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ABSTRACT. The action of Sl(r, k[[z]]) on the Sato Grassmannian
is studied. Following ideas similar to those of GIT and to those
used in the study of vector bundles, the (semi)stable points are in-
troduced. It is shown that any point admits a Harder-Narasimhan
filtration and that, if it is semistable, it has a Jordan-Hélder fil-
tration. Finally, theses results are compared with the well-known
theory of vector bundles on an algebraic curve.

1. INTRODUCTION

The aim of this paper is to establish relationships between two well-
known constructions of moduli spaces of vector bundles on an algebraic
curve; namely, the one that uses GIT (e.g. [Sel]) and the one that con-
siders pairs of bundles with a trivialization and uses Grassmannians
(e.g. [Mu, AM]). Very naively, the former should be the quotient
of the latter by a certain group action. Under this perspective, one
is naturally led to the study of the action of Sl(r, k[[z]]) on the Sato
Grassmannian. Our paper is a first step in this direction. The dif-
ficulties of this approach come into two flavors: the group is neither
algebraic nor reductive; the Sato Grassmannian is not of finite type.

We begin with the study of SI(r, k) acting on Gr(k((z))®"). Then, in
subsection 3.1 GIT is applied to the action induced on certain natural
finite type subschemes of the Gr(k((z))®") and it yields a numerical
criterion for stability (Theorem 3.5) as well as the behavior of stability
under the natural morphisms (Proposition 3.6).

Subsection 3.2 begins with the definition of (semi)stable points of
Gr(k((2))®") with respect to the action of Sl(r, k) which is motivated
by Proposition 3.6. Then, some computations are needed to establish a
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numerical criterion of (semi)stability, see Theorem 3.12. These results
allow us to offer a natural definition of (semi)stability with respect to
the action of Sl(r, k[[z]]) (Definition 3.13) as well as the corresponding
numerical criterion in terms of the slope, which reminds us the criterion
for the case of vector bundles.

It should be observed that since the points of Gr(k((z))®") are k-
subspaces of k((2))®" and having a notion of (semi)stability, it makes
sense to study filtrations of these subspaces. In particular, we prove in
subsection 3.3 that any point of Gr(k((2))®") admits a unique Harder-
Narasimhan filtration (Theorem 3.29). Similarly, subsection 3.4 deals
with Jordan-Hélder filtrations of semistable objects (see Theorem 3.41).

As an application of our results we focus on the case of vector bundles
on a punctured algebraic curve. It is well known that the Krichever map
allows one to embed the moduli space of pairs of vector bundles with
a formal trivialization {(F,0)} into a Sato Grassmannian. Thus, sec-
tion 4 shows explicitly how the Krichever map transforms (semi)stable
objects, Harder-Narasimhan filtrations and Jordan-Holder filtrations.

Upon finishing this introduction, some comments are in order. Os-
ipov ([O]) has already studied how the (semi)stability of a vector bun-
dle is stated in terms of Sato Grassmannians and has given a definition
similar to ours. However, justification of such a definition was still
pending. Our aim was to provide this justification and relate it to GI'T
as well as possible.

The study of equations defining the set of (semi)stable points as
well as the construction of quotients are two important problems that
deserve further efforts. For the latter, a better and more explicit under-
standing of quotients under unipotent groups will be required. More-
over, it should be recalled that Sato Grassmannians have been exten-
sively used in a variety of problems (e.g. string theory, multicomponent
KP hierarchy, vertex algebras,...). We believe that the interpretation
of (semi)stability in the framework of those theories would be of great
interest.

2. INFINITE GRASSMANNIAN Gr(k((2))®")

2.1. General Theory. In this subsection we summarize some known
results about the infinite Grassmannian. For more details on this sub-
ject readers are referred to [AMP], [P].

We begin with the definition of Gr(V, V) for an arbitrary pair (V, V),
where V' is a linear k-vector space and V, is a fixed k-subspace of
V. We say that a subspace A C V is commensurable with V, when
dimg(A+V4)/(ANV,) < oo and we denote this by A ~ V. The pair
(V, V) is assumed to satisfy

e (| A=(0)

AV



STABILITY ON THE SATO GRASSMANNIAN 3
oV =lim V/A
—
A~V
The infinite Grassmannian Gr(V,V,) (in short Gr(V) if we fix V)

is the k-scheme whose rational points are

k-subspaces W C V such that }

Gr(V) = { dimg V/(Ve + W) < oo, dimy WNVy < oo (2.1)

The index or characteristic of L € Gr(V)

. . Vv
X(L) = dimg (L NVy) — dimg (L n V+>
is locally constant as function of L. If Gr¥(V') denotes the set where
the index takes the value y € Z, then

Gr(V) =[] Gr (V)

XEZ

is the decomposition in connected components.

In particular, if V' is a finite dimensional vector space, the points of
GrX(V) are those subspaces L where dimy L = x + dim(V/V,).

We define the open k-subschemes of Gr(V') for each A ~ V.

Fy={LeCG(V)|LaA=V} |

which define an open covering of Gr(V').

Let us now consider the case V := k((2))9", V. := k[[z]]®", and the
linear topology in V' given by {z™V,|m € Z} as a basis of neighbour-
hoods of (0). We define

(2¢/7,0,0,---,0) , i=0modr
(0,20-D/7 0,---,0), i=1modr

Y

(0,0,---,20=m+0/") = (r — 1) mod r.

so that V is the completion of the space ({e;}i>0)-

We define S, (x € Z) as the set consisting of the strictly increasing
sequences S = {sg, 1, -} C Z such we have an integer i > 0, for
which s,.1 = s, + 1, ¥n > 4, and the index

i(S) == #({s0, 51, } \ Z>0) — #(Z>0 \ {50, 51, })

is equal to y.

