THE 2D EULER EQUATIONS AND THE STATISTICAL
TRANSPORT EQUATIONS

N. V. CHEMETOV AND F. CIPRIANO

ABSTRACT. We prove the existence of weak solutions for the forward and back-
ward statistical transport equations associated with the 2D Euler equations.
Such solutions can be interpreted, respectively, as a statistical Lagrangian and
a statistical Eulerian description of the motion of the fluid.

1. INTRODUCTION

This article is concerned with the 2D Euler equations for the in-viscous incom-
pressible fluid

Ov
divv=0
subjected to periodic boundary conditions and given initial data
v(x,0) = vo(z), (1.2)

where v(z,t) = (v1(z1, 22,1t), v2 (21, T2, 1)) is the velocity field of the fluid, p = p(x, t)
is the pressure.

In the study of such problem two different approaches are possible:

A) (1.1) is considered as an usual P. D. E. with smooth or less smooth initial
data;

B) (1.1) is considered as a statistical equation with very low regularity of the
initial data.

Concerning A), the existence and uniqueness results of the classical weak so-
lutions for the initial data with rot vg € L have been shown by the different
approaches in [Y], [Ka], [C-S]. The description of less smooth fluctuation of the
fluid, when we have a velocity discontinuity (mixing layers, jets), is related with
the case when rot vy is a measure (delta function), but vy € L?. There is a wide
literature on the subject of existence results; we refer to [K], [DiP-M], [D]. All the
solutions of the Euler equations in the mentioned articles have the feature of finite
kinetic energy.

However, many physical problems possess highly unstable structures, whose com-
plete dynamics can not be described by a smooth model. To study such dynamics
of the fluid, when we deal with the velocity field vy belonging to H~°, s > 0, the
approach B) is more natural. Statistical solutions of (1.1) are defined almost ev-
erywhere with respect to some probability measure, which is associated to physical
quantities, which are invariants of the system. The underlying state space of the
solutions is an infinite dimensional space, where a suitable differential calculus has
to be considered.

For our 2D case, in [A-H.K-M], [A-H.K-R.F], [B-F], [C-D.G] invariant measures
of Gibbs type have been constructed. These Gibbs measures are determined by
quantities such as the enstrophy, the energy and the re-normalized energy and
it has been proved that such measures are infinitesimally invariant with respect
to the Euler equation. The existence of global flows (weak statistical solutions),
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leaving the measures invariant, has been shown in [A-C], [Ci], where point-wise
flows are carried by some families of probability measures. The flows take values
in the support of the Gaussian measures with covariance given by the enstrophy,
therefore such flows can be of infinite kinetic energy. Similar situations have arisen
in Stochastic Analysis and, in particular, within the Malliavin’s stochastic calculus
of variations. In [Cr] (and also in [U-Z], [P]) flows on the classical Wiener space,
associated with vector fields with low regularity, have been defined.

In our present article we develop the approach suggested in [A-C], [Ci] to study
flows with vg € H™*, s > 0. We introduce the concept of generalized statistical
forward and backward flows. These are solutions of the corresponding Transport
Equations defined on the invariant infinite Gibbs measure. This approach has many
advantages, comparing with the previous results [A-C]|, [Ci]; using these statistical
transport equations, one can try to develop methods, obtained for the usual PDE
theory for solving important questions:

1) Uniqueness result;
2) Study of regularity of solutions;
3) Develop numerical methods for these statistical differential equations.

As to the more detailed structure of this paper, in Section 2 we formulate our
problem, define the standard Gibbs measure 1, given by the enstrophy integral
and present a very useful Lemma on the integrability of the operator B(U) in Liw,
associated to the nonlinear part of the Euler equation (1.1). In Sections 4 and 5, we
define the generalized forward and backward flow of (1.1), which are solutions of
the transport equations, and show their existence. In Section 6 we describe how the
generalized forward flow can be interpreted as the statistical Lagrangian viewpoint
for the description of the motion of the fluid and the generalized backward flow as
the corresponding statistical Euler viewpoint

2. STATEMENT OF THE PROBLEM

Let us return to the Euler equations (1.1), (1.2). Since div v = 0 and div vy = 0,
there exist functions U = U(x,t), v = u(x), such that

v=VtU = (-0,,U,0,,U),
vy = Vrtu = (=0p,u, 0y, ).

