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Abstract

An ordered pair (e, f) of idempotents of a regular semigroup is called a skew
pair if ef is not idempotent whereas fe is idempotent. Previously [1] we have
established that there are four distinct types of skew pairs of idempotents. We
have also described (as quotient semigroups of certain regular Rees matrix semi-
groups [2]) the structure of the smallest regular semigroups that contain precisely
one skew pair of each of the four types, there being to within isomorphism ten
such semigroups. These we call the derived Rees matriz semigroups. In the par-
ticular case of full transformation semigroups we proved in [3] that T'x contains
all four skew pairs of idempotents if and only if |X| > 6. Here we prove that
Tx contains all ten derived Rees matrix semigroups if and only if |X| > 7.
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If S is a regular semigroup and e, f € E(S) then the ordered pair (e, f) is said
to be a skew pairif ef ¢ FE(S) whereas fe € E(S). In a previous publication [1]
we showed that there are four distinct types of skew pairs (e, f) of idempotents,
namely those that are

(1) strong in the sense that fe = efe = fef = (ef)?;

(2) left regular in the sense that fe = fef # efe = (ef)?;

(3) right regular in the sense that fe = efe # fef = (ef)?;

(4) discrete in the sense that fe, efe, fef, (ef)? are distinct.

If we let
S={acS|a+a®=d V()N E(S) # 0}

then, by [2, Theorem 5] for every skew pair (e, f) of idempotents we have

ef € S; and conversely for every a € S there exists a skew pair (e, f) of
idempotents such that ef = a. A skew pair (e, f) of idempotents is said to be
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fundamental [3] if eRef L f. By [3, Theorem 5] for every skew pair (e, f) of
idempotents in a regular semigroup S there is a fundamental skew pair (e*, f*)
of idempotents such that e*f* = ef. Consequently, the fundamental skew pairs
of idempotents in S are located in the D-classes of S.

In the case of the full transformation semigroup Tx on a set X (and
herein all calculations are based on mappings being written on the left) the
fundamental skew pairs of idempotents are of the form (d¢, o) where ¥ € 7/’)\(
and ¢ € V(9) N E(Tx). The following result (see [3, Theorems 2, 3]) then
describes the various types.

Theorem 1. If ¥ € Tx then Im 92 = Fix 92 = Fixd. Moreover, if
p e V() NE(Tx) then the fundamental skew pair (Vp, pd) is

1) strong if and only if Ker ¢ C Ker 92 and Im 92 C Im ¢;

3

(1)

(2) left reqular if and only if Ker ¢ C Ker ¥9? and Im 92 ¢ Im ¢;

(3) right regular if and only if Ker ¢ ¢ Ker 92 and Im 92 C Im ¢;
)

(4) discrete if and only if Ker ¢ € Ker 92 and Im 9% ¢ Im .

Skew pairs (e, f) and (e*, f*) are said to be associated if ef = e*f*. The
ubiquity of skew pairs of idempotents in T’y is revealed in the following theorem
which summarises the main results of [3].

Theorem 2. To every skew pair (e, f) of idempotents in Tx there exists in
Dt an associated fundamental skew pair (e*, f*) of idempotents of the same
type as (e, f). Moreover, Tx contains skew pairs of idempotents that are

(1) strong if and only if |X| > 3;

3

2) left regular if and only if | X| >

(2) 1
(3) right regular if and only if |X| = 5;
(4)

4) discrete if and only if | X| > 6.

It follows from the above that Tx contains all four types of skew pairs
of idempotents if and only if |X| > 6. Now we have determined to within iso-
morphism and dual isomorphism the regular semigroups of smallest cardinality
that contain precisely one of each of these four types. These can be described
as follows. Let 2 be the semilattice {0,1} and consider the regular Rees matrix
semigroups of the form R3 p = M(2;3,3; P). These consist of two D-classes,
namely D; that consists of elements of the form (i,1,7), and Dy that con-
sists of elements of the form (7,0,7). Let Ay 5 be the smallest congruence that
identifies the first two rows of Ds, let A2 be the smallest congruence that
identifies the first two columns of Dy, and let A = A; 5V AL2. Then the
quotient semigroup Rs p/A has 13 elements. We denote this by dP and call
it a derived Rees matriz semigroup. The required description of the semigroups
in question is now given by the following paraphrase of the main results of [2].
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Theorem 3. To within isomorphism there are ten regqular semigroups of
minimum cardinality that contain precisely one of each of the four types of skew
pairs of idempotents. These are given by the derived Rees matriz semigroups
OP where P is one of the following matrices or its transpose:

