€) < [[mi, v=2, n}
where m,, satisfies the conditions (11) and (12) of the first case (with strict
inequality for the first one: m,, > m,_1). It was shown by Dacorogna-Tanteri
[11] that K; has the relaxation property with respect to

E={¢eR™": det{ =det&, \() =my, v=2,...,n}

and the existence of u € ug, + Wy (9, R") such that Du € E, a.e. in Q. Since
Qf = fin E and Qf(&) = Qf(Du), we can apply Lemma 11 and get the
result.

Case 3: & € Lo and detéy = 0. Since any matrix & € R™*"™ can be de-
composed in the form RDQ, where R, Q € O(n) and D = diag(A1(£), ..., A\n(§))
(cf. [13]) we can reduce ourselves to the case of & = diag(A1(&o), .., An(&0)). In
particular, as det§y = 0, we have A\;(&y) = 0 and thus the first line of &, equal
to zero. Let m, > m,,_1 and define

n—1 n—1
K= {f S R(nil)xn : H)\z(f) < Hmi+17 V= 2,...,7’L— 1}7

£ = {f € R(nil)xn : )\Z(f) = MmM;i1, t=1,...,n— 1} .

It is then easy to show, by use of the approximation property, that /C has the
relaxation property with respect to £ (cf. Dacorogna-Marcellini in [7, Theorem
7.28] for more details).

Using the above, if we define

K, = {g eRVM: =0, [N ©) < []mi v= 2n}

E= {f e R™™: fl =0, /\Z(f) =m, & = 2,...,’/7,}

we get that K7 has the relaxation property with respect to E. If we chose m,,
sufficiently large such that &y € K7 we can apply Theorem 7 to get the existence
of u € ug, + WOI’OO(Q,R”) such that Du € E. Finally, as Qf = f in E and
Qf(&) = Qf(Du), applying Lemma 11, we conclude the result. m
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5.2 The minimal surface case

We now deal with the case where m =n + 1 and

f(§) = gladjng).

The minimization problem is then
(P) inf {/ g(adjn(Du(x)))dx : u € ug, + WOI’OO(Q;R”H)}
Q

where  is a bounded open set of R", Dug, = & and g : R"™! — R is a lower
semicontinuous non convex function.

It was proved by Dacorogna (see [5]) that
Qf (&) = Cgladjng).

‘We next set
S={yeR"": Cyly) <g(y)}

and assume, in order to avoid the trivial situation, that adj,§ € S. We also
assume that S is connected, otherwise we replace it by its connected component
that contains adj,&p.

Observe that

K ={§ € RO QF() < f(©)} = {§ e ROV 1 adjué € S|

Theorem 34 If S is bounded, Cyg is affine in S and rank & > n— 1, then (P)
has a solution.

Remark 35 (i) The fact that Cg be affine in S is not a necessary condition
for existence of minima, as seen in Proposition 36.

(ii) We will apply Corollary 16 to obtain the above result. If instead we
apply Theorem 12 we could also obtain the existence of solution to (P) with no
restriction on the rank of &g.

Proof. The result follows if we choose a convenient rank-one direction A =
a® B € RHDX" gatisfying the hypothesis of Corollary 16. We remark that,
since we suppose Cyg affine in S, Qf is quasiaffine in Lx (& + o ® B, A) (cf.
Definition 14) independently of the choice of A\. So we only have to prove that
K is stably bounded at &y in a direction A = a ® .

Firstly we observe that we can find (c¢f. Theorem 3.1.1in [13]) P € O (n + 1),
Q € SO (n) and 0 < A\; < ... < Ay, so that

1<i<n+1
1<j<n

o = PLQ, where L = (X)) with \S = X85, 1<i<n+1, 1<j<n;

YR

in particular when n = 2 we have

A0
L= 0 A
0 0



Since rank & > n — 1 we have that Ay > 0. We also note that
0

adjné&o = adj, P .adj, L and adj,L = :
0
(=1)" Ay

Without loss of generality we assume £, = L. We then choose A\ = a ® (8
where o = (1,0,...,0) € R*! and 8 = (1,0,...,0) € R*. We will see that
Lk (& +a® B, ) is bounded for some € > 0. Let n € Lx(§p + a ® B, ) then
we can write 7 = &y + a ® 7. + tA for some . € B, and t € R. By definition of
Ly (& + a ® B, \) we have adj,n € S. Since S is bounded and

|adjn77| = ’/\1 +’)/51 +t| Ao Ay

it follows, using the fact that rank & > n — 1, that |¢| is bounded by a constant
depending on S, &y and e. Consequently |n| < [€o]+ | ® ve| + | |A] is bounded
for any fixed positive € and we get the result. m

As already alluded in Section 4, we obtain now a result of non existence
although the integrand of the relaxed problem is not strictly quasiconvex. We
will consider the case where m =3 , n =2 and f : R3*? — R is given by

[ (&) = g(adjsg)
where ¢ : R? — R is defined by
g(v)= (l/f—4)2+1/22+yg.
We therefore get Qf (&) = Cg (adj2§) and
Co(v) = [V} — 4] + 13 +12
where

2], = z ifx>0
+=Y 0 ifz<o.