We can eliminate the pressure p in (1.1) by applying the differential operator
rot z = —0y,21 + Oy, 22 to the first equation of (1.1) and obtain

OAU = —0,,U - 0y AU + 0, U - 0, AU. (2.1)
We consider solutions of (1.1), (1.2) on the 2-dimensional torus that we identify
with 72 = [0, 27] x [0, 27] subjected to periodic boundary conditions
U(0,zo,t) = U(27, 29,t),

2.2
U(z1,0,t) = U(zy,2m,t), Vo= (xy,z2) € TVt €0,T). (22)
Let us denote by ex(x) = ie’”’, k € Z? the eigenfunctions for the operator —A

with eigenvalues k2 = k% + k%, where k- ¢ = kyx1 + koxo. They form a complete
set of orthonormal functions in L?(7?). We expand the solution U(z,t) of (2.1) in
the form of Fourier serie

Ulx,t) = Z Ui (t)er(x).
k

Since U is a real function and we can assume

/ Udx =0
T2



THE 2D EULER EQUATIONS 3

we have U_j, = U}, (% is the complex conjugate of z); then
Uz, t)= Y Us(t)ex(x), (2.3)
kez?

where Z2 denotes the set {k € Z? : k1 >0, ko € Z or ky =0, ko > 0}. For the
initial data u(z) we have

u(z) = > uper(x). (2.4)

2
keZ7

In the sequel by (2.3), (2.4), we can identify the functions U, u with infinite vector
fields with Fourier coefficients

U= (Uk)k-eZ%r and u = (uk)kezg+7
where k € Z2. We define
C*>® = {u = (uk)

., : up € Ch.
kez? }

Substituting (2.3) in equation (2.1) we derive the following system

27‘(‘]62%(];@ = — Z (hl . h/)(h/)QUhUh/
h+h'=k
1
=3 > (RO~ (W)U,
h+h'=k

where ht = (—ha, h1). Hence if we denote the operator B = B(U) : U € C* — C*
by

BO) = (Bul)) ez

with coeflicients By, = By (U) described by the equalities

Br(U) = Z an kUrUk—h,
h£k
h.kez2 (2.5)
11
Oh ke = 5;[%5
the system (1.1), (1.2), (2.2) will be equivalent to

(W k(B k) — & (- R,

Problem Find U = U(t), the solution of the infinite dimensional system

Ut = BU®) (2.6)

with the initial conditions
U(0) = u. (2.7

Now we introduce the Sobolev spaces of order 3 € R on the torus 772,

H ={o= oren: > k*P|pul? < +oo0, p_i =7y}
k k

={p = (Pr)rem €C: D Klpul” < +ook
kez?

(2.8)
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The spaces H? are complex Hilbert spaces with inner product and norm given by
<o >pe= Y KPortr, el =< .0 >us -
kez?

The two dimensional Euler equation has an infinite number of invariants of mo-
tion, among which we mention the energy and the enstrophy, defined respectively
by

1 1 1 1
E(t) = 3 /T2 vidr = —3 /T2 uAudr = 52};/621@ = 5”“”%11’

1 2, 1 2, _ 1 a0 Lo
S(t) = 2/Tg(rot v)dr = 2/T2(AU) dr = 2%/{ uy = 2||uHH2 (2.9)

Lemma 2.1. Let u(t) be a smooth solution of the Euler equation (1.1), (1.2), (2.2).
Then E(t), S(t) are constants of motion, i. e.,

E(t) = E(0),

2.10
S(t)=.S5(0), vtel0,T). (2.10)
Proof. Tt is easy the check from (1.1), (1.2), (2.2) that
d d
O

We consider the Gaussian measures with covariance given by the enstrophy mul-
tiplied by a constant v > 0, namely

dpy (@) = H dl/lj(@k%

heZy (2.11)

k* 1
duij(z) = é—wexp(—§'yk4|z|2)dxdy
with z = 2 + 4y. Taking into account that u,(H?) = 1 for any 8 < 1, than, for
simplification of notations, the integral will be written

/cp(u)duv(u) instead of / e(u)dpy (u)

HB
for arbitrary function ¢ = ¢(u) : C* — C, which is measurable with respect to fi,.
In the following we will assume that the value of 3 < 1 is given.

Definition 1. Let ¢ = ¢(u) : C>** — C be arbitrary complex function and p > 1.

We define 5
L}, (H”) = {¢ is measurable with respect to fi, :

2.12
loll, = [ Il ) < oo} (212)

3. USEFUL PREVIOUS RESULTS

In this paragraph we state some results that will be needed in next sections.
Let us denote Z3 ,, = {k € Z3 : k| < n} and d(n) = #Z3 ,,. We consider the
finite dimensional approximations of By (u) defined as

By (u) = Z Op kU Uk —h- (3.1)

hetk
2
hk€Z3
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Lemma 3.1. For any k € Zi we have
Bi(u) € Lb_(HP), ¥p>1,0<1
and

B(u) € Lk, (H,H?), ¥p>1,8<—1.

Proof. Let us give the idea of the proof for p = 2.

/|Bk2du <8y Y (k—h)”
h#k
heZ?