111 111 111
MI:[101]; Mzzllﬂll; M3:[1011;
111 101 010
111 111 111
M4:l100]; M5:l100]; M6:[1001.
01 1 100 010

In what follows our objective is to investigate, in full transformation
semigroups, the existence of subsemigroups that are isomorphic to these ten
derived Rees matrix semigroups. For this purpose, we note from Theorem 2(4)
that we need consider only those Tx for which |X| > 6. Of course, as is well
known, by the extended right regular representation every semigroup S can
be embedded in the full transformation semigroup Tg:. Consequently all ten
derived Rees matrix semigroups can be embedded in T74. Here our main result
(see Theorem 8 below) is that Tx contains copies of all ten derived Rees matrix
semigroups if and only if | X| > 7.

For presentational convenience and subsequent reference we list the ten
derived Rees matrix semigroups in a particularly useful way. In these descrip-
tions, (e, f) denotes the strong skew pair, (v, ) the discrete skew pair, RR (z,y)
the right regular skew pair, and LR (x, y) the left regular skew pair. In each case
we fix e and f at, respectively, the (2,1) and (1,2) positions in the D-class
Dy of OP. We also use the label e to indicate an element of dP. Note that,

by the fundamental isomorphism of [2, Theorem 10|, each e corresponds to an
entry 0 in the transpose of the corresponding Rees matrix.

«a | ay
e |eef| v (v0)* [ 8
OMr 75016 6oy | [ 66 | 67
RR (v, f) LR (e, $)
o f | ad o | f=6]ay
e=~v|oef|ev6 76y | (v6)? . e eef Jey 5v6 | &y
Mz 5157 [ 6 &y | 076 My Galevs [ 7 ] [007 767
RR (v, a8) LR (v,6f) RR (ev, f) LR (va, f)
[ J [eF® 5 [ 7 [0
e |eef| 6 5y | 676 : e |eef]| ebd 6y | 676
OM: OM.
50y [vf [ o8 | [7oy | (70)? 3 [evbe| v e8| [1&v[(9)?
RR (fv,6) LR(e,vf) RR (eé, f) LR (~, ée)
o0 I A e 6 | f |
e | eef | € ~v6vy | (v6)? ‘ e |eef|oefy 6 | by
OMs [SeTasef| 6 ] [y 576 OMi 381+ [ v | [0 [767
RR (v, e8) LR (8e, f) RR (e, fv) LR (~f,6)
«@ f 6
e |eef|eed by | 66
oM
5 Ty Teyflené v6v | (v6)?

RR (e, ) LR (v, f)
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« f |ead «a f 4
e |eef| 6 5y | 646 + e |eef|eed by | 676
OM, OM,
¢ [y [erflevd | [A8v[(46)2 6 [eyal v v | 6y [(19)?
RR (o, §) LR (7, f) RR (e, ) LR (v, @)

We begin by investigating the existence of each of these semigroups as a
subsemigroup of Tx where |X| = 6. For this purpose we require the following
important observations.

Theorem 4. If |X| =06 and if (v,8) is a discrete skew pair of idempotents
in Tx then |Im v8| =3 and |Im (76)?| = 2.

Proof. Let X = {z,y,z,u,v,w} and let ¥ = 6. Then ¢ € 7/}\( and so
9 # 9% = ¥3. We may therefore assume that

9= (ajyzuvw ) E(yzz***), 192:(222***).

Y22k k k

Now since (7,8) is discrete we have, by Theorem 1(4), that 9¥%¢ # 92 and
©9? # 9% for some ¢ € V() N E(Tx). Then 92 is not a constant mapping.
Furthermore, by Theorem 1, we have Im 9¥? = Fix 92> = Fix 9. We may
therefore assume that

We now observe that
(1) v ¢ Fix ¢ and w ¢ Fix 9.