For each S € S, we define the subspace A as the closure (w.r.t. the
topology of V') of ({es,, s; € S}). Given S € S, observe that L € F)s if
and only if L& A® =V and dim(A%/ASNV ) —dim(V*T/ASNVT) = y.
It follows that Gr*(V) = |J Fjys and that

SESy

X(L) = x = i(5)
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The Grassmannian Gr(V') carries a canonical line bundle on it; namely,
the determinant bundle, Dety,, which is the determinant of the com-
plex £ — V/V, where L is the universal submodule. Furthermore, the
determinant of the morphism of that complex gives rise to a canoni-
cal global section, Q, of Det}, on the connected component Gr°(V).
Analogously, we can define other global sections of Det], on Gr*(V)
for each A° by replacing V., by A% in the previous construction. The
resulting global section is denoted by €2g.

Thus, the Pliicker morphism

Py: GrX(V) — PQ*
Wi— {Qs(W)}ses,

(Q being the k-subspace of H°(Gr¥(V), Dety,) generated by {Qs}ses,)
is a closed immersion.

2.2. Description in terms of finite Grassmannians. The infinite
Grassmannian is shown to be covered by an ascending chain of open
subschemes U™. Each of these open schemes is an inverse limit of open
sets of finite Grassmannians.
Given m € N, let us consider the finite-dimensional spaces
27"V,

mi= S ({ei}ie—rm rm_1)-
+

and let us denote by Gr(E,,) the finite Grassmannian associated with
the pair (E,,, z,}f—%) and by Gr¥(FE,,) the connected component of index
X, whose rational points are the subspaces with dimension y + rm.

Proposition 2.1. Fiz integers m,x. The map

777LV Z’,TLV 27"LV
(Fm+1mz+1+)+ % %
X AL VA 2m+tly, 2m+tly,
Fry1 — q)m(Ferl) = 2V C 2V ~ En
Zm+1V+ zm+1V+
defines a surjective rational morphism GrX(Ep,41) — — > Gr¥(E,,) whose
domain 1s the open subscheme
Z_mV+ ZmV+
XX . =1{F s.t. F, +——F=F and F, N———=(0
i1 = {Fm1 mi1t oy = B 1N oy 0)}

Proof. The set X, consists of those F, 1 such that
—my/. . . .
e F1® zzm‘*‘—l‘;_;_ — E,,41 1s surjective
zmV. N .
o [, 16 W — E,, 11 is injective

and both conditions are open and non-empty.
Secondly, let us compute the index of ®,,(F,,11)

—m

. z V+
d,.(F,, = dim(F,.; N ——) — =
X( ( +1)) im(Fy 1 zm+1V+> rm
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since Fyi1 N ﬁ = (0) and, thus
. . z_mV+ . Z_mV+
= dim F,,, 11 + dim — dim(F,, 1 + —rm =
+1 Zm LY, (i mA1y, )

= dim 1 —r(m+1) = x(Fp)

because Fy, 1 + % = Epi1.
Finally, in order to see that the morphism is surjective it suffices to

notice that
F = q)m(Fm D <€—rm—7"7 T 7€—rm+1>)
and that F,,®(e_rm_r, -+, €_rmi1) isin X,y forevery F,, € Gr¥(E,,).
O

Remark 2.2. The choice of {e;}icz yields a basis on E,, for all m.
The Pliicker coordinates of a point F,, € GrX(E,,) can be computed
as follows (recall that | := dimy(F,,) = x + rm). Fizing a basis in
E,., for a sequence of indices —rm < i1 < -+ < 4y < rm — 1 and
the complementary sequence —rm < j; < -+ < Jorm—_y < rm — 1, the
Pliicker coordinate p;, ... ;,(Fy,) is equal to the determinant of the matriz
of the natural map

En
<€j17 e 7ej2rm—l>
with respect to the basis chosen in F,, and the basis {e;} in E,,. This
1s usually understood as a minor of the matriz consisting of the coor-
dinates w.r.t. {e;} of a basis of F,,. A straightforward computation
shows that the Pliicker coordinates of Fpy1 and @, (Fp,11) are related
by

F, —

pi1,~~~,il(¢)m(Fm+l)> = p—rm—r,m,—rm—l,i1,~--,il(Fm+1)-

Remark 2.3. Note that the definition of the morphism ®,, only de-
pends on the filtration {z™V, }ez and not on the basis {e;}icz, of V.

Definition 2.4 (property (m)). A point F' € GrX(V) is said to satisfy
the property (m) if FNz"V, = (0) and F+z""V, = V. Observe that
if F' satisfiesproperty (mq) then it satisfies the property (m) for every
m > mg.

Lemma 2.5. It holds that
{F € GrX(V) such that } o U Fos (2.2)
— " )

F satisfies property (m)
Sesy

where S} consists of those sequences S = {sy < s < ...} € 8, such
that {rm,rm+1,---} C S C{—rm,—rm+1,—rm+2,--- }.

