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Abstract
The Zakharov-Rubenchik system

i0rB 4+ wixxB — k(u — 5p + q|B]*)B =0
€drp + Ox (u — vp) = —kdx|B|?
eOru + Ox (Bp — vu) = Lvox|BJ?

appears in the context of Alfvén waves propagating in a magnetized plasma. This
system “contains” the well-known Zakharov Equation and the Benney Equation for
the interaction of high and low frequency waves. We prove the pointwise convergence
of the magnetic field B to a solution of the Nonlinear Schrédinger Equation, in the
adiabatic limit € — 0.
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1 Introduction

In the presence of an external magnetic field, transverse oscillations of the magnetic
field lines known as Alfvén waves can be observed in several magnetized plasmas. The
dynamics of Alfvén waves are ruled by the so-called Magneto-Hydro-Dynamics Equa-
tions (MHD). By a multi-scale analysis and considering variations of the fields exclu-
sively in the direction of propagation (0x), Champeaux &al ([1]) derived from the MHD
equations the following system for the evolution of wave trains of Alfvén waves with
wave number k and frequency w, in a frame travelling at the Alfvén-wave group velocity
v =20k (K + %)

z@TB + waxxB — k(u — %’Up)B =0
edrp + Ox (U — vp) = 0 (1)

edril + Ox (57 — vii + 1| BJ?) = 0.
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Here, B = B, + 1B, denotes the transverse component of the magnetic field, p the density
of mass, u the fluid speed in the direction of propagation, # > 0 the squared ratio of the
sonic to the Alfvén speed and

w3 1 k2
C(.) == T ~—a 1 av T 47,\, .
2(w? + k?) \ k2 (k% 4+ ©2)?

The “slow” variables (X, T) are given by the scaling X = ¢(z — vt) and T = €*t, where ¢
is a small parameter. Here, the wave number £ (assumed positive) and the frequency @
are related by the dispersion relation

D=k Eo 1 2
WEE\ g T2 AR, |

where R; is the non-dimensional ion-cyclotron frequency, oy = 1 (right/left-hand circu-
larly polarization) and o9 = £1 (forward/backward propagation).

This system becomes resonant when 3 = v
resonance, by setting

As mentioned in [1], far from this

L e (L P R et L
system (1) can be transformed into the Zakharov-Rubenchik system
i0rB +wixxB —k(u—3%p+¢q|B*)B=0 (a)
edrp + Ox(u —vp) = —kdx|B|? (b) (2)

eOru + Ox (Bp — vu) = Svdx|BJ*. (c)

This system was introduced in [13] as a model for the interaction of high and low
frequency waves. In [7], we proved that the Cauchy problem associated to (2) is globally
well-posed for initial data (B,, p,,u,) in H*(R) x H'(R) x H'(R) and showed that for
e > 0 small enough, (2) possesses solitary wave solutions which are orbitally stable. In
8], a study of the local well-posedness of a multi-dimensional version of (2) is made.

In the present report we are concerned with the following problem: by making e tend
to 0 (the so-called adiabatic limit), we get formally from (2—b,¢) that p and u become
slaved to the magnetic field amplitude through

kv kﬂ—UQ/Z

p= gy Bl and u= kB
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Replacing in (2—a), we find that the magnetic field B satisfies the cubic Nonlinear
Schrodinger equation (NLS)

kv
4(8 —v?)

Here, we will justify rigourously this approximation: in the case where the conditions

Z@TB + waxxB + ‘B|QB = 0. (3)

©<0, B—v*>0andw>0 (4)
hold, we prove the pointwise convergence of the solutions B of (2) to the solution B of
(3).

Before stating more precisely our main theorem, we give a few notations:
For all p € [1;+o0[, we introduce the usual L? spaces

Lp(R):{f Wl = ([ e <+oo}.

We set A = (1 —82)2, ie., for all G(z) = (g1(2), ..., gn(x)), where g; is a tempered
distribution,

FAG)E) = ((1+E2F(@)(E), .., (1 + €2 F(3,)(0))
F denoting the Fourier transform.

For s € R, we introduce the Sobolev spaces H*(R) = {f; ||f]|? = |[ASf]]3. < oo},
and, setting C2°(R) the space of smooth functions with compact support, we denote the
local Sobolev spaces by

Hipo(R) ={f; V0 € C(R) , 0f € H*(R)}.
Finally, we denote by [A®, F] the commutator given by
[A°, F|G = N°(FG) — FN°(G),

where G = (g1(x),...,gn(2)) and F = (f; j(x)) is a n-square matrix.