In fact, if we suppose for example that v € Fix 9 then, with ¢ as above, we
have the following five possibilities for ¥, and correspondingly for ¥? and ¢:

¥ (yzzuvy) (yzzuvz) (yzzuvu) (yzzuvv) (yzzuvw)
92 (zzzuvz) (zzzuvz) (zzzuvu) (zzzuvv) (zzzuvw)

: (xxzuvs) (zaxuvs) (zzzxvx) (zzzuxx) (zzzuvw)

Now since (v, 6) is discrete we have Im 92 ¢ Im ¢ by Theorem 1(4). The first
and last possibilities above are therefore excluded. In the remaining three cases
we must have y ¢ Im ¢ since otherwise, ¢ being idempotent, we would have
©(y) = y whence the contradiction y = d(x) = dpd(x) = dp(y) = ¢ y) = 2. It
follows from these observations that in all three possibilities for ¢ the entries
marked * must all be w. But this gives Ker ¢ C Ker 9? which contradicts the
fact that (v, 9) is discrete. We conclude that v ¢ Fix . Similarly it can be
shown that w ¢ Fix 9.

Since Fix ¥ = Im ¥? it follows from (1) that Im ¥?> = {z,u} and
therefore |Im (78)?| = 2. We complete the proof by showing that Im ¢ =

{y, z,u}.
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For this purpose, we note from the above that

Y= (yzzupq) where p # v, q¢ # w.

Since x ¢ Im ¥ it suffices therefore to show that p # w and ¢ # v.
Suppose, by way of obtaining a contradiction, that p = w. Then we have

V= (yzzuwq) where q ¢ {z,w}.
Now since for every a € Im ¢ we have p(a) € {b € X | ¥(b) = a}, we see that

ey) €{z,w},  ¢(2) € {y, z,w},  o(u) € {u,w}, ¢(w) € {v,w}.

But w = ¥(v) gives w = dpid(v) = do(w); and ¥(w) = g # w. Then p(w) # w
and so, since ¢ is idempotent, we have w ¢ Im ¢. Since, as observed above,
y ¢ Im ¢ it follows that ¢(y) = z, ¢(2) = z, ¢(u) = u, ¢(w) = v and
therefore, ¢ being idempotent, we must have ¢(z) = z and ¢(v) = v. Thus we
see that ¢ = (2 zzuvv ) whence Im ¥? C Im ¢, which contradicts the fact
that (v, 6) is discrete.

Similarly we can show that ¢ # v. We conclude that Im ¥ = {y, z,u} as
required. ]

We have seen in the proof of Theorem 4 that if X = {z,y, z,u,v,w} and
(7,6) is a discrete skew pair of idempotents in Tx then ¥ =6 € f)\( is of the
form ¥ = (yzzux*x* ) with Im ¥ = {y, z,u} and Im ¥ = {z,u}. By Theorem
2 there is no loss in generality in supposing that (v, 6) is fundamental, so that
in Tx we have the egg-box situation

® 6
v e =1d

where ¢ € V() N E(Tx ). Consequently,
Imep=Iméd Imy=Imd, Kerp=ZKer~vy, Keré=Kerd.

More particularly, we now observe that
Theorem 5. In the above situation we have
(1) y ¢ Im é;

(2) precisely one of z,u belongs to Im §.

Proof. (1) Since y € Im ¢ = Im « and + is idempotent we have y(y) = y.
Suppose now that y € Im §. Then likewise §(y) = y and there follows the
contradiction z = ¥(y) = v6(y) = v(y) = y. Hence we see that y ¢ Im 6.
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(2) Suppose, by way of obtaining a contradiction, that neither z nor wu
belongs to Im é. Since 9,8 are D-related we deduce from Theorem 4 that
[Im é| = |Im | = 3. It follows by the hypothesis and (1) that

Im 6 = {z,v,w}.

Now Ker § = Ker ¥ and 6% = § give §(x) = x, 6(y) = 6(2) = 6[6(2)], and
6(u) = 6[6(u)] from which we see that

Im 6 = {z,6(2),6(u)}.
Clearly, we may choose 6(z) = v and é(u) = w. We then have
X ={z,y,2,u,6(2),6(w)}, 6= (zvvwow).