Proof. Note that the subspace F' satisfies the property (m) if and only
if FI+ < {eitis—pm >=V and FN < {e;}i>rm >= (0). These two
conditions are satisfied if and only if there exists S € & such that



6 A. C. CASIMIRO, J. M. MUNOZ AND F. J. PLAZA

Fo A® =V and < {e;}ispm >C A% C< {e;}is—rm >. Recalling that
the open subschemes F4 cover Gr*(V), the claim follows. O

We have the following diagram

o [ P
= XX N0 (XX Nt (X)) = XX n o (X)) —= X — GrY(Ep)

XY@ (XY) e XY e GrY ()
XX 22 GrX(E»)
GI‘X(Eg)

(2.3)
where each row is considered as an inverse system. We index the rows
by 0,...,m,m+1,...and the columns by 0,1,...,¢,i+1,... from right
to left. Each square of the diagram is cartesian, so if U,,; denotes the
term of the diagram lying in the m-th row and ¢-th column; it holds
that

Umz’ —

)

GrX(E,,) fori=m
(I);jl(Um,i—l) N XZX = Um,i—l X GrX(E) Xlx fori>m

Theorem 2.6. Let U™ be the inverse limit l&l Ui for the maps ®,,.
>m
There is a canonical bijection

U™ ~ {F € GrX(V)| F satisfies the property (m)}

and, in particular, the open sets U™ define a covering of the infinite
Grassmannian

Gri(V)= | U™ = | lim Up,.

m>0 m>01>m

Proof. Let us give a map from the open set of Gr¥(V') of the points
with the property (mg) to U™. Let F' € Gr¥(V) be such a point. We
define
(FNz"MVy) + 2™V,
ZmV+

Then, for every m > my, the following statements are satisfied

o [rnm € GIY(Ey,)

° m—+1,m—+1 € X7>1<1+1

o (I)m(Fm-‘rl,m—‘rl) - Fm,m
We define F,,; := F;;, for ¢ > m, understood as an element of X}
The last property implies that ®;(F),;+1) = Fy,; for every m > my
and ¢ > m. Therefore, {F,,;}i>m € U™ for every m > my.

Fom = CEn m=mg
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We now construct the inverse map. Let {F, i} ism, € Um Uy -
i>mg
For m > myg, we consider

—-m
z V+
ZZV+

Fo = lim(F,; N
& bl

i>m

) - Z_mV+

where the morphisms of this inverse system are induced by the inclusion

z=movy . . z=mov, z~movy :
Fm07i+1ﬂm — F,,; and by the projection o This
procedure gives us a family of subspaces F,, C 2™V, ,where m > my.
Moreover, since F,, C F,, .1, it makes sense to consider the subspace

F:= U F, of V. It is straightforward to check that F € Gr*(V)

m>mg
and that it satisfies the property (my).

By the very constructions, the two maps given above are the inverse
of each other.

Finally, from the identity (2.1) one has that given F' € Gr*(V) there
exist my, my € N (depending on F') such that FF N 2™V, = 0 and
F 4 z7™V, = V. Taking my = max{m, ms}, one concludes that F'
fulfills the property (mg). Therefore, the open sets U™ cover all of the
GrX(V) O

3. STABILITY FOR THE ACTION OF Sl(r, k[[z]])

3.1. Stability on Gr(E,,) for the action of Sl(r, k). Mumford’s cri-
terion [MF] is applied to the finite Grassmannians Gr(E,,) (E, =
2~™V, /2™V, ) and a numerical criterion of stability is obtained (Theo-
rem 3.5). In Chapter 4.4 of [MF] or in [N] one finds a detailed study of
the stability notion on finite Grassmannians for the action of the group
of automorphisms of the vector space. We adapt those computations
to our case.

Since the group Sl(r, k) is a subgroup of SI(r, k((z2))), it acts naturally
on k((2))®". The subspaces z~ ™V, 2™V, are invariant by this action,
so Sl(r, k) acts naturally on the spaces E,, and on its Grassmannians
Gr(E,,). Moreover, this action lifts to an action on the determinant
bundle, eventually giving rise to a natural linearization. Using the
above mentioned basis of E,,, the group Sl(r, k) can be seen as a sub-
group of Sl(2mr, k) C GI(E,,) by the following immersion

Sl(r, k) — SI(2rm, k)
A 0
0 A
A —
0 A
Let F,, € Gr¥(E,) be a point of the finite Grassmannian, with
characteristic x and dimension ¢ := rm + x. Let (z,,,,...,2),._) be

the coordinates of a basis of F,, w.r.t. the basis {¢;} of E,,. We denote
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by pi,..i,(Fm) the minor of order ¢ x ¢ of the (2rm x g)-matrix (1),
formed by the columns of index —rm <4, < ...i; < rm — 1. These
minors define the Pliicker coordinates of F,,.

Let A(t) be a 1-parameter subgroup of Sl(r, k).
Definition 3.1 ([N], page 104). We shall denote by u(E,, \) the unique
integer p such that the limat %ir% t"\(t)F,, exists and is different from
zero.

Theorem 3.2 (Theorem 4.9 and Proposition 4.11 of [N]). F,, is (semi)stable
for the action of Sl(r, k) if and only if

(gFm, A) (=) > 0, Vg € Sl(r, k) (3.1)
and for every I1-parameter group, \*, of the form
"0
0 tm
A (t) == ] (3.2)
0 "
where n; € 7 satisfyny +no+---+n, =0, 1y >no > -+ >n,, and
some n; is different from zero. We say n = (nqy,...,n,) is admissible
if the n;’s satisfy these relations.

