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Abstract
Besides the basic model, Kronecker products of rotated models are
used to isolate the variance components as parameters of a linear model.
A characterization of BLUE given by Zmys§lony is applied to the different
models. Generalized least squares are used to complete the estimation.

1 Estimation of Variance in OBS Models

There are many approaches and many references to the problem of variance
components estimation. One of them is the Bayesian approach, for example in
[4] and [12]. Another one is the nonnegative approach. In [2] there were obtained
two classes of invariant quadratic estimators for the first variance componen-
twhich are easy to compute and exhibit optimal properties under the mean
squared error.

In our paper we will deal with unbiased estimation for fixed parameters and
variance components in two derived models.

Definition 1. A linear model has orthogonal block structure — OBS — if the
covariance matriz of the observations vector y has the form

w
Zy = Z q/iPia
=1

were Py, ..., Py, are orthogonal projection matrices such that Z;T":l P, =1, and
P;P; =0,i#j.
Variance components are 71, ..., 7, will be assumed non-negative, and the

mean vector will have the form

n=Av, (1)



were the lines of A are linearly independent. Let Q@ = R(A’) and T the orthog-
onal projection matrix on 2.

Definition 2. If a model as OBS and T commutes with P;, i = 1,...,w, the
model is said to have commutative orthogonal block structure — COBS.

The goal is to estimate variance components and estimable functions a’v.

Definition 3. A function g(v) is estimable if there exists a such that
Ela'v].

Besides obtaining conditions for obtaining estimators with optimal proper-
ties, BLUE and even UMVUE, computation techniques will be investigated. It
will be shown that it is possible to obtain, from models with COBS, linear mod-
els in which the expectation has the form X+, with v = (y1,...,%w)’, which
will permit a unified analysis with least squares — LS — and generalized least
squares — GLS — for v and «. This is distinct of the usual analysis of models
with OBS in which, according to [7] and [8], in which orthogonal projections of
yonV;=R(P;),i=1,...,w. Although cases in which w = 2 and w = 3 are
presented in [1], the methodology used seems difficult to apply when w > 4.

2 General Results

The analysis to be presented both for the initial an derived model is fitted in
the approach proposed by [3]. Admit now that the model has the mean vector

n=Xg (2)

and that its covariance matrix is a linear combination of known matrices Vo, V1, ..

with R(V;) CR(Vy), j =1,...,w. Notice that, according to [6], for any linear
model there exists a covariance matrix with maximal column space. It is ad-
mitted that V is such a matrix and that it is regular. These conditions will be
verified in the models presented.

Theorem 1 (Zmyslony 1980). Putting M = I — T, where T is the orthogonal
projection matriz on R(X),

U=X'V;! (Z VlvMVi> VX
1=1

and
Z=1-U'U,

a BLUE for ¢'3 exists if and only if
c € R(X'V;'XZ).
Proof. See [11]. O

The form of such estimator is also achieved.

) V'LU 7.



Theorem 2. when the conditions on theorem 1 are fulfilled, the BLUE for c’'3
has the form _
B =c(X'VX) ' X'V;ly.
When U=0,Z =1 and
R(X'Vy'X) =R(X), (3)

BLUE will exist for all estimable functions.

3 Initial Model

The results of the previous section will now be applied to a model with OBS.
As referred in previously, the observations vector y has the mean vector p = A’
and covariance matrix ¥(y) = >_." 7;P;. It is assumed that > ;. P; =TI and
S0, in particular,

Vo =1 (4)

Considering also V; =P;, i =1,...,w, and X = A/,
U=A (Z PiMPl) A’ (5)
=1
and a BLUE ¢’ exists if and only if
c e R(X'XZ), (6)

having thus B
B=(XX)"'Xy. (7)
Consider now T, as the orthogonal projection matrix on R(X'XZ) and
M; =1 - T;. Theorem 1 can be reexpressed as

M1C=0. (8)

This model will be used further on in GLS estimation.

4 First Derived Model

Lemma 1. OBS is closed for orthogonal transformations.