We next observe that (z,8(z)) € Ker 6§ = Ker ¢ and (u,§(u)) € Ker § = Ker 9,
whence ¥(z) =y, d(y) = 9[6(2)] = d(v) and F(u) = 9[6(u)] = d(w). It follows
that ¥?(z) = 9?(y) = 92(2) = ¥?(v) and ¥%(u) = ¥?(w), from which we deduce
that

9?2 = (zzzuzu)

Finally, Im v = Im 9 = {y, z,u} and 72 =~ give

ov(x) = oyo(x) = &d(x) = b8(y) = 6(2);
6v(y) = o(y) = 6(2);
ov(z) = 8(z);
ov(u) = o(u);
6v[6(2)] = 89(2) = 8(2);
ov6(w)] = 89(u) = 6(u),

and therefore
6y = (8(2) 6(2) 8(2) 6(u) (=) 8(u) )

It follows from the above observations that Ker 6y = Ker 92 and so (67,9?) €
L. But we always have (6v,76y) € £. Thus 92 = 6y and this contradicts
the fact that (v,6) is discrete. Consequently at least one of z,u must belong
to Im 6.

However, since (v,0) is discrete, we have again by Theorem 1 that
Im ¥? ¢ Im ¢ and therefore either z ¢ Im ¢ or u ¢ Im . We conclude

that precisely one of z,u must be in Im ¢ =Im 6. ]
Theorem 6. If S is a derived Rees matriz subsemigroup of Ts then

U Im t‘ = 5.

tes
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Proof. Let |X| = 6, say X = {«,y,2z,u,v,w}, and suppose that S is a
derived Rees matrix subsemigroup of Tx. If (e, f) is the strong skew pair of
idempotents in S then we can represent S in the D-class form

al f | a
e |eef| b fe
c d

Let (v,6) be the discrete skew pair in S. Then, as in the proof of Theorem 4,
we may assume that

with Im ¢ = {y, z,u} and Im 9% = {z, u}.

Since &7 is D-related to ¥? we have |Im év| = 2. Now z € Im 9 C Im ~
gives z = y(z) and so §(z) € Im év; and likewise 6(u) € Im éy. Moreover,
8(z) # 6(u), for otherwise (z,u) € Ker 6 C Ker ¥ which gives the contradiction
z =0(z) = 9(u) = u. It follows from this and the fact that (676,6y) € R that

Im 6y = {6(2),6(u)} = Im 6v6.

There are two cases to consider.

(1) (9%, fe) ¢ R.

[Note from the above descriptions that this case covers all semigroups except
OMy, OMs, OMy ]
In this case we have (fe, 6v) € R and so Im fe =Im 6v6 = {6(z),6(u)}. Then
Im fe CIm f and Im fe =Im(ef)? C Im e give {§(2),6(u)} CImenIm f.
Since, by Theorem 5(2), either z = §(z) or u = §(u) but not both, it
follows that Im e # Im ¢ and Im f # Im ¢. Consequently (e,v) ¢ R and
(f,9) ¢ R. Thus we see that ¥ € {c,d, g}; and since (y,9) € R we also have
v € {c,d,g}.
In summary, therefore, we have

Im o =Im f =TIm a = {6(2),6(u),p};
Ime=Imef =Imb={6(2),6(u),q};
Imc=Imd=Img=Im~y=Im 9= {y, z,u},

where p # ¢ since Im a # Im e. Moreover, since « is idempotent, (6(z),p) ¢
Ker a = Ker e and so e(p) # ed(z) = 6(z). Likewise, e(p) # 6(u) and therefore
we must have e(p) = ¢. A similar argument shows that a(q) = p.

Now since (14, 6) € £ we have Ker ¢ = Ker ¢§. Consequently, 6(z) # 6(z)
and 6(z) # 6(u). Since 6 is idempotent it follows that = # §(z) and = # 6(u).
By Theorem 5(2) we thus see that either §(z) = z and é6(u) ¢ {z,y,z,u}, or
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6(u) = u and 6(z) ¢ {z,y,z,u}. We may therefore assume, without loss of

generality, that
_ J 6(u) if z €Im é;
v 6(z) fuelmds.