Let 0 := (i1 < 42 < -+ < i,) be the multiindex with —rm <
i1,%2, -+ ,ig < rm — 1. And, for each 7 € {1,---,r}, let o; be the
number of indices 4, (1 < 1 < ¢q) with 4y = (j — 1) (modr), i.e., the
number of indices 7; that correspond to some (0,- -, 2% 0,--- ,0) where

z® is in the j-th entry.
Lemma 3.3. Let g € Sl(r, k) be arbitrary, then

1(gFm, A*) = max { — Zniai : po(9Fy) # 0} (3.3)
i=1
where p,(gF,,) is the Plicker coordinate associated with the columns
with indices o = (i1 < i < -+ < iy).

Proof. This results from the action by the 1-parameter groups A\*, (3.2),
and from the definition given before of p(gF,, A*). O

Let us compute the maximum of the previous Lemma. For every
1 <[ <r, we consider

Vi=k((2) @ @k((2) @ (0) @ -+ @ (0) C k((2))*"

!

l r—l T
Vi=kllz]e--ekl]e 0 e e (0)ck]°

and we define the spaces E' , with 1 <7 <7, as

(2
Em = < lopmy, €r(m—1)s C—rm+1, """ €r(m=1)+1, """

ZMVi
€ rm4(i—1), """ 5 Cr(m—1)+(i—1) > =2 va_f_ C En
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A basis of these spaces is given by the equivalence classes of the vectors
ergpri, with —-m <k <m-—-1landi=0,1,...,[ — 1.

Lemma 3.4. For every g € Sl(r, k) and every 1-parameter group X\* of
the form (3.2), it holds that

r—1

w(gFm, \*) = —qn, + Z dimy,(gF N EL) (i — 1)

=1

Proof. For convenience we shall write the matrices with respect to

{€_rm, "+ ,€rm—_1} with its rows and columns reordered as if we had
chosen

€—rm, Er(—=m4+1), """ 5 Er(m—1),

€rm+1s Er(—m+1)+1, """ 5 Cr(m—1)+15 """

CrmA4-(r—1) Cr(—m4+1)+(r=1)s """ 5 Cr(m—1)+(r—1)

as a basis. With this convention, \* € Sl(2rm, k) is expressed by the
diagonal matrix

"0 . 0
0o e

e
0 o

Let s; := dimy(gF;, N E!) for each i = {1,...,r}. Take a basis
(x!,...2%) of gF,, whose first s; vectors lie in gF;,NE’ and consider the
coordinates (27) of these vectors with respect to the basis of E,, ordered
as above. The ¢ x ¢g-minors of this matrix define the Pliicker coordinates
of gF,,. Due to the choice of the basis, there exists a multi-index
o= (i1 <...<i,) with p,(gF,) # 0 and with s; indices in the family
{=rk}k=—m, m—1, s2 indices in the family {—rk, —rk + 1} m—1,
etc. Hence, for this multi-index the values o; satisfy: o1 +... +0; =
s; (1 < j < r). Moreover, for any other multi-index & such that
g1+ ... +3d; < s; for some 1 < j < r, the (¢ x g)-minor of (z7)
associated with this multi-index would be a determinant of the form:

Po(gF) = det ( Osquzm)

*

* *

with a (s; x (¢ — 3.7_, 3;)) block of 0’s, where there are linearly depen-
dent rows when > ~7_, ; < s;. Thus p;(gF,,) = 0 for such a multi-index
o.

Let us now consider ¢ any multiindex with p;(gF,,) # 0. It holds
that 6; +...4+d; > s, for every j € {1,...,r} (and the equality holds
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for the previously mentioned multi-index o), and hence
=3 gy = = @1+ +7)+ (e — )@+ + ) +
j=1

+ (o1 — )01+ +0p—2) + -+ (ne —ng)og <

< - qny + (nr - nr71>5r71 + (nr72 - nT71)3T72 + o
+ "'+(n2—”1)31:_2”j%‘
j=1

We conclude from (3.3) that

pgFn, X)) = = [dimk(gF, N E},) — dimg(gF, 0 ES)n,
=1
r—1
= —qn, + Y _dimy(gFn N E},) (nis1 —ns) (3.4)
=1
O

Let us study the situation when p(gF,,, \*) is positive (resp. non-
negative). The right hand side of equality (3.4) is a linear function

of n := (ny,---,n,). For admissible n we have n; > 0 and n, < 0.
Let z; := 22 > ( for 1 < ¢ < r — 1. To give an admissible n is
equivalent to giving n, < 0 and xq,--- , 2,1 € —Z, with

120, 0,0 20, 20+ 202+ (r =Dz =7 (3.5)
With these new data,

r—1

p(gFm, AT = =np |q =Y dimg(gF, 0 B}, )

i=1

The right hand side is positive (resp. non-negative) if and only if

r—1
¢ dim(gF,, N E})z; (>) > 0.
i=1
for any z1,--- ,z,_1 € Q satisfying (3.5), i.e, we have a problem of

linear programming. This expression is positive (resp. non-negative) if
and only if it is so in the vertices of the set bounded by the inequalities
(3.5). These points, for each 7 = 1,...,7 — 1, have coordinates z; = %
and z; = 0, Vj # 1. Therefore we obtain:
: 0
1(gFu, A7) (2) > 0 & dimg(gFNEL) (<) < £ o

,
. —1 i q
< dimg(F,Ng 'E) (L) < —
r

for every 1 < i <7 — 1. Thus, we have proved the following
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Theorem 3.5. Let F,, € GrX(E,,). Then, the following conditions are
equivalent
(1) F,, is a (semi)stable point of Gr¥(E,,).
(2) Ydimy(F,NgEL) (<) < 2dimg(F,,), for every g € SI(r, k) and
for every 1 <1 <r—1.
(3) IX(FNgEL) (<) < Ix(F,), for every g € Sl(r, k) and every
1< <r—1.