Analogously we obtain, for m < n

/IBZZ’ — By Pdpy <8772 Y (k—h)"t =0 if m— oo
h#k
|h|>m

This proves that

B — By in L, (H").

The functions By(u) are measurable as the limit of continuous measurable functions
in L2 (H"). Following [A-C], [Ci], we have

Bj! — By in L%, (H”), p>1. (3.2)

The functional B(u) = ZkeZi By(u)eg, defined on the space HP, is integrable as
a functional from H? to H” only if 3 < —1. More precisely,

J 1By <0, p>1

for any 5 < —1.
O

Definition 2. An arbitrary complex function f = f(u) : C* — C is a cylindrical
function if, for some integer N

f=Fflu= F(UOé17"'7u04d(N))
where F is a C}(C4™)) - smooth function depending only on the components w,, ,
ai € L3 y(ny-

Definition 3. The operator d,. B : H?P — C, which satisfies

/mmvmwmw:/mmmfwwmo

for any cylindrical function f, is named as the divergence of the field B(u) with
respect to the measure ..

Lemma 3.2. For pu, — a.e. u
Ou, B(u) = 0. (3.3)

Proof. To prove this result we use the approximations B} defined in (3.1). Since
Bj! does not depend on the component uy;, we have

divB" = Z %B
U,
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Hence for any cylindrical function f = f(u), using integration by parts and (2.11)

/ B ()Y f (w)dp, (u) = — / < Bu),u > e f(u)dps (u) = 0.

Since

<B(uw)usm= S KB ()i = / rot (UMV(AU™) - AU™dz = 0

T2
keZ?

for all n fixed. Here U"(x) = Zkezi ugek(x). Therefore

8., B" = 0. (3.4)
We deduce (3.3) from (3.2), noting that the definition of 6, B only involves inte-
gration against cylindrical functions. O

4. EULER EQUATIONS AND TRANSPORT EQUATIONS

Let us return to the Problem, written as

dUy(t)

e By(U(t), VkeZ2 (4.1)
with the initial data
The solution of this system
U=U(t)

can be considered as a function of both the time parameter ¢ € [0, 7] and the initial
data u € C*°, therefore in what follows we consider

U(t,u) = U(t)

for (t,u) € [0,T] x C=.
Let us assume, just formally, that B = B(u) and U = U (¢, u) are C'-differentiable
functions; we can write the identity (flow property)

Uit+s,u)=U,U(s,u), Vt,s>0, 0<t+s<T. (4.3)

Taking the derivative on the time variable s we obtain

d d d
iUkt +5,u) = El: %Uk(t, U(s,u)) 5 Ui(s,u)

(4.4)

= 3 Ut U5, Bi(Us,0)
l

fo each k € Z3. For s = 0 we deduce that the function U = U(t,u) satisfies the
linear transport equation

%Uk(t,u) = B(u) - VU(t,u), keZ?

with initial condition
Uk(0,u) = uy.

Definition 4. A function U = U(t,u) = (Uk(t,u))k€Z2 is called a generalized
+
forward flow of the Problem if

Uy (t,u) € Wh=([0,T], LE_(HP)), p>1, VkeZi
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and the following identities hold

[ we0)s s //Uktu ) (w)dps ()l

/ [ Vst (Bw) - V() @(0)dn, ()

for any cylindrical function f = f(u) and V® € C'([0,7]), such that ®(T) = 0.

Theorem 4.1. There exists a generalized forward flow U(t,u) for (4.1), (4.2), such
that

(4.5)

Uk(t,u) € WH([0,T], LE,_(H")) (4.6)
and
[ 10t ) < [ o (u (4.7)
for any t € [0,T) and k € Z2..

Proof. From the theory of O. D. E. and the conservation of the energy (Lemma
2.1), there exists a unique solution of

d n n n . 2
{ SUN) = BUU(W), ke, s
U™(0) = u € C4™)
such that
U™ (t) = U"(t,u) € C*([0,T] x C* ™). (4.9)

Applying (4.3), (4.4) to each function U}’ (¢, u), we deduce that any solution of (4.8)
satisfies the system
0
Uk (tw)= Y Bp(u 7 k(T u)
L% (4.10)
= B"(u ) VU (t, u),
Uz (0) = uy,.