We will choose the boundary datum as follows

uéo () = aqx1 + aoxs

ug, (@) = w2, (2) =0
ug (x) =0
and hence
(65} (65 O
Dug, (z) =& = 0 0 , adjoDug, (x) = adjaéo = | 0
0 0 0
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The problem is then
(P) inf {I(u) = / f(Du(z)) de: u € ug, + W(}’OO(Q;RS)} .
Q

Note also that Qf (&) =0 < f (&) = 16.
In terms of the preceding notations we have

S={yeR’: Cy(y) <g)} ={y = (1, y2,y3) €R®: |yn| <2}
K ={6eR¥?: Qf(&) < f(&)} = {¢ e R*? : adjp¢ € S}

and we observe that C'g is not affine on S, which in turn implies that @ f is not
quasiaffine on K.

The following result shows that the hypothesis of strict quasiconvexity of
Qf is not necessary for non existence.

Proposition 36 (P) has a solution if and only if ug, = 0. Moreover Qf is not
strictly quasiconver at any & € R3*2 of the form

a1 Q9
= 0 0
0 0

Proof. Step 1. We first show that if (P) has a solution then we, = 0. If
u € Uug + Wy ™ (Q;R3) is a solution of (P) we necessarily have, denoting by

v (5) = adega
[v1 (Du)| =2 ,v2 (Du) = v3 (Du) =0,

since
Qf (Dug,) = Cg (adjzDug,) = Cg (0) = 0.

The three equations read as

2,3 2,3 | —

‘uﬂﬂlul’z - uwzull‘ =2

1,3 1,3 _

Uy, Wy, — Uy, Uy, =0 (14)
1,2 1,2 _

Uy Uz, — Up uz = 0.

Multiplying the second equation of (14) first by u? , then by u2 , using the third
equation of (14), we get

.2 1 3 2 1 3 _ .2 1 3 1 2 3 _ .1 2 3 2,3
0= Ugy Uy Uy — Uy Uy Uy = Uy Uy Uy — Uy Ugpy Uy = Uy (uﬂhuwz - uIzuwl)
2,1 3 2 1.3 _ .2 1.3 2,1 .3 __ .1 2,3 2,3
0= UIQUIIUI2 — umumuzl = uzlumgum — umumuzl = Um2 (uzlum — umum) .

Combining these last equations with the first one of (14), we find

1,1 _
Uy, = Uy, =0, a.e.
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We therefore find that any solution of (P) should have Du! = 0 a.e. and hence
u! = constant on each connected component of . Since ul agrees with u%o on
the boundary of 2, we deduce that uéﬂ = 0 and thus ug, = 0, as claimed.

Step 2. We next show that if ug, = 0, then (P) has a solution. It suffices to
choose u! = 0 and to solve

2 .3 2,3 | _ ;
|leum — uz2ux1| =2 ae inQ
w=ud=0 on 0N.

This is possible by virtue of, for example, Corollary 7.30 in [7].

Step 3. We finally prove that Q f is not strictly quasiconvex at any &, € R3*?2
of the form given in the statement of the proposition. Indeed let 0 < R; <
Ry < R and denote by Bp the ball centered at 0 and of radius R. Choose
A, i € C* (Bg) such that

1) A=0o0n 0Br and A =1 on Bg,.
2) u =0 on BR\Bg, , # =1 on Bg, and

|u2 + p (1 poz, + $2Ma:2)| < 2 for every x € Bg.

This last condition (which is a restriction only in Br,\ Bg,) is easily ensured
by choosing appropriately R;, R; and R.
We then choose u (z) = ug, (x) + ¢ () where

¢l (z) = =X (@) ug, (2), 9* (2) = p(z) 21 and ¢° (2) = p () 22

We therefore have that ¢ € W, "> (Bg;R?), adjaDu = 0 on B\ Bg, , while on
Bpg, we have
adjsDu = (0 + p (@1 ftz, + T2pts,), 0,0) .

We have thus obtained that Cg (adj2 Du) = 0 and hence

Qf (o + Dy) = Qf (&) = 0.

This implies that (QP) has infinitely many solutions. However since ¢ does not
vanish identically, we deduce that @f is not strictly quasiconvex at any &; of
the given form. m
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