We will prove the following result:
Theorem 1.1 Assume conditions (4) hold. Let s > 1, 0<e<1 and

(Bos poy uo) € HH(R) x H*(R) x H*(R) (5)

satisfying the compatibility conditions

Uy — Vpo = —k|Bo|* and Bp, — vu, = k%\BO\Q. (6)
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Then there exists T > 0 independent of € such that the Zakharov-Rubenchik system (2)
with initial data (5) possesses a unique solution

(B, p,ul)) € C([0;T); H*T'%(R) x H*J(R) x H*/(R)), j=0,1.
Moreover, the following pointwise convergence holds:
BY — Bin C'7([0;T];CY), (7)

where B € CI([0;T]; H'=%7) s the solution of the NLS equation (3) for initial data
B(0,z) = B,(x).

Furthermore,
u® —vpl 4 k|BO? -0 and Bp'9 —vuld — kg\B(e)F — 0 in Gy([0;T] x R). (8)

We will deal with the system
iBy + Byp +adB +eftyB +c|B*B=0 (a)

€2¢tt + dedry — Gpw = _a|B‘§x (b) 9)

ety + ety = f| B3, (c)

where a,c,d, e, f are real constants. Indeed, the Zakharov-Rubenchik system (2) can
be put in this form through linear transformations and space-time rescaling (see the
Appendix), provided that conditions (4) hold. Hence we will prove the counterpart of
Theorem 1.1 for system (9):

Theorem 1.2 Let s > % and 0 <e< 1.
Let N
(Bo, Goy Gy o) € HSH(R) x H*(R) x Hsfl(R) x H*(R), (10)

with ¢, = b, 6 € HY(R).
Then there ezists T > 0 independent of € such that the I.V.P. (9) with initial data

B(0,z) = B,(x), ¢(0,2) = ¢o(x), (0,2) =1,(x) and ¢(0,2) = 50(0,1’)
possesses a unique solution

(B9, ¢ ) e ¢I([0;T]; HT2(R) x H*(R) x H*(R)), j=0,1.
Furthermore, if ¢, = a|Bo|* and 1, = £’30’27
B — B in C*([0;T): i),
where B € C9([0; T]; HSH-2%(R)) is the solution to the NLS equation
iBy 4 By + (a* + f2+¢)|BI’B =0
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for initial data B(0,x) = B,(x).
Also,

¢ —alB> -0 and 9 — in<6>]2 — 0 in Cy([0;T] x R).
e

Note that system (9) contains several well-known models:
On one hand, if a = =1, c =d =e = f = 0 and ¢ = 0, one gets the well-known
Zakharov system ([12]):
1By + By — ¢B =0
(11)
€ou — (¢ + |BI*)aw = 0.

A result similar to Theorem 1.1 is obtained in [9] for this special case. In [3], the authors
prove that for small initial data (B,, ¢,, @,), the adiabatic limit of (11) is uniform in e.

On the other hand, taking ¢ =0 and a = 0, (9) becomes the Benney Equation

iBy + Byy + eftyB + ¢|B|*B =0
(12)
€¢t + 67% = f‘B’ia

which has been extensively studied by many authors: see for instance [6], [10] and [11] for
the well-posedness and [5] for a study of the stability of the solitary wave type solutions in
the case where ¢ = 0. To the best of our knowledge, there is no reference in the literature
to the adiabatic limit of the Benney equation.

The rest of this paper is organized as follows: in Section 2 we show that (9) can be
put in the form of a quasilinear symmetric hyperbolic system. This will allow us to use
the general Friedrich’s theory for symmetric hyperbolic systems and derive in section 3
via a fixed-point technique a life span T" independent of €. In section 4, we complete the
proof of Theorem 1.2 and finally, in the Appendix, we explain why Theorem 1.2 implies
Theorem 1.1.

2 Obtaining a perturbed hyperbolic system

We show here that an hyperbolic system can be obtained from (9). The strategy is to
treat the problem of the adiabatic limit of the Zakharov-Rubenchik system in the frame
of the pioneer work of S. Klainerman and A. Majda ([4]) for the limiting behaviour of
quasilinear hyperbolic systems as certain coeficients become infinite. A similar method
was also introduced in [9].