Let us multiply the first equation in (4.10) by an arbitrary cylindrical function
f = f(u) and arbitrary ® € C*([0,7]), such that ®(T) = 0. Taking into account
that 4, B" = 0, we deduce

/Wb( ) () (1 / /Uk () (1) f (u)dpe, () dt

/ [kt (B - V1) @) (w)as

for any cylindrical function f = f(u) and V& € C([0, 7)), such that ®(T) = 0.
We also have

J 10z pduy @ = [ i w) < oo, et Ci) (4.12)

(4.11)

and
[0z wrdu @ < [ |BuwPdi @ <.
Therefore there exists a subsequence of {U}", B]'} such that, when n — oo,
U (t,u) = Ug(t,u) (weakly) in Wl’oo([O,T], Lﬁw (Hﬁ))
Bj*(u) — By(u) in L%, (H")

for all k, I. This convergence allows to pass to the limit equation (4.11), written
for U} (t,u), B™(u) and conclude that Uy(t, u) satisfies equation (4.5) for every k.
Inequality (4.7) follows from (4.12) and the weak convergence of U} (¢, u). O

(4.13)
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5. TRANSPORT EQUATIONS AND LIOUVILLE-TYPE EQUATIONS

As discussed in [F-M-R-T], in turbulent flow regimes, physical properties are
universally recognized as randomly varying and characterized by suitable probabil-
ity distribution functions. For instance, some turbulent processes, due to technical
difficulties, can not be measured with good precision; measurements are therefore to
be taken with some error estimates. This is why we speak about finding the solution
in some distribution class of initial data. Mathematically this can be formulated as
follows:

If the initial conditions are given according to a measure (distribution)

vo = vo(u) (5.1)
on the phase space C*°, then the solution of the Euler equation (4.1) with ini-
tial distribution 1y at some later time ¢ will be distributed according to another
distribution

vy = v (u). (5.2)
How can we determine this time dependent distribution vy = v¢(u) with respect to
the initial distribution vy = vo(u)?

Definition 5. A distribution v; = v;(u) is called a generalized backward flow of the
Euler equation (4.1) with initial distribution v, if v;(u) is a probability measure
and satisfies the Liouville-type equations

/ F(w)dv (u / Fw)dvo(u / / Wdv,(wydr  (5.3)

for any cylindrical function f = f(u)

5.1. Existence for initial data absolutely continuous with respect to the
measure (.. The class of all absolutely continuous probability measures with
respect to the Gaussian measure of the form

o(u)dji (1) (5.4)
with v € L (H?), ¢ > 1 will be denoted as M.

Theorem 5.1. For any initial probabilistic distribution dvy = vo(u)dp~ (u) € M,
q > 1 there exists a generalized backward flow vy of the Euler equation (4.1) such
that
dvi(u) = V(t,u)dp(u) and V(t,u) € L>([0,T], LZW(Hﬁ))
that is, v¢(u) € M{,_, for a. e. t €(0,T].
Moreover the function V- =V (t,u) is a weak solution of the transport equation

{ 0,V (t,u) + B(u) - VV (t,u) = 0, (5.5)
V(0,u) = vo(u).
Proof. Let us consider regular initial distributions

duz;(w — o (u)dp (1),
where v§ € CH(CY™), [vf (u)dpy(u) = [ vo(u)du, (u) and

vy — vy in LZW(Hﬁ). (5.6)
Here the function v can be taken as (PL vo) (Uays---s Uad(n)) a; € ZJr d(n)? where

(P = [ 1l tus VI= e ), () (5.7)

is the Ornstein-Uhlenbeck operator (see [U-Z]).
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For any cylindrical function f = f(u) we have
G [Hr @) ) = [ V70" @) - U0, ()
= /(B"(U”(t,u)) VU™t w))vg (w)dpy (),

here

U™ (t,u) € C*([0,T] x C4™)
is the solution of problem (4.8). Making a change of variables from u to U = U™ (¢, u)
we obtain

G [ F@ (-t )
= /(B”(u) . Vf(u))vg(U”(—t,u))dﬂv(u)

where we have used (3.4). For the function
V™ (t,u) = vy (U™ (—t,u)) (5.9)

and according to (3.4), Lemma 2.1 we have

[ vt wirau @) = [ 1 @7 (tw)ldu, (0

(5.10)
= / lvg (w)|9dp (u) < C, Vn.
So there exists a subsequence of V™ such that
V(t,u) = V(t,u) (weakly) in LO"([O,T],L:IM (HB)) (5.11)
Hence by (3.2), (5.11) and (5.8) the distribution
dvy(u) = V (¢, u)dp(w) (5.12)

satisfies (5.3). Since vy is a probability measure, convergence (5.11) implies that 14
is also a probability measure.

Let us now show that V (¢, U) can be obtained as a weak solution of the transport
equation (5.5). To do it we consider the approximated system

V" (t,u) + B™(u) - VV™(t,u) =0,
V™(0,u) = v (u).
This system has unique regular solution
V" =V"(t,u) € C*([0,T] x C*™),
which satisfies the identity

(5.13)

ﬁV”(U"(t u)) =0,

i. e. V™(t,u) verifies (5.9). On the other hand V" (¢,u) is a solution of the weak
formulation for the problem (5.13), namely

[ @20 / [ Vi@ o fuda, (w)de -

- / [ v (B @) 9 () B(e)de ()t
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for any fixed cylindrical function f = f(u). From (3.2) and (5.11) we deduce that
V(t,U) is a weak solution of (5.5). O

Remark 1. The measure vy = pu., Vt > 0 is a particular generalized backward
solution of the Euler Equation (4.1) with initial condition (5.1), a result which has
been proved in paper [A-C].