If we define T'=Im fUIm eUIm ¢, we thus have

T ={y,z,u,v,p,q}.

Since 9,7 € {c,d, g} we must have 6 € R.URy. Consequently, 7' = | J,. g Im .
Our objective is therefore to show that 7' has precisely 5 elements. For
this purpose, we require the following observations.

(1.1) {6(2),6(u)} CFix anFix b.

In fact, by [2, Theorem 8], one of a,b must be idempotent. Suppose, for
example, that a is idempotent. Then since b = ea and 6(z) € ImaNIm e =
Fix a N Fix e we have b6(z) = ead(z) = eb(z) = 6(z) so 6(z) € Fix b; and
likewise for 6(u). A similar argument holds if b is idempotent.

(1.2) c(p) =c(q) =d(p) =y-

We have g = ca, d = ¢f and, by (1.1), {6(2),6(u)} C Fix a. Using the
fact that 9 € {c¢,d,g} and {6(2),6(v)} C Im f we then have gé(z) = c6(z) =
d6(z) = 96(z) = 9(z) = z, and similarly for u. Since (p,§(z)) ¢ Ker o = Ker ¢
we have c¢(p) # ¢6(z) = z; and similarly ¢(p) # u. It follows that c(p) = y.
Moreover, e(p) = q gives e(p) = e(q) whence (p,q) € Ker e = Ker ¢ and so

c(p) = c(q). Finally, d(p) = cf(p) = c(p).
(1.3) (Vte Dy) ty) € {6(2),z}.

The D class D5 is
Dy = {9* = (v6)*, 67,696,767}

and 9?(y) = 9(2) = z; 6v(y) = 6(y) = 6(2); 6v6(y) = 60(y) = 8(2); ¥ov(y) =
Yo(y) =I(y) = =.

(14) (Vte Dy) té(z) € {é(z),z}.

In fact the proof is similar to that of (1.3).

Consider now the set X . Since §(z) # 6(z) and 6(z) # 6(u), the fact
that ¢ is idempotent gives 6(z) # z and 6(x) # u. Moreover, by Theorem 5(1),
6(x) # y. We can therefore also represent X in the form

X ={6(x),y, z,u,v,x}

for some undetermined element x. Since Im v = Im ¥ and + is idempotent, we
have Fix v = {y, z, u} and simple calculations show that

(Vk € X\{x}) 6v(k) = 6+6(k).
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Since 6 # 676 we deduce that  is such that 6vy(x) # §v6(*).
There are two situations to consider.

(A) 6 € R.. [This occurs in M3, 0Ms .

Here we have 6 = b, v = ¢, and a is not idempotent. Then
Ime=1Im b=1Im 6§ = {6(x),6(z),6(u)}

whence we see that ¢ = 6(x). Now since (y,2z) € Ker 9 = Ker § we have,
by (1.2), év(p) = 6c(p) = é6(y) = 6(2). Moreover, c(y) = y(y) =y = c(p)
gives (p,y) € Ker ¢ = Ker @ whence «a(y) = a(p) = p and consequently
da(y) = 6(p). Since a is not idempotent, («o,b) is a skew pair and so ba €
Dy. Consequently, we have 6v6(p) = évda(y) = évba(y). But, by (1.3),
ba(y) € {6(=), 2z} and so

&v6(p) € {676(2),87(2)} = {89(2), 6(2)} = {6(2)}.

Hence 6v6(p) = 6(z) = 6v(p) and therefore p # %. It follows that p €
{y, z,u,v} and consequently |T| = 5.

(B) 6 € Ry. |[This occurs in OME, OME, OML, OMs, OME ]
In this case we have p = §(x). There are three situations to consider.
(B1) é=a. [0M]]

Here 7 =g, ¥ = ¢, a is idempotent and b is not idempotent. Since v6(z) = z,
v6(u) = u, and y(y) = y we have (y,6(2)), (y,6(u)) ¢ Ker~y = Kerb.
Now, by (1.1), 6(2),6(u) € Fix b whence it follows that b(y) = ¢. But
since b is not idempotent we have b> € D,. By (1.3) and the fact that
z ¢ Im b we therefore have b?(y) = 6(z). Consequently, b(q) = 6(z) and
(q,é(z)) € Ker b = Ker g = Ker v whence v(q) = v6(z) = z. Thus we have,
using (1.2),
676(q) = 60(q) = dc(q) = 8(y) = 6(2) = 67(q)

whence g # x. It follows that ¢ € {y, z,u,v} and consequently |T| =5.
(B2) 6=f. [0Mj]