We start from a solution (B, ¢, 1), corresponding to initial data given by (10), and set
F:¢—Q|B‘2, G:—6¢+f‘B|2, (13)
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and
Vx = —€¢t. (14)
Note that, from (9-b),
a, o 1 d
(¢r) = [—6—2\B|$ + 50— Ecbt]x,
and ¢4(0,.) = b, = 0., hence ¢, is an z-derivative for all times.
From (9):
d 1
Vt—i——Vgc%—EFx =0. (15)
€
Differentiating (13) with respect to t,
1
Ft+ZVx+a\B]f =0 (16)
and .
Gt+EG$—f|B\§=0. (17)
From (9-a),
iB; + Byy + (aF — fG + (a* + f* + ¢)|B|*) B = 0. (18)

We now set
V2B = a +if8 and V2B, = 7 + id.

From (18),
at+ﬂ(aF—fG+%(a2+f2+c)(a2+ﬁ2)) = —Baz, (19)
ﬁt—oz(aF—fG—l—%(a2+f2+c)(oz2+52)) = Olgp. (20)

Differentiating (18) with respect to x:

iByt + Byex + (aF — fG + (a* + >+ ¢)|B|*) B,
+ (aF, — fGy + (> + f*+ ¢)(BB, + B,B))B =0. (21)

Taking the real and the imaginary part,

Y+ (aF — fG+ 1(oz2 + 2+ o) (a® + B))o
2
+ (aF, — fGy+ (a® + f2+ &) (ay + B0))B = —6ps, (22)

6 — (aF — fG + 1(cﬂ + 24+ o)+ %)y
2
— (aF, — fG, + (a2 + 2 4 o)(ay+ B))a = Yup. (23)
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Multiplying (18) by B and taking the imaginary part yields
B = (BB.. — B.B) = By — ai. (24)
Replacing in (16) and (17):
Fy+ =V, ol — ad,) =, (25)

and .
Gy + EGx — f(By: — ady) = 0. (26)

Finally, setting Y = (V, F,G,«, 3,7,0), from (15),(19),(20),(22),(23),(25) and (26), we
obtain the perturbed quasilinear hyperbolic system

1
Y, + (—M + N(Y)) Y, + R(Y) + AY,, =0, (27)
€
where
d 100000 O 0 0 00 0 0
1000000 00 0 00 af -—aa
00e 0000 0 0 0 00 —f3 fa
M=l000000O0]|] ,N)=]0 0 0 00 0 0
0000000 o 0 0 00 0 0
0000000 0 af —f3 00 0 0
0000000 0 —aa fa 00 0 0

are symmetric matrixes,

0000 OO0 O
0000 OO0 O
0000 OO0 O
A=10000 1 0 O
000 -100 0
0000 OO0 1
0000 O0-120

is antisymmetric, and the nonlinear part R(Y') reads
0
0
0

R(Y)=| B(aF — fG+ 3(a*+ f*>+¢)(a® + (7))
—a(aF — fG+ 3(a® + f* +c)(® + 7))

(aF — fG+ 3(a® + f2 4+ o) (@ + )6 + (a® + f2 + ¢)(ay + 86) 3
—(aF — fG+ 3(a® + f2 + o) (a® + 62)y — (a® + f2 + ) (ay + Bd)a
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3 Uniform estimates

In this section, we prove the following result for the system (27):
Lemma 3.1 Let s > %, 0<e<1and
Y, = (Vs Fon Gor s 70 00) € H'(R)'. (28)
There exists a life-span T > 0 independent of € such that the I.V.P. (27) with initial data
(28) possesses a unique solution Y€ € CI([0; T); H*=%(R)7).
Furthermore, for all t < T, ||[Y(t)||s < C(T), where C(T) is a positive constant
independent of €.

We begin by considering, for a fixed function W, the linear equation
1
Y, + (—M + N(W)) Y, + AY,, =0, (29)
€

where M, N(W) and A were computed in Section 2. The solutions to (29) are given by
the following lemma:

Lemma 3.2 Let s > 3 and W € C(R,H*(R)"). There exists an evolution family
{U(t,7)}izr>0 acting on H*(R)T:

Ult,7): H(R)" — H*R)’
S — Ut,7)f

which generates the solution Y (z,t) = U(t,7)f € C(Ry, H*(R)") N CY R, H*2(R)") of
the I.V.P. (29) for initial data Y (z,7) = f(x).