In the following two paragraphs we study of the evolution of turbulent processes
with the initial data, which are Dirac measures.

5.2. Approximation of the Dirac measure. Since we shall need the results of
Lemma 3.1, in this subsection and in the subsection 5.3, we consider the space H?
with a fixed /3, such that

p<-L (5.15)

Let 0,0 be the Dirac measure concentrated at a given point 2° € H?, that is for

any set A C HP, we have
(a) 0,0(A) =1, ifz0¢€ 4
(b) 6,0(A) =0, if20¢ A.

Now let us consider the Gaussian measure p. for a fixed constant v > 0. The
main objective of this subsection is to construct an approximation of the Dirac
measure 0,0 with respect of the measure /i .

Let € > 0 be a fixed real. If we take an arbitrary z° € H®, we define the set

Bey () = {21 € C: |2 — 2| < e}
€

with g = Y] and z) being the k-th coordinate of 2. Then for the characteristic

function of the set B, (2Y)
1, if zx € B, (2Y),
X6 (2k) = (5.16)
0, if 2z ¢ Be,(29),

we have that the integral

re(zh) == / XEh (2 dpil (21) (5.17)
-
is equal to
4
gL e—#\z;c+z2|2dzk.
21 Bek. (0)
Let us compute the integral of gy -(z)) on C with respect to the measure z%(z))
k492
Sk = / e (zR)dpb (2]) = [L} / Tidz, (5.18)
C 2 Bsk (0)
with
I = / e~ (it s P12 g0
C
Since

1 2 1
|Zk+222+‘222:’\/522+ﬁzk +§|z;c|2,

introducing the new variable
1
zZN = \/izg + —

Rk
\/ik
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we easily find that

™ _ak® 21 |2
I :::ﬁgie |2
Therefore by (5.18) we obtain
0<Sp=1—e*4 <1 (5.19)

2
with A = 2.

Let us now define three sequences

n

Ly: = JJa-e7%%,
j=1
Ri: = [[Sk=J]a-e7), j=12.n
kezg kezg
|k|=d [k|=3
T,: = [[R;, vn=12.. (5.20)
j=1

By (5.19), (5.20) and #{|k| = j} < 2j, we have that {L,}, {T,} are monotone
decreasing sequences, such that

0<L,<T,<1, VYn=12,.. (5.21)
Using the comparison criteria of convergence of series and the convergence of the
o
serie Z 2j - e 774 we see that the monotone increasing sequence
j=1

0< —In(L Zlenlfe i)

is bounded above, hence by (5.21)
0< lim L, <Tyw:=1lm T, <1

or

0<Tw <1 (5.22)
Let us consider the sequence {X(ﬁ’s)(z)}j’f:l of the functions defined as

H X 0 zk V(2% 2) € H? x HP (5.23)

that is monotone decreasing in n and bounded
0< X9 (z) <1, V(:°2) e H® x H. (5.24)

It is clear that V(2°, 2) € H? x H

X(ge)( ) — Xoo(z H X 0 (zx), when n — +oo.
kczF

Let us introduce the following functions

Fe) (20 = /Xiﬁ’f)(z) dp,(2), fe(2°) = /XEO(Z) dpiy (2).
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By Lebesgue’s theorem of dominated convergence and (5.17), (5.18), (5.20), (5.22),
we have

lim f9)(20) = f2(zY), vz e H?

[ [ 3 dus @) dun () =

= Jim [ [ [x57) duy ()] dis () =
= lim T, = T € (0,1).

n—oo

and

Fubini’s theorem implies

0< fo(z") for p,—ae. 2 and /fs(zo) dp,(2°) € (0,1).