Here a,b are idempotents and a = ary. Since a is idempotent we have Fix a =
Fix a = {p,6(2),6(u)}; and since a = ay we have a(y) = a(y), a(z) = a(z),
a(u) = a(u). Then for all k € X\ {x} we have a(k) = a(k). Since a # « it
follows that a(x) # a(x). Now since (p,8(2)), (p,6(u)) ¢ Ker a = Ker b we see
that b(p) = ¢; and b(q) = ¢ since b is idempotent. Thus (p,q) € Ker b = Ker a
whence we obtain a(q) = a(p) = p = a(q). This shows that ¢ # x whence
q € {y,z,u,v} and consequently |T|=15.

(Bs) 6 =a. [OML,OMs, MY
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Here ¥ = g and (ef)? = &v. Since f(p) = p we have ef(p) = e(p) = ¢ and so
(ef)*(p) = ef(q). Hence

6v(q) = (ef)*(q) = (ef)*(p) = (ef)*(p) = 67(p) = 676(x) = 6(y) = 6(2).

Now in OM{ we have 6v8(q) = vde(p) = dva(p) = 6v(q). As for OMs5 and
OM(, using (1.4) we have

676(q) = dyded(z) = 6v6(2) = 69(z) = 6(2) = 6v(q).

We deduce from this that ¢ # x. It follows that ¢ € {y, z,u, v} and consequently
|T| =5.

(2) (9% fe) €R.

[Note from the above descriptions that this case covers the remaining semigroups
OMy, OMs, OMy ]

In this case we have (92,v6vy) € R with 92 # v6vy. Moreover, § € {d, g}
and ¥ € R. U Ry. Clearly, we may take

Imec=Imd=Img=1Im 6§ ={6(x),6(2),6(u)};
Im o =Im f =Im a = {z,u,p};
Ime=Imef=Imb={zu,q},

where p # ¢. Since ¥ € R.UR; with Im ¥ = {y, z, u} it follows that y € {p,q}.
Corresponding to the set T in (1) above, consider the set

W=ImeUIm fUIm é.

With v as before, we then have

W= {5(33),2,16,”0,]),(]} = U Im ¢,
tesS

and our objective is to show that |W|=15.
For this purpose, we may as before represent the set X in the form

X ={6(x),y,z,u,v,x}.
Simple calculations show that
(Vke X\{x})  9°(k) = voy(k).

Since ¥? # vy it follows that 92(x) # y6v(%).
There are two cases to consider.
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(C) 9 € R,. [This occurs in OM,.]

Here Im ¥ = Im o whence p = y. Also, ¥ = a, vy = «a, § = g, and b is
idempotent. Then ¢ = a = ab = ~b, and b(q) = q. Thus

9%(q) = 97b(q) = V7(q) = v6v(q)
whence we see that ¢ # *, and consequently |W| =5.

(D) ¥ € R, [This occurs in dM;,0Ms ]

Here Im ¢ = Im e and so ¢ = y. Also, a is idempotent and vé € {vf,va}.
Consequently,

¥(p) =~6(p) € {f(p)valp)} = {7(p)}-
It follows that ¥2(p) = 9y(p) = v6v(p) whence p # x and again [W|=5. =

Corollary. or a subsemigroup S of Tx with |X| =6 to be a derived Rees
matriz semigroup it is necessary that there exist some element of X that is not
in the image of any element of S.

With the above results to hand, we can now determine which of the ten
derived Rees matrix semigroups can be represented as semigroups of transfor-
mations. For this purpose we take X = {1,2,3,4,5,6}.