Moreover, for 0 <7 <t <T and for every f € H*(R)",

U (L, 7)f|s < e“T s Posisr W@l

fllss  t€[0;T7, (30)
where C' s a positive constant independent of €.
Proof of Lemma 3.2:

We derive here an a priori energy estimate. Applying A® to (29) and taking the inner
product with A®*Y yields

(A*Y;, A°Y) + %<MASY$, ASY) + (AS(N(W(£)Y,), A°Y) + (AN*Ye, A°Y) = 0. (31)

Since M is a symmetric constant matrix, (MA®*Y,, A*Y) = S (MA®Y,A®Y),.

Moreover,

[N

(A (N(W(1))Ya), A°Y) = (N(W (1)) A°Ya, A°Y) + ([A%, N(W(1))]Ya, A°Y).
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Since N(W(t)) is symmetric,

(NOW()AY, A°Y) = SN (D)AY,AY ), — S(N(V(1).AY, AY),

Also, integrating (31) over R :

SNV = 5 [N OLAY AV de — [0V 2 )

+ /([AS,N(W(t))]Yx,ASY)da:

< INOVOLILIAYE = [ ANV, AYo)ds
+ A% NOW@O)Yol 22 [ A°Y ]| 2
Since A is antisymmetric, /(AASY,JB, A°Y,)dz = 0.
Furthermore, ||[A*, N(W (£))]Vz|r2 < [[N(W(t))||s]|Yzlls—1, and since s—1%, by the Sobolev
injection H*~1(R) — L>(R),
INW()zlloo < CINWV(@))alls—1 < CINWV(@))][s-

Finally, since s > 2, H*(R) is an algebra: for f,g € H*, fg € H* and || fg|ls < C||f|lslg]ls-

Hence, since N is quadratic in W, ||[N(W (¢))]|s < C||[W(t)||?, Therefore, we obtain the a
priori estimate

%HY@)H2 <COIY @IS, where C(t) = C[W(t)] (32)

It is well-known from the general theory of semigroups for non-autonomous linear equa-
tions that (32) implies the existence of an evolution family {U(¢, 7)}+>,>0 as described in
Lemma 3.2 (see for instance [2]. |

Proof of Lemma 3.1:
For Y, € H*, s > 3 and T > 0 we consider the Banach space X(T') = C([0;T]; H*(R"))
endowed with the norm ||W||x = supg<;<r [|W(%)||s and

B(T) = {W € X ; |[W]|x < 2K},

where K is such that ||Y,]|s < K.
Moreover, we consider the map

v E(T) — C([0;T), H¥(RT))
W — U(t,O)Yo—i-/ U(t,7)R(W (7))dr,
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We claim that for 7" small enough, W is a contraction of the X-ball E(T).
Indeed, for all t < T,

W @E)ls < U 0)Yols + /Ot 1T, T)R(W (s))]|sdls.

By (30), [|U(t,0)Y, s < eCTIWIk Y|, < KelCTK?,

Also,
t T )
[ e nrevEldr < [ ROV () s
0 0
< T sy [ROV()|
0<r<T
< CTEC (WIR + (W + W)
Finally,

1w (W)||x < 9T (K + TC(K? + K* + K*)) < 2K

for T" small enough.
By the exact same computations, one can easily prove that U is a contraction of E(T).

Hence, there exists a unique fixed point Y € L>([0,T]; H*(R)") of ¥:
t
Vt € [0;T], Y(t) =U(t,0)Y, +/ t, T)R(Y (7))dr. (33)
0

Now, observing that the right-hand-side of (33) is in C([0; T]; H*(R)")NC*([0; T]; H*2(R)"),
we get the announced regularity

Y € C([0;T], H*(R)") n CH([0; T], H**(R)")
and Y solves the I.V.P. (27) for initial data Y, in the time interval [0; 7). |

By transposing this result for equation (9), we get the first part of Theorem 1.2:

Proposition 3.3 Let s > % and 0 < e < 1.
Let

(Bo, G0, Gor ) € HH(R) x H*(R) x H*~'(R) x H*(R), (34)
with ¢ = 6,, 6 € H*(R).
Then there exists a life-span T > 0 independent of € such that the I.V.P. (9) with initial
data (34) possesses a unique solution

(BY,¢19,4 ) € CU([0: T); H** ¥ (R) x H*/(R) x H*I(R), je{0;1}.  (35)
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Proof:
For initial data (34) we set

Y; = (‘/oa Fo> Goa Qp, ﬂm Yo, 60)

_(_ pe s L 1 1 L
.—( 0,60~ |Bul% ~et + J\B, s Re(Bu), s Im(Bu), = Re(Br), ﬂfmwox)).