Proof. For the equivalence of 1. and 2., we use the previously proven
relation in the case of the element g~!. To see the relation with the
characteristics, we simply recall the relation between the characteristic
and the dimension in the case of Grassmannians of finite dimensional
vector spaces. ]

The behavior of the stability under the rational map ®,,, follows from
Proposition 2.1 and Theorem 3.5 and is given by

Proposition 3.6. If F,, € GrX(E,,) is a (semi)stable point for the
action of SI(r, k), then any F,.1 € ®,(F,,) is (semi)stable for the
same action.

3.2. Stability on Gr(k((z))®"). We introduce a notion of (semi)stability
of points of Gr(V') and give a numerical criterion (Theorem 3.12) based
on the case of finite Grassmannians (Theorem 3.5 and Theorem 2.6).
This subsection ends with an intrinsic definition of (semi)stability for
the action of Sl(r, k[[z]]) (Definition 3.13) compatible with GIT that is
analogous to the one given in [O] and equivariant by certain automor-
phisms of Gr(V).

Motivated by Theorem 2.6 and Proposition 3.6 it is natural to define

Definition 3.7. A point F' € Gr(V') is (semi)stable for the action of
SI(r, k) if there exists m € N and i > m such that F,,; € U, C Gr(E;)
is (semi)stable. Here {F,,;} and F are related as described in the proof
of Theorem 2.6.

We denote the set of the stable and semistable points of Gr(V) by
(Gr(V))® and (Gr(V))®*, respectively.

Definition 3.8. Let H' be a I-dimensional k((z))-subspace of V. For
a k-subspace F C H' such that dimy(F N (H' NV,)) < oo we define
X(F) as

. . ! . !
dimy(F NV, N HY) — dlmk(m), if dlmk(m) < 00

—00 , otherwise

X(F,Hl) ::{

Whenever H' is clear from the context, it will be omitted and we shall
simply write x(F).

Note that if a k-subspace F' C V satisfies the condition that x(F, H')
is finite, then F' € Gr(H', V. N H') and x(F, H') coincides with the
characteristic of F' as a point of this Grassmannian.
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Lemma 3.9. Let F' € GrX(V) be a point satisfying the property (my)
and let F,, and {F,,;} be the subspaces corresponding to F' as in the

proof of Theorem 2.6.
For every i > m > my,

(1) X(F) = x(£1n) = X(Fm)-
(2) X(Fm,i) = X(Fm,i N %)

Proof.

(1) From the very definition of the subspaces {F,;} (see the proof
of Theorem 2.6) and from Proposition 2.1, it follows that x (£}, ;)
does not depend either on m or on <.

Recalling that F,,, = (FO2" "V )42"Ve and that F satisfies

z2mVy
property (m) for m > my, one can prove F, ,, N Z,}f—a ~ FNV,
and that 12 T F-‘YV+ and, therefore, x(F) = x(Frnm)-

m,m""zmv
The remaining equality, x(F) = x(Fy,), is deduced from the
exact sequence

()—>FmHFn—>Z_VJr 0 m<n
Al 7
and from the fact that F' = (J F,.
n>m
(2) Using the definitions
V. E;
X(Frny) = dim(F; N ——) — dim —————
2V Fini + 5v;
2=V
Z_mV+ . V+ . VL
R Y A
we compute the difference
Z_mV+ . . Z_mV+
X(Fus) = x(Fs 17555 = =2 4 dim(Fy 4 )

The equality F' 4+ 27"V, = V implies that ), ; + % = F;
and thus the previous expression vanishes.
O

Lemma 3.10. Let F', F,,, and {F,,;} be as in Lemma 3.9. Then, it
holds that

—m

y
X(Fo M g™ V) = X(Fs N Z—E N gEY)
z V+

for every g € SI(r, k), m >mg, i >m and 1 <1 <r—1.
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Proof. Bearing in mind that F,, = FNz "V, ~ F,; N ZWW one has

that

gvi
22V,
Furthermore, note that the kernel of the composite map
Z—mvl gz_zm‘l/-lF
2 gVl — J - + — Vi T
gz V+ (Fm,z M g lel ) + gzlvl

Fin ~ F,NgV} (3.6)

is exactly F}, N z_mgir + gir, thus, one obtains an isomorphism
P
megV_f_ g Zivl+
—m l I Vl
meZ gV++gV+ (szmg zvl )+gzzvl

(3.7)

The result now follows from equations (3.6) and (3.7) since the ex-
plicit expressions of the characteristics are

! 1 2 MgVl
F,Ngz"™V :dim<F N V)—dim
MV 2T 2yl
X(Fm,im 2V, g ZiV_f_ ) = X(Fm,img ZiV_f_ ) =

z_m\/;lL

1% giivz
— dim (Fm N gv+> — dim . 7
& + (Fmﬂ m g le ) + gzzvl

g

Lemma 3.11. Let F be as in Lemma 3.9. For every g € Sl(r, k),
m > my, it holds that

(1) 0 < x(FnN gz_mv—il—) = X(Fms1 N gz_m_lv—il-) <l

(2) x(F gV < x(FnNgz™V15).

(3) x(FNgV!) = nllir(l)o X(Fr N gz=™V1).