Proof. 1t is easily seen that, given a model y with OBS and an orthogonal
matrix K, y* = Ky has

A*v =KAv
and "
Z(y") =Y wKPK'.
i=1
Furthermore, P} = KP,K', i =1,...,w, are still orthogonal projection matri-

ces, mutually orthogonal, and

ipj ~I.
i=1



Let K be an orthogonal matrix whose first n — k line vectors form an or-
thonormal basis for O+ = R(A)". Putting

n=oGuj=1,...,n (9)

one gets 7; =0, j=1,...,n — k. With m = n — £k, putting

h(h—1
l:l(j,h):%+j; j=1,...,ksh=1,...,m, (10)
and )
y=yYAjry;i=1....,sh=1,....m;l = 1,...,%, (11)
where 1
A= §(aja;L +apal);j=1,...,hih=1,...,m. (12)
Then, see [9] pg. 352,
wi = Ely;] = tr(A; 1 X (y Z%tr 51 Pi)
_ i Vi
Z—tr a]ah+aha Z—tr a; "Piay, + o, P; aj)
=1 =1
w ’}/l - w
Z 5} (Cijh + Cing) = Z'Yici,th (13)
i=1 i=1
where
Cij,h = a;Piah = .’L‘Zi. (].4)
Thus, with
X = [z7,] (15)
one gets the mean vector
p’ =XC. (16)

In this way, v is now the parameter in the mean vector.
In order to obtain the covariance of this model, it will be assumed that y
has normal distribution. Then, with y7 = y’A; ,y and y5, = y'Aj p'y, see [9]



pg. 395,
Covly;yp] = 2tr(A mZ( VA X (y))
= ZZ%%U A PiA Py

i=14'=1

g

w

1 / / I 1
5 Z Z 'yfyi/tr(ajahPiajfah,Pif + ajahPiah/aj,Pi/
i=114=1

+ apa AP»aj/a;L,Pi/ + aha;»Piah/a;.,Pi/) (17)

w

w
E %%/tr (ayPiaj 0, Pyroj+ aPiapya ,Pl/aj

[\:JM—I

o /ah,Pl/ah +CX P; PO O ,Plzah)

’
j i
W w
E § C’thlcl/ h',j +Cihh’c7.’j/j

+ Cij,jCit b b F Cij, b Cir 7 h)-

l\JM—\ +

Theorem 3. There ezists a covariance matriz of y°, ¥.(y°), that is regular.

Proof. Because

Zci’j’h = Oé;PiOzh = a;ah = 6j,h;j; h = 1, ey, (].8)
follows
woow
Z Z Ci 5,n' Ci’ 5/ \h = j,h'dj',h;j7 h’a jl7 h = 1...,n (19)
1=11=1

Making v = 1, one gets
(o] [e] 1
Covlyrsyr] = 5 (On.jOnr 5 + Onw8jr g + 6j.jrOnr,n + 0 djrn), - (20)

thus _ ‘
{5, hy # 450} Covlysyp] =0
{j h} _ {]/ h/} Jj#h, COV[?J?;?J;} =1 . (21)

o

j=nh, Covly;yn] =2

Because | = I’ if and only if {j,h} = {5/, h'}, with v = 1, X (y°) is a diagonal
matrix with principal elements equal to 1 when j # h and 2 when j = h. O

On the other hand, from (17), it is possible to obtain a set of generators for
¥, the space of covariance matrices of y°. Take

d=(i—Dw+isi,i =1,...,w, (22)

as well as

1
bay = 5 (Cing €+ CinhCigrg + Cigyg G on + Cigacigrn), - (23)



where

d=1,...,w%
Z7j_17 7w7
L =1, D,
) 9 ) 2 )
=1,...,h;
j/: . h//'
hh =1,...,m

One obtains, then, the set of generators {Bg,B1,...,B,z2} for ¥, allowing the
use of the general results.

5 Second Derived Model

Consider the second derived model as the crossed product between fixed and
random parts of the model, namely the model whose observations are

v =y Ajry;j=1,....mh=m+1,...,n (24)

Index ! must be redefined in the following way:

l:l(j,h):w+(h—m)m+j; j=1,....m;h=m+1,...,n
(25)

{Z:l(j,h):h(h;l)+j; j=1,... hih=1,....m

Lemma 2. For the second derived model,
w

Ely;°] = Zci,j,h%‘
i=1

and
w w w

[e]e) oo 1
Covly % yp°] = 3 Z Z YiYirbd, 1 + Z%’nhci,j,j’nh“

i=11¢=1 i=1

Proof. For the expectation of E[y/°], see [9], pg. 352, one gets
Elyi°] = tr(A; 12 (y)) + 1/ Ajnp

w
= cijnyi + # (a0l + ana)p
=1

w
= Z Ci g, Yi + NiNMh

i=1
w

= E Ci,j,h Vs
i=1



with 7; = 0 when j = 1...,m. As for the covariance, note that because j, j < m
and [9], pg. 358,