Therefore the functions

(n,e) L 1 (n,e) £ L 1 e
520 (Z) T f(T)(ZO) * X0 (Z)’ 6z0(z) T fE(ZO) . XZO(Z) (525>
are well defined and
(5%’5)(2) — 0% (%), when n — oo (5.26)

for p1,—a.e. 20 and Vz € HP.
Moreover we have

f(SZO ) dpy (2) =1 for p—a.e. 2%

or py—a.e. 20, the function 6%, (2) has a compact support with respect to
For 1, 0, the function 6%, (z) h t t with t t
the weak topology in H”:

supp(650) = {ZGHﬁ |z — 22| < k1+1/2’ Vk€Z+}

- BED(ZO) = {z c HP . HZ*ZOH?_IQ <

<Y - AP<2 Y =D }

kezZ$ kezy

By properties 1), 2) and Prokhorov’s theorem [G-S], there exists a subsequence of
the measures 65,(2) dp(z) converging weakly to a measure dm o (2),

6%0(2) dpy(2)—dm,o(z) weakly for p, -a.e. 2°,

when € — 0. By 1), 2), we have that

) [1dm,o () =1 for pu,-ae. 2%
b) For any cylindrical function ¢ = ¢(z), such that 2% ¢ supp(y), we deduce

/go(z) dm,o(z) =0.
Therefore m o coincides with the Dirac measure 520, that is, for e — 0
6%0(2) dpiy(2) = db0(2) weakly for g -a.e. 2°. (5.27)

In what follows we use the approximations (5;?’8)7 0%y to construct the measure
valued solutions of problem (5.1)-(5.2), where the initial data is the Dirac measure.
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5.3. Existence for Dirac measure initial data. In this paragraph we will as-
sume that good measurements of turbulent process can be made. In that case the
evolution of system should be described by a generalized solution associated with
initial Dirac measure.

Let us assume that the initial distribution (5.1) is the Dirac measure, concen-
trated at a given point

u® € supp(p-). (5.28)
In the sequel we prove the following theorem.
Theorem 5.2. For p-a.e. u there exists a generalized backward flow
ve = v(u), u € H? for B < —1
of (4.1), satisfying equality (5.8) with the initial distribution (5.1), such that
Vg = 0,0.

Proof. The proof will be done in three steps. In the first step we construct ap-
proximated solutions of our problem, satisfying the Liouville-type equations (5.3).
The second step will be devoted to show that this set of approximated solutions is
pre-compact in a corresponding space of measures. In the last step we pass to the
limit integral equations (5.3).

1st step. Let us note that the approximation 51873’5) of the Dirac measure d,0
satisfies
1679 () P (1) = ———— < oo, (5.29)
g "= )
Then for the regular initial distribution 55}?’8), by Theorem 5.1, the function
v (t,u) = 850 (U (—t,u)), (5.30)

where U™ = U™(t,u) is the solution of problem (4.8), fulfills the identity

B(0) - / F() 6952 () dpas (u) + / @' (1)

—/OT@(t)

for any fixed cylindrical function f = f(u) and any ®(t) € C1([0,T]), such that
d(T) = 0.

2nd step. We show that this identity converges when n — oo and ¢ — 0.
Namely we prove that the set of measures

th(n’E) (U) = ,U(’I’L,E) (t’ U) d‘u,y (u) (532)

is relatively compact for the weak topology of measures on H?.
Let C([0,T], H?) be the space of continuous functions, depending on the param-
eter t € [0, T, with values in H”. We introduce the measure

/ f) o™ (t,u) duv(u)] “

/ (B"(u) - Vf(u)) o™ (t, w) duv<u>] dt (5.31)

v ) = [ 60 (w) duy (u), (5.33)
Sr
defined for any set I' C C([0,T], H?). Here
Sp:={uec H?:U"(-,u) €T} (5.34)

For any integrable functional F : C([0,T], H?) — R, we have

| P Cas e = | F)d™ ). (5.35)
HB

C([0,T],H?)



14 N. V. CHEMETOV AND F. CIPRIANO

For a fixed time moment ¢ € [0, 7] and a given function f : C(H?) — R, we define
the functional F : C([0,T], H?) — R by

F(y) == f(y(t)) for any y € C([0,T], H?).

Then, in this particular case, the right side of the identity (5.35) is equal to
/ FO™ ()85 (u)dpas (u) = / F@)ae = (U™ (—t,w)) dpy ()
— [ fwai™ ),

Hence by (5.35) and (5.36), the relative compactness of the set of measures {dv(™)(y)}
in the sense of weak convergence of measures on C([0,T], H?) implies the relative

(5.36)

compactness of {dut(n’g) (u)} in the sense of weak convergence of measures on H”
for a.e. fixed t € [0, 7.

Then, in the sequel, the objective is to show that the set of measures {dv(™) (y)}
is relatively compact in the sense of weak convergence of measures on C([0, 7], H?).
Let us denote by C.(H?) the space of continuous functions on H” with a compact
support (in weak topology) on H?. We introduce the operator

V(9T = /\I/(uo)

St

05 (u) dmu)] i (u°), (5.37)

defined for any function ¥ € C.(H?) and any set ' C C([0,T], H?).
We fix an arbitrary function ¥ € C.(H?), put
A= H‘I’HCC(HE)
and choose a sufficiently large real R > 0, such that
supp (¥) € B = {u’ € H? : ||u°||ys < R}.
Let us verify that the set of measures
VW) =V (W), n=1,2,3,..., (5.38)
where the exact value of €, is defined below in (5.43), satisfies the following condi-
tions
a) lim sup V™ (W, [ly(0)l| o > p) = 0;
b) For any fixed p > 0, we have that
lim sup VE(W,  sup_ ly(t) = y(t1)lls > p) = 0.