Note that Y, depends on € but ||Y,]|; is estimated independently of ¢ when this parameter
is small: there exists K > 0 depending exclusively on the initial data (34) such that
IYolls < K.

We consider the solution Y = (V, F, G, «, 3,7, 9) of (27). We set

1 :
B = ﬁ(ajtzﬁ).

After differentiating (19) and (20) with respect to z, we obtain from these equation
and from (22), (23) an evolution equation for 2(t) = (o, — ) + (5, — ). Multiplying by
z(t) and integrating, we obtain an energy estimate which yields

Iz(®)]l2 < C(T)|[2(0)]] 2

Since 2(0) = 0, we get B, = —5(y +140). Setting ¢ := F' + a|B|* and 1) := LB - 1aG, it
is straightforward that (B, ¢, ) satisfies (9) with the adequate initial data. |

4 Proof of the Main Theorem

Let s > %
Let (B, ¢© ) € C([0;T]; H*(R) x H*(R) x H*(R)) the solution of (9) corre-
sponding to initial data (34) such that

¢, = a|B,|* and v, = g]BOF. (36)

Let B € C'([0;T); HtY(R) the solution of the Cubic Nonlinear Schrédinger Equation
iBy 4 By + (a* + f2+¢)|BI’B =0 (37)
for initial data B(0,z) = B,(x).
We finish here the proof of Theorem 1.2 by showing that
B — B in C'7([0;T],C¥) (38)

and
¢\ —a|BY? -0 and — ey + fIBY -0 in O([0;T] x R). (39)

Once again we will use the new variables:
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Proposition 4.1 Let s > % and
YO = (FO VO GO o 3O 46 §0) ¢ C([0;T]; H¥(R)7)
the solution of (27) given by Lemma 3.1, with F, = G, = 0.
Then
FO =0, G9—=0 inC([0;T] xR)

and

(a9,89,419,6€) — (&, 8,4,0) in C*([0;T],Ci1), j € {0, 1},
where (&,B,@, 5) satisfies 4 = g, 0 = B, and
Ay + %B(QQ + 24024 52) = —fu
(40)
By —sa(a® + f2+ ) (&P + 3% = G
Proof:

We differentiate (27) with respect to ¢. Since Yt(e) € H%(R) and s —2 > 2, we obtain
exacly by the energy method used in Section 2 that for all t < T,

1V, 9(t,€)|ls—2 < C, C independent of e.

Note that the condition F, = G, = 0, is used to get, at t = 0, ¥,?(0) = Y;(0)
independent of e.
From (16), we get that for all t < T, H%Va;(e)(t)Hs,g < C, and yet, by (15),

I (0]l < Ce.
By the Gagliardo-Nirenberg inequality,
IFO @) < CIDEFOD[NFO @)1, (41)
provided that \ = ﬁ Taking \ = 2(;

s—1)’

1

_1 [
IFOW) I < CID T FOIT T OBl ™7 < Cem,

Hence
F =0 in C([0;T] x R).

Also, from (17),
1
e wlhe <

and by the same computations

G =0 in C([0;T] x R).
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Since Q. = (a9, 3, 49 §©) is bounded in C([0; T); H*) N C([0; T]; H*~2), any subse-
quence of €2, has a subsequence (still denoted (2.) such that

Q. — (&,3,3,5) weak® in L>°([0; T]; H®),
Q. — 04(a, 3,4,0) weak* in L=([0;T]; H*~?),
and, by the Lions-Aubin compacity lemma,

Qe — (&,0,4,9) in C([(0;T], Hp,."), §>0. (42)

loc

By, (19), (20), (22) and (23), (af), t(e), %(6), 5t(6)) converges to some limit in C'([0; T, Hfof_‘s),
therefore R X
(05156)7 ﬁt(6)> P)/t(e)a 51,56)) - (dt7 ﬁb ’?t; 5t> il’l C([Oa T]> Hs_2_5)'

loc

Hence,
G+ 38(a% + f2+ ) (62 + 52) + B = 0
By — La(a® + 2+ ) (62 + %) — e = 0

Ao+ L@+ 2+ ) (G2 + 620 + (a® + f2 + ¢)(ay + B) + 0y = 0

O — 2(a® + 2+ ) (@ + 87 — (& + f2 + ) (G + 30)& — Fpe = 0.