Covly; s yi°] = QtT(Aj,hZ(Y)Aj/ w2 (y)) + 4 A n 2 (y) A

% > Z YiYirbau

i=14'=1

it (oo, + apog)Pi(aragy + apro ) p

NgER Ms

= % Z YiYirbaip + Z YiMnCi,j,5' M
i=11i/=1 i=1
[
Matrices By, ..., B,2 are sub-matrices of
Gai=[basr);d=1,...,0°% (26)
with [,I' =1,...,%(2n —m + 1). Consider also
Gipnn =0,(n)d, (n) @ Ci;h,h =m+1,....n, (27)

where 8 (n) is a vector of size n whose only non-null component is the h-th one,
which is equal to 1 and C; = [¢; ;,5], 7,5’ = 1,. ,i=1,...,w. Therefore,

=3 Y BT Y > S v Ginw. (28)

1=114=1 =1 h=m+1 h/=m+1

In this case, 3 is substituted by n = (mt1,---, 7).
In order to obtain a regular, and therefore maximal, matrix of covariance
for y°°, take v = 1 and n = 0, thus obtaining

G° — éiiw — [%} . (29)

This makes the results shown applicable.

6 Generalized Least Squares

In the previous sections, conditions were described in order to obtain BLUE both
for estimable functions and variance components, as well as linear combinations
of them, but these conditions are not satisfied most of the times. An interesting
technique is generalized least squares, seen for instance in [5].

In table 1 the three models’ parameters and notations are depicted.

Interestingly, the only parameter in the first derived model is ~.

As a starting point, consider the estimate

F1,0 = (XiX1) ' Xy (30)



Table 1: Model Parameter and Notation

Model E b4 Design Matrix Observations Vector
Base Ely | v] () X y

1t derived  E[y; |7]  21(7) Xy Y1

2°d derived  Elys | 7] Xa(7,v) Xo y2

From this estimate one also gets an estimate for the covariance matrix of ys,
which will be denoted has ¥5(¥1,), ¢ = 0,..., rendering possible an improved
estimation

_ ~ =l o ~
Y11 = (XiZ1(F10) X)) ' XIE 1 (F10) 'y, (31)
leading to the iterative process
~ ~ ~1 ~
Y41 = (X121(1,) 7' X)) X1 (A1) yae (32)
A stopping criterion for this process is when ||1,;+1 —71./> < €. This method
is similar to MINQUE estimation (see [10]). Let 7 be the resulting estimate of
this method.
The estimate 4 can also be used in the estimation of v, taking
- 1y —1 o
v=(XEAF)X) X'E@) 7y (33)
Similarly, an alternative estimate for v can be obtained:

3= (XIQZQ(’Z5’)_1X2)_1X/222(177’~7)_1YQ. (34)

Remark. In this case, ¥ and ':y should not differ significantly.

7 Estimable Vectors

Let 4 be the estimator obtained in section 6 for 4 and Y/(5) the estimated
covariance matrix for y. Hence, a generalized least squares estimator for v is

(X'ZH)'X) ' X'ZF) . (35)

This leads easily to the natural assumption that, if y is normally distributed,
then B

DN (u, K) , (36)
with

-1

K= (X'Z®)'X) (37)

Thus comes

Lemma 3. Let A be a matriz with rank s. Then ¥ = Av is an unbiased
estimator of ¥ = Av, with

@fb/\/’(u,f{) )
as well as .
(v - ) (AKA") (¥ - B)d),

were ~ stands for “approzimately distributed”.



Proof. Taking ¥(7) as an approximation of ¥(y) the conclusions are easily
achieved. O

Taking x5, as the quantil of the chi square distribution with s degrees of
freedom for probability g,

(%~ ) (ARAY) (6~ ) < a1 (35)

defines a (1 — «) x 100% confidence ellipsoid for ¢. Through duality, these
ellipsoids also make possible level o hypothesis tests for

Ho : 9 = 1. (39)
Furthermore, one can enunciate

Theorem 4 (Scheffé’s Theorem).

IP[ M 1d'% - dP| = \/x&l_ad’ (Af{A’)d] ~1-a.
deRs

Proof. A point is contained in an ellipsoid only and only if (see [?], pg. 7?7) it is
between every two parallel plans tangent to the ellipsoid, each pair of tangent
parallel plans generated by a vector d # 0, i. e.,

'y — d'P| < \/xs’lad’ (Af{A’)d,

which, along with lemma 3, establishes the thesis. O
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