Proof.
(1) Since gV, = Vy and g € SI(r, k), then gz=™V! = 2™V, Thus,
F.Ngz""VL=(FNz"V,)Ngz"Vl = Fngz""V]

for every m > mg. The Snake Lemma applied to the commu-
tative diagram

_ o (Fngz—m=1vt)
0—(FNgz""Vi) @ gVl — (Fngzm 1V_£)€BQV_~I_‘>(FTM‘>O
—m—1y/1
0 gzmV1 gzl gz T Vs 0

= ]
gz=mVy
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yields the following long exact sequence
gz_mer
R
FnN gz*mV_f_ + gV_f_
ngmflvi
gz_m_IVi gz—mVE

- F —m—17/1 T (Fngz=—m=1V1)
N gz V+ + 9V+ 97["‘
(Fngz=—mVy)

0—>Fﬂgir—>Fﬂgir—>0—>

— 0.

Computing dimensions we obtain
—m—1y/1
gz—™ ‘l/+
Ve L.
(Fﬂgz*"”*lVi) -
(Fﬁgz*m\/i)

0<x(FnnN gz_mV_lF) — X(Frg1 N gz_m_l‘/fr) = dimy,

(2) The Snake Lemma applied to the following diagram

3 FngV't
0—=(FNgz"™VL) @ gVl —= (FngVh) @ gVL (F%gﬂm&p 0

1

_ 1 g9
gz~ "Vy gV'! gz VT —0

gives rise to the following exact sequence
gz_mer
-
Fn gz_mer + gir
gV
ng gz—mVj_

I I
FngVli+gVi %
+

0—FngVi—-FngVl — 0—

and we conclude by dimension counting.
(3) The two preceding items imply that y(FNgV!) < lim x(F, N

gz="VE). If lim x(F,,Ngz""V]%) = —oo, the statement holds.
If the limit is finite, then we have m’ such that
X(FnNgz V) = x(Fpp Ngz~ ™'V Ym > m/

By the proof of the previous claim, this is equivalent to saying

that l
gV
gz*mVi B ng
(FngVvly l —mY/1
gDy FngVi+gz—mVy

is finite dimensional and does not depend on m. However, this
can happen if and only if it is equal to zero and, by the se-
quence (3.8), one concludes.

g

Let us now give the numerical criterion for an arbitrary point of

Gr(V) with V = k((2))®".
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Theorem 3.12. A point F' € GrX(V') is (semi)stable for the action of
SI(r, k) if and only if for every g € Sl(r, k) and for every 1 <1 <r—1,

TUF NV (2) < Sx(F).

Proof. Definition 3.7 and Lemma 3.10 imply that a point £ € Gr¥(k((z))®")
is (semi)stable if and only if there are m € N and ¢ > m such that

Fn:N Z;:/‘:’“ € Gr(FE;) is (semi)stable. Applying Theorem 3.5 and

Lemma 3.10, one has that it is equivalent to the inequality

TUF N g(="VD) (S) < x(F), ¥g € 8itr. )

forall 1 < <7r—1and for all i > m. The claim now follows from
Lemma 3.11 part 2. U

Note that Sl(r, k[[z]]) acts on V, leaving the subspace V, invariant.
Actually, from [P] we know that this group acts on Gr(V') and that this
action lifts to an action on Detj,. This fact was proved in [O] (Lema 3)
in terms of the analytic space structure of the infinite Grassmannian
([SW, PS]). This group is indeed a subgroup of the restricted linear
group of [SW, PS] or of the bicontinuous linear group of [P].

Finally, we are ready to introduce the notion of (semi)stability for
the group Sl(r, k[[2]])

Definition 3.13. A point F' € GrX(V) is called (semi)stable for the
action of Sl(r, k[[z]]) if T(F) is (semistable) for the action of Sl(r, k)
for all T in the subgroup {T € SI(r, k[[z]]) s.t. T|.,—0 = Id}.

Let us make a remark on the motivation underlying this definition.
The group Sl(r, k[[z]]) is a group that acts on k((2))®", preserving the
filtration {z™ - k[[2]]®" }mez. Hence, it induces actions on each finite
Grassmannian Gr(E,,) that are compatible with the morphisms consid-
ered in subsection 2.2 and such that the pullbacks of the determinant
bundles are again the determinant bundles. Since we are concerned
with actions and (in the future) with quotients, it is natural to impose
that (semi)stability should be a notion on the orbit.

Definition 3.14. The rank of E € Gr¥(V), denoted by r(F), is the

dimension of V' over k((z)) and the slope of E, u(E), is (E) = if((g))

Bearing in mind that SI(r, k[[z]]) is generated by the subgroups Sl(r, k)
and {T" € SI(r, k[[z]]) s.t. T|,—0 = Id} and that it acts transitively on
the set of k((z))-subspaces of V', the numerical criterion of stability
(Theorem 3.12) is generalized in the following form

Theorem 3.15. Let F' € GrX(V'). Then F is (semi)stable for the ac-
tion of SI(r, k[[z]]) if every non-trivial k((z))-subspace H' C V" fulfills
W(FOHY (<) < u(F).
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Remark 3.16. An alternative approach would consist of the study of
the action of the subgroup {T € Sl(r,k[[z]]) s.t. T|,—0 = 1d} instead
of ours which is based on the automorphisms. However, that would
require an explicit geometric invariant theory of unipotent groups since
that subgroup behaves as an inverse limit of unipotent groups.

3.3. Harder-Narasimhan filtration. We prove the existence of a
unique Harder-Narasimhan filtration for each point of the infinite Grass-
mannian (Theorem 3.29). Our view is motivated by the works [Sel]
and [B, Os|, which were carried out for the case of vector bundles on
algebraic curves. Our reference for basic facts on Category theory is

M.