0<t<t] <T
t]—t<s

By Prokhorov’s criteria ([Mal], Theorem 2.6) these two conditions guarantee that
the set of measures {V"(¥,-)} is tight (see, for instance, [Mal], Theorems 4.2 and
4.3), therefore this set is relatively compact in the sense of weak convergence of
measures on C([0,T], H?).

Let us start from the proof of condition a). We have

VO (W, ||y(0)]| s > p) < A- /B l / Xy (@) - 85 (w) dpary () | dpy (u0).

Since

St {ue H?:U"(u) €T = {y(-) € C([0,T), H”) : [ly(0)|| s > p}}

{u e HP . U™(0,u) =u and p < ||u||ge},
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using the definition (5.25), we deduce

A n,e
VeI Ol > ) < 5 [ [ [l 855w, ()| i ).

For any v € H?, u® € By, which satisfy ||u — u®||gs < - D, we have ||u||gs <
[[u®|| s + € - D < C, hence

A-C
VO, [ly(0)]lms > p) < P

that implies condition a).
Now we show that the set of measures {V"™(¥,-)} satisfy condition b). We have

Ve (‘If sup ||y(t) — y(t1)l[ms = p) (5.39)

0<t<ty <T
t]—t<$

<A-
Br

/S(Sz(g’s)(u) Ay (u)l Ay (u) =1,
where

S = {u eH?:  sup ||U™t,u) — U"(t1,u)||gs > p}.

0<t<t <T
t]—t<o

From (4.8)

ty
U7 (t1,u) — U7 (t, 0|0 < / B (U™ (s, 0)) | g ds
t

for any 0 < t < ¢; < T. Hence, using Lemma 3.1 and (3.2),

<
I < % / 1 { /B ) / ||B”<U“<87u))||Haaf;;’6><u>dm<u>duw<u0>}dt
< ﬁ/ | {/B 1B (U™ (s, ")) () +

/ 1B™(U" (s, u)) = B"(U" (s, uo))||Hﬁ5$’E)(U)duw(U)] cwu)} dt. (5.40)

‘),
Br

From (4.9), in the bounded domain M := {(t,ug,u) € [0,T] x C® x C® : u° €
Bgr and ||u — u°||gs < e+ D} the functions U™ (t,u),U™(t,uo) are bounded. By
(3.1), there exists a constant C),, depending only on the parameter n and satisfying
the inequality

1B (U™ s )) — B U™ (5.6 s < CollU™ (5.0) —~ U (5,0 s, (5.41)
Let us note that C,, — oo, when n — co. By (4.8), (5.41), the function
2(t) = |U"(s,0) = U" (s, u)| | o

satisfies the Gronwall type inequality dz(tt) < C,, - z(t) with the initial condition

2(0) = |Ju — u®|| gs, that implies
z(t) < 2(0) - exp(C,T) for any ¢ € [0, T]. (5.42)

In the following considerations, we assume that the parameter € depends on n and
is equal to

£, = C; b exp(—C,T). (5.43)
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Considering estimates (5.40)-(5.43) and Lemma 3.1, we deduce the inequality

d-A

V"(‘I/, sup |y(t)—y(t1)|Hﬁ>P> < e C,

0<t<t] <T
t—t<s

with the constant C, which is independent on n. Taking 6 — 0, we conclude that
the measures V" (0, -) fulfill condition (b).

Therefore, for any fixed function ¥ € C.(H?), there exist a measure V (¥, ) on
C([0,T], H®) and a subsequence n = n(¥) — oo, such that

V(e Ty - V(U,T) (5.44)
n(¥)—oo

for all T C C([0,T], HP).

Let us show that such subsequence can be choosen independently of ¥ € C.(H?).

1) Let P :={V, € C.(HP): i=1,2,3,...} be a dense set in C.(H?).

2) Since the set P is countable, we can select a subsequence of n — oo, that for
simplicity of notations we still denote by n, such that for any ¥ € P, we have

VW) — V(¥,T) (5.45)

for all T C C([0, T, H?).