Consider ¥ € Tx givenby ¥ = (116566 ). We have 9 # 92 = 9*, and
simple calculations show that the mappings

a=(116446),

B=(111446);
v=(226446), 6=

(222446),

are idempotent inverses of 9 in Ty, so that 9 € f)\( Moreover, Im o« = Im f3
and so a« R 8 [mappings on the left!], and similarly yR é. Likewise, Ker a =
Ker v and so o L+, and similarly SL£6. Since we have a € V(9)NE(Tx), the
idempotents Ya = (116556 ) and a = (116466 ) are such that (Jo, adl)
is a fundamental skew pair. Since a¥? = 9? = 92, we see by Theorem 1(1)
that (Yo, ) is a strong skew pair in Tx .

Repeating this process with 3,+,6 we see similarly that (98, 8¢) is right
regular, that (9+,~v9) is left regular, and that (96, 619) is discrete. Consequently
in Tg we have (displayed as previously) the following representation of

(116446) (116466) (111446) (116666) (111666>
OM; (116556) .(116566) (111556) 76666 579666
(226446) (226466) (222446) ( ) ( )
Likewise we have the following representations:
(116446) (116466) (111466)
oM, (116556) .(116566) .(111566) E;;ggzzg E;;;Zggg
(226446) (226466) (222466)
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(111446) (111466) (114446)
omi |[(111556)|e(111566)|(115556) g;;;zgg; 22222223
(222556) .(222566) (225556)
(116446) (116466) .(111646)
OMs (116556) .(116566) (111656) E;;ggzzg E;;;gggg
(226446) (226466) .(222646)
(111446) (111466) .(116646)
OMy (111556) .(111566) (116656) E;;;gggg 52222223
(222556) .(222566) (226656)
(111446) (111466) (116466) (111666)](116666)
oM (111556) .(111566) .(116566) (222666 ) (226666)
(222556) .(222566) .(226566)

The reader will note that missing from the above list are the remaining
four semigroups OMYL, OMY, OM}, OMg. In fact, we have the following
somewhat surprising result.

Theorem 7.  The derived Rees matriz semigroups OMY, OML, OME, dMsg
are not isomorphic to any subsemigroup of Tg.

Proof.  Suppose, by way of obtaining contradictions, that Ty contains a copy
of one of these four semigroups. Then, continuing with the previous notation,
for X ={z,y,z,u,v,w} we have ¥ =6 = (yzzu**) with Im ¢ = {y, z, u}
and Im 92 = {z,u}. Since &7 is D-related to ¥? we have |Im 6v| = 2. Now
z € Im ¥ =Im v gives 6(z) = 6v(z) € Im év; and likewise 6(u) € Im 6. And
6(z) # 6(u); for otherwise in all cases we would have (z,u) € Ker 6 = Ker ¢
whence the contradiction z = ¥(z) = J(u) = u. It therefore follows that in all
four semigroups

Fix ef =Im(ef)? =Im fe = Im &y = {6(2),6(u)}.
Again since Ker § = Ker ¢ it now follows that Im 6 = {6(x),6(2),6(u)}. Since,
by Theorem 5(1), we have y ¢ Im ¢ and, by Theorem 5(2), precisely one of

z,u belongs to Im §, we may again represent X in the form

X ={é(x),y,z,u,v,x}

|

There are two situations to consider:

in which we can choose

o(u)
6(2)

if z € Im §;
if uelmé.

(1) oML, OML, OML.
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In each of these three semigroups we have 6 = fé = fv and therefore, using
the fact that 6(z),6(u) € Fix ef, we have

Im e6 2 {eb(x), e6(2), ed(u)} ={efi(x), ef6(2), efo(u)} ={ef(y),6(2), 6(u)}.

Consider now the element ef(y). First we observe that ef(y) # 6(z), 6(u).
Indeed, suppose for example that ef(y) = §(z). Since in all three semigroups
ef(y) = efd(x) = eb(x), we have ed(x) = 6(z) whence eb(x) = ed(z).
It follows that (x,z) € Ker e = Ker ¢ whence we have the contradiction
y =9(x) = 3J(z) = z. Since |Im ed| = 3 we deduce from the above that

Im ed = {ef(y),0(2), 6(u)}.
To show that ef(y) is the missing element * of X, we next observe that

(11) ef(y) # o(a).

In fact, if ef(y) = 6(x) then Im ed = Im § whence (eé,§) € R. But in each of
the three semigroups we have (eé,6) € L.

(1.2) ef(y) #vy.