Definition 3.17. We define G to be the category whose objects are
pairs (E, Ef), where Ef is a free k[[z]]-module of finite rank and

E € Gr(Ef @ k((2)), EY)

The set of homomorphisms between two objects, Homg((E, E7 ), (F, Fy")),
is the set formed by the k[[z]]-linear morphisms, T : Ef — Fy with
T(E)CF.

For an object (E, Ey), we define Ey := Ef Q) k((2)). For the
sake of simplicity, we shall refer to this object as E € Gr(Ep) and
the set of homomorphisms Homg((E, Ey ), (F, F,")) will be written as
Homg(E, F'). Similarly, the morphism T'® 1: Ey — Fp induced by
a morphism 7" € Homg(F, F') will be also denoted by T and will be
called the underlying linear map. This abbreviated notation has been
already used in the definition.

Since an object of G is a point of an infinite Grassmannian, we may
consider its rank and slope as those given in Definition 3.14.

Similarly, we point out that Definition 3.13 yields a notion of (semi)stability
for objects of G. Indeed, let E; be as above. Let us fix a k[[z]]-linear iso-
morphism 7" : Ej — k[[2]]®". Then, there is an action of SI(r, k[[2]]) on
Gr(Ey, Ef) (by conjugation by T'). Then, the notion of (semi)stability
may be transported from Gr(k((2))®", k[[z]]®") to Gr(Ey, Ef) via the
isomorphism of schemes

Gr(Ey, Ey) ~ Gr(k((2))*", k[[=]]*")

induced by 7. This notion of (semi)stability does not depend on T
because of Definition 3.13.

Lemma 3.18. Let E, F be objects of G and let T € Homg(FE, F).
Then
(1) Ker TN E € Gr(KerT,Ker T N EJ) together with the natural
morphism i: KerT — Ey is the kernel of T.
(2) F/ImT N F) € Gr(Fy/Im T, Fy /(ImT N Fy")) together with
the natural morphism p: Fy — Fo/ImT is the cokernel of T.
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Proof. Let us prove the first statement. First, let us observe that
Ker(T'|p+) = Ker T'M Ey is a free k[[z]]-module of finite rank and that
KerT = Ker(T|Ear)®k[[ZH k((z)). Thus, we have to check that Ker TNE
belongs to Gr(Ker T', Ker T' N Ey) using (2.1). Since E € Gr(Ey, Ey),
one has that £ N Ej is finite dimensional, and thus, Ker T'N E N Ey

. . . . . KerT .
is finite dimensional too. It remains to prove that Ko TAB +Ker TRET 1

finite dimensional. Consider the commutative diagram

0— (KerTNE)@® (Ker TNE) —>E®EF — B @ 0
0 l 0 KerTNE Ker TﬂEar
0 KerT E() Eo/KEI“T 0

and consider the following piece of the associated long exact sequence

E Ef KerT Ey
n T + +
KerTNE KerTNE, KerT'NE + KerT N E, E+ Ej

The first term is isomorphic to T(E) N T(Ey) and it is finite dimen-
sional because it is contained in F' N Fy" and F € Gr(Fy, F,f). The
third term is finite dimensional since E € Gr(Ejy, EJ). Therefore, the
middle term is finite dimensional, as we wanted.

The inclusion 7: KerT'N E — FE is a morphism in our category
whose underlying linear map is ¢: KerT' — FEj. Let us prove that it
is the kernel of T'; namely, for any object H of G and any morphism
S € Homg(H, E) such that T o S = 0, there exists a morphism @ :
H — KerTNE with S =i0Q.

Since Ker T is the kernel of T in the category of k((z))-vector spaces,
there exists a k((z))-linear map @ : Hy — Ker T such that S =io @
with i: KerT — FEj. It suffices to check that () defines a morphism
of G;ie, Q(H) CKerTNE and Q(H) C KerT N Ef and this is an
easy computation.

For the second claim, note that Im T'N Fy is a free k[[z]]-module such
that Im T = (Im 7' N Fy") @y k((2)) and that, therefore, £y /(Im TN
Fy7) is a free k[[z]]-module such that Fy/ Im T = Ff7 /(Im T N Fy) Q)
k((z)). The rest of the proof can be carried out using ideas similar to
those of the first part. Il

It is easy to prove the following

Lemma 3.19. Let E, F be objects of G and let T € Homg(F, F).
Then
(1) T7Y(F)/KerT € Gr(Ey/Ker T, T~ (F;")/ Ker T) together with
the morphism T: Ey/KerT — Fy is the image of T. It is
isomorphic to the object given by ImT N F € Gr(Im7T,ImT N

Fy) and the morphism i: ImT — Fy (via the isomorphism
T: Ey/KerT — ImT).
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(2) T(E) € Gr(ImT, T(E;)) together with the morphism T': Ey —
ImT is the coimage of T'. It is isomorphic to E/(KerTNE) €
Gr(Ey/Ker T, Ef /(Ker T N Ey)), with the natural morphism
p: Ey — Eo/ KerT.

One checks that the monomorphisms (resp. epimorphisms) of G
are those morphisms whose underlying linear maps are injective (resp.
surjective). Given an object F' € G a subobject of F is a diagram

EHF7

!

E, = F,
where ¢ the natural inclusion, which is a monomorphism.

Lemma 3.20. Let E, F' be objects of G with E a subobject of F'. Then
(F+ Ey)/Ey ~ F/(F N Ey) is an object of G.

Proof. We have that (F' + Ey)/Ey = Cokeri and it belongs to G by
Lemma 3.18. Moreover (F' + Ey)/Ey € Gr(Fy/Ep). O

We give an abelian group structure for each set Homg(E, F'). Let
T,S € Homg(E, F). We define the addition of T" with S as the diagram

EHF7

!