3) Let us now fix an arbitrary ¥ € C.(H?). There exists a subsequence n =
n(¥) — oo of the sequence {n : n =1,2,3,...}, constructed in 2), and a measure
V(T,-), satisfying (5.44). In fact, we can verify that the sequence {V"(¥,-)}>2,
itself is convergent. To do it, it is enough to show that {V"(¥,-)}>2, is a Cauchy
sequence. Since there exists a sequence ¥;, € P, iy — oo, such that

Wi, — Yllome) il 0,

then by (5.37), the convergence (5.45) and the inequality
VI(®) = VI(W)] < [VH(®) = VI(W4,)] +
+|Vl(\Illk) - Vj(qjlk)‘ + |VJ(\I}ZIC) - V](\Il”a

we deduce that {V™ (¥, -)}22 ; is the Cauchy sequence. Hence the sequence {n: n =
1,2,3,...}, constructed in 2), satisfies the convergence (5.45) for any ¥ € C.(H?).

Let us note that for any fixed I' € C([0,T], H?), the operator V"(¥,T) as the
function of the parameter ¥ € C.(H”) is linear, then it is easy to verify that the
operator V(U,T') is also linear in ¥. By Kakutani-Riesz Representation theorem,
if we denote by B the set of all Borel sets in H?, there exist a o-algebra X on the
space H?, that contains B, and a unique positive measure . on ¥, which represent
the operator V as

V(U,T) = /\Il(uo) du,. (u°), ¥ e C.(HP) (5.46)

for any fixed I' C C([0,T], H?).

Let us consider the constructed measure p. and the measure p.,, which are two
measures on the topological space (H”,B). By the Radon-Nikodym theorem (see,
for instance, [U-Z]) there exists an integrable positive real function AL (u°) on the
space (H?, B, p,) and a set N of zero measure on the space (H”, i), such that
for each set A € B we have

o) = [ M) die(0) + (A0 )

for any fixed I' € C([0,T], H?). Moreover for any set A € B such that u,(A4) = 0,
using (5.37), ( 5.45) and ( 5.46), we can easily show that u.(A) = 0. Therefore
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by the particular case of the Radon-Nikodym theorem ([U-Z], page 3) the set N is
empty, which implies

e (A) = /A A, (1) dp ()
and
V(®,T) = / () A, (1) dpiy (),

for any function ¥ € C.(H?) and any set I' ¢ C([0,T], H?). Considering (5.37)
and (5.45), we obtain for p1,- a.e. ug

vme)(T) = [ 8% () dpy (1) — Ayo(T) := Ap(u)
SF n—oo
for any set I' C C([0,T], H?) with the set Sr, defined by (5.34). The function
Ayo(+) is a probability measure on C([0,7], H?), therefore, taking into account
(5.32), (5.35), (5.36), for u,-a.e. u’ we get that there exists a probability measure

dv?’ = dv (u), for each t € [0,7]
on H?, such that

ymE @y = (1) (5.47)

n—oo

for any set I' ¢ C(H?).

3d step. With the help of (3.2), (5.25)-(5.27) and (5.47), passing to the limit
on n — oo in equality (5.31) written for ¢ = ¢,, we obtain that the measures
{Vfo, t € [0,T]} satisty the equality

T
(0) - f(u®) + / @' (1)

_/OT<I>(t)

for any fixed cylindrical function f = f(u) and any ®(¢t) € C1([0,T]), such that
o(T) = 0.

Hence we have shown that for p,-a.e. u® the set of the probability measures
{ve", t €[0,T]} is the generalized backward flow of the Euler equation (4.1) with
the initial distribution vy = Jd,0. O

/ f(U)dVZ‘O(U)] dt =

/ (B(u) - V(u)) i} <u>] i

6. CONCLUSION

From (4.7) we have

J 10w, <o, te 1) 5<1
Hence for i - a. e. fixed u, using (2.8), U(t,u) is a function of (¢, z)

U(t,l‘) = Z Uk(tvu)ek(x) € Loo([(),T],Hﬁ)
kez?

satisfying the periodic conditions (2.2) and the initial data (2.4): U(0,z) = u(x).
The function U(t,x) may not satisfy Euler equation (2.1), because the Fourier
coefficients may not correspond to a solution of the infinite dimensional equation
(2.6).

One possible approach to this open problem is the method of the re-normalized
solutions [DiP-LJ].
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As is well known, there are two different ways of expressing the behaviour of the
fluid: the Lagrangian and the Eulerian point of view. Their difference lies in the
choice of coordinates to describe flow phenomena.

In the Lagrangian description, the fluid is viewed as a collection of fluid particles
(elements) that are freely translating, rotating, and deforming. To obtain a full
description of the flow we need to identify the initial position of the elements.

In our case, the relationship

U=U(t,u)

is the statistical Lagrangian description of the fluid.

In the Eulerian description, an observed point of the physical space remains un-
changed by time ¢. Quantities (velocities, temperature, pressure, etc.) are measured
at different instances of ¢.

Hence, our quantities

pe=m(U), V=V(,U)
are determined as functions of Euler parameters: the time ¢ and the observed point

U.
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