\

This system possesses a unique solution in the functional space considered (this can be
obtained by a simple energy estimate), yet the limit (42) takes place without the need of
taking a subsequence. Finally, by the Sobolev imbedding

I fllex = CIIf]

provided that s > k + %, the convergence (a9, 3 ~(9) §)) — (4, 8,4, 5) takes place in
V-3 ([0; T, C%).

Hs

The end of the proof of Theorem 1.2 is straightforward, one only has to consider
Proposition 4.1 with respect to the variables (B, ¢, ). |

5 Appendix

We show in this Appendix that for @ < 0, 8 —v? > 0 and w > 0,the Zakharov-
Rubenchik system (2) can be put in the form

iB; + Byy + adB + efyyB + c|B?B =0 (a)
E b + depry — Puw = _a‘Bﬁx (b) (43)

€¢t+e¢ax:f‘B|i (c),
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where a, c,d, e, f are real constants.
Note that for © < 0, the group speed v = 203k~ (k? + ©?)~! is negative: this correponds
to backward propagation.

Differentiating (2—b, ¢) in respect to T,

1
62PTT — 2veprx + (U2 - 5)PXX = _kG‘B&'T + §kU‘B|§(X (44)

and
02

eury — 2veurx + (v* — Bluxx = ekv\BIXT + k(8 = ) Blxx- (45)

From equation (44) and (45), setting

o=u+sp,
- - 02
Eorr — 2veprx + (0¥ — B)dxx = k(B — )\B’XX (46)
Also, setting 1; = v/Bp + u, equations (2-b),(2-c) yields
ebr + (v/B = v)ix = —k(v/B - 5)|Bl. (47)
Finally, since u = \/Bl— - and p= \/Bl— %(—QNH— V),

(note that v = 23k~ (k? + @2)_10 hence v/ — % # 0) we get the equivalent system:

(f+ G- vl +qBE)B=0 (a)

- - 02
| e — 2vedrx + (07 = B)dxx = K3 — ) Blix w W
| O+ (VB = 0)ix = —k(VB - 5)IBl (©.
. . . t
Now, rescaling the space and time variables: T = 5 Lj = X = 5:6_ - (48) yields
iﬁfUQBtJrﬁfUQBm \F (\f+ —w+q\312>320
we ~ ﬁ —
(ﬁ _ )2¢tt - \/_7@25 d)a:a: = 6 _ 42 ‘B|i$ (49)
o lor YT i 417
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w

Setting a 1= m and € = e,
iByt Bup e — ((\ffwr 26— vi + q\312> B=0
a(vB-3) 2
¢ tht —2— 5 € ¢t:c ¢a:a: = kﬁ v2 |B‘a:a: (50)
\/ﬂ p—
\/B — U = \/B 2
t T B
Finally, setting ¢ := A_a and ¢ := A—J,
1
€ ¢tt -2 6l¢tm ¢xx k 6 _ % |B 2 (51)
— 0?2 Al(B =)
/ \/B_’U . \/B_ % 2
\ €¢t + \/m¢$ A2m|‘8‘$
Choosing Alzﬁ\/ﬁ_% and AQZ\/B_% w(\/ﬁ—v)’
B —v? B —v? —v

we get the announced result, with

k —qk
&:——(\/B—Fg),C:aiqv d:—2 Y

VoVl VB3 NCET
g w

It now becomes clear that Theorem 1.2 implies Theorem 1.1: for a given (B,, po, u,),
the conclusions in Theorem 1.1 are obtained by setting

bo(T) := A—l(uo(X)+gpo(X)) and 1, (x) : \[Po )+ uo(X))

in Theorem 1.2.For the third initial data ¢;(0,x) = ¢O(a:) = ¢:(0, x), we choose

= & (o1 = (90, = v+ §HIBF = (10 = vp)]) =0

(i.e. 6:=0 ) in view of (6).
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