In fact, if ef(y) = y then in all three cases y € Fix ef =Im fe CIm f=1Im §
in contradiction to Theorem 5(1).

(13) ef(y) # 2 u.

In OM} we have Ker e = Ker ©J. Suppose, for example, that ef(y) = 2.
Then ed(x) = z = e(z) whence (§(x),z) € Ker e = Ker ¢ which gives the
contradiction y = d(x) = ¥6(x) = ¥(z) = z; and similarly for u.

As for OMYE and OM{, observe that here we have aef = f and Jf = .
Thus

(a) dalef(y)l =0f(y) =~(y) =y.
Moreover, in each of these semigroups we have
V6 = (Ya).
Thus
(b) (9a)*[ef(y)] = vévlef(y)] = vfelef(y)] = 16v(y) = vé(y) = I(y) = 2.
Then da(y) = 2z and consequently
(c) da(z) = (Ya)?(y) = v67(y) = 2.

We deduce from (a) and (c) that ef(y) # z.
Since also
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(d) (Fo)*(u) = y6y(u) = v8(u) = I(u) = u,
we see from (b) and (d) that ef(y) # u.

It is clear from the above observations that for MY, ML, OM¢ we have

X = {6(x),y, z,u,v,ef(y)}.

Since this contradicts Theorem 6, we conclude that T does not contain copies
of the three derived Rees matrix semigroups M, OMS, OMY.

(2) OMs.
As for OMg, here we have Im o« = Im ad 2 {ab(z), ad(2),ad(u)}. But ad =
ad, so ab(z) = a(y). Also, in OMg we have
676 = (ab)?.

Hence 6(z) = 69(z) = 676(z) = (ab)?*(2) € Im a and so ad(z) = 6(z).
Likewise, we have abé(u) = §(u). Consequently, Im a 2 {a(y), 6(z),6(u)}.

Consider now the element a(y). First we observe that a(y) # 6(z),6(u).
For example, a(y) = 6(z) gives the contradiction y = y(y) = ya(y) = v6(z) =
¥(z) = z. Since |Im a| = |Im | = 3 it therefore follows that

Im a = {a(y),6(z),6(u)}.

To show that in this case a(y) is the missing element x of X, we observe
that

(21) aly) # 6().

In fact, if a(y) = 6(x) then we have Im « = Im ¢ which gives the contradiction
(a,6) e R.

(22) aly) #y.

Since y,z € Im ¥ = Im v we have (vf)?(y) = v67(y) = v6(y) = I(y) = z. It
follows from this that vf(y) # y and consequently f(y) # y. Thus, since f is
idempotent, y ¢ Im f =1Im a, so a(y) #y.

(2.3) aly) # z,u.

Clearly, (y,z) ¢ Ker v = Ker o and so «a(y) # a(z). Since « is idempotent
this implies that «(y) # z. Similarly, a(y) # u.
It is clear from the above observations that for Mg we have

X ={6(x),y,z,u,v,a(y)}.

Since this contradicts Theorem 6, we conclude that Ty also does not contain a
copy of 0Ms. u
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Combining the above considerations, we arrive at the following result
which is our main conclusion.

ten derived Rees matriz semigroups if and only if |X| > 7.

The full transformation semigroup Tx contains copies of all

Proof. It suffices to show that 7% contains copies of each of M, OM],
OM{, OMg. The following examples for X = {1,2,3,4,5,6,7} serve this
purpose:
(1156561) (1165561) (1156565) (1166661 )[(1166666)
oMY (1136361) .(1163361) (1136363) 5766662 5966666
.(2246462) (2264462) .(2246464) ( ) ( )
(1136363) (1133663) (1133661) (1166666 )[(1166661)
oM} (1156565) .(1155665) .(1155661) 5266666 5966662
.(2246464) (2244664) (2244662) ( ) ( )
(1156561) (1165561) (1166565) (1166661) (1166666)
oM (1136361) .(1163361) .(1166363) 5766662 5966666
.(2246462) (2264462) .(2266464) ( ) ( )
(1133366) (1136666) .(1166361) (1166666) (1166661)
OMg (1155566) .(1156666) (1166561) (2266666) (2266662)
(2244466) .(2246666) .(2266462)
| |
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