E()*)FO

where T' 4 S is the sum of T" with S seen as underlying maps. It is
immediate to see that G is an additive category w.r.t. this addition
law.

Let us now construct the Harder-Narasimhan filtration.

Definition 3.21. Let E be a fized object of G, we denote by G(E) the
full subcategory of G formed by the subobjects of E.

Lemma 3.22. Let us fit E an object of G and let F' be an object of
G(E). Then, for any objet F of G(E) such that F — F — E and
r(F) = r(F) it holds that u(F) < u(F), and the equality holds if and
only if F = F. Among the objects F as above, the object Fy N E €

Gr(Fy, Fy N EJ) has mazimal slope.

Proof. We have F' € Gr(Fy, Fy\), F € Gr(Fy, ), E € Gr(Eo, Ef). By
hypothesis, we have Fy C Fy C Ey, F C F C E and I C Fy C Ef.
Since the ranks are equal, we conclude that F, = Fy,. We now apply
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the Snake Lemma to the following diagram

_ _ = t
0—~FaFf —Foky —Lat -0
L
0 Fy Fy 0 0
obtaining the long exact sequence
_ F Ff F F
0= FNEf - FNFf - =@ 0 0

FYF F+F  F+ly
From here we have that x(F) = x(F) + dim (% ® %) and, dividing
0

by r(F) = r(F') = dim Fy, we conclude the first part.

Moreover, the object Fy N E € Gr(Fy, Fy N E;) belongs to G(E),
because it is the image of i: F' — E (Lemma 3.19) and it contains F'
as subobject. Bearing in mind that if F' is an object of G(E) satisfying
the hypothesis then it holds that Fy = F,, F C F,N E, FJF C N Ea“
and one concludes from the first part. O

If we have an object F' of the category G(F), the cokernel of i: F' —
Eis Cokeri = (E/FyNE, Ey/Fy, Eq /FoN Ey ), and its image is Im i =
(Fo N E, Fy, Fy N Ef). From now on, we shall say that the quotient
E/F exists if Cokeri is (E/F, Eo/Fy, Ey /F;"). This happens precisely
when Fy N E = F and Fy N Ef = Fyf, ie, Imi = F. Lemma 3.22
proves that E/F exists if and only if F' is maximal among those having
the same rank.

Lemma 3.23. Let F' be an object of G(E) for which E/F exists , then
(1) r(E) =r(F) +r(E/F) and x(E) = x(F) + x(E/F).
(2) If F is different from zero and from E
u(F) < w(E) < p(F) < W(E/F) < wW(E) < u(E/F)
W(F) > u(B) & u(F) > p(E/F) & u(E) > p(E/F)
w(F) = p(E) & p(F) = W(E/F) < W(E) = n(E/F)
Proof.

(1) The equality in the case of the ranks is trivial. For the charac-
teristics we apply its additivity property to the exact sequence
of complexes (written vertically)

OHF@LFJHE@LEO* %@ﬁ 0
0 Fy E, Eq gk((z))r(%)HO

(2) This is an easy computation.
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Theorem 3.24. Let E be an object of G. Then E is (semi)stable for
the action of Sl(r,k[[z]]) if and only if any proper subobject F of E
satisfies u(F) (<) < p(E).

Proof. Note that the group Sl(r, k[[z]]) acts on Ob(G) and that it pre-
serves (semi)stability. Therefore, it suffices to prove the claim for the
case Ef = k[[2]]®". Let E € Gr(k((2))®", k[[2]]®") be semistable and
let F' be a proper subobject. By Lemma 3.22 and the stability of £
(see Theorem 3.15), we have u(F) < u(Fo N E) (<) < p(E).
Conversely, let us assume that p(F) (<) < wp(E) holds for every
subobject F of E. Let H' C k((2))®" be an arbitrary k((z))-subspace.
If ENH' ¢ Gr(H', H'NV,), then u(ENH') = —0c0 < u(E). Moreover,
if ENH' € Gr(H', H'NV,), then it is a suboject of E and one concludes
by the definition of (semi)stability. O

Lemma 3.25. Let G € G(E) be a subobject such that E/G exists.
Let F € Gr(Fy, FyY) be in G(E/G) and let 7 be the natural projection
E— E/G.

It holds that 7= (Fo) N E € G(E). Further, if (E/G)/F exists, then
7 Y Fy) NE=7"YF)NE and the quotient E/(x~'(F) N E) exists.

Proof. In order to prove that 7—!(F,)NE is an object of G(E) it suffices
to check that 7= 1(Fy) N E € Gr(r ' (Fy), 7 '(Fy) N Ey ) using expres-
sion (2.1). The subspace 7~ *(Fy)NENEy is finite dimensional because
it is contained in £ N Ej and E € Gr(Ey, Ey).

It remains to check that 7= (Fy) /(7 1 (Fo) N E + 7~ (Fy) N EY) is of
finite dimension. Consider the surjective map induced by 7

7T_1(F0) FO
_>
Y ER)NE+7n Y ) NES, FRNE/G+FRNEf/GE

The image has finite dimension because Fy N E/G is an object of
G(E/G). The kernel, on the other hand, is

(7T71(F0) N E) + (Wﬁl(F()) N ES_) + G()
(7=Y(Fy) N E) + (7= 1(Fy) N EY)

which is a quotient of Go/G+G{, because G = GoyNE C (77 Y(Fy)NE)
and G§ = GoN Ej C (7 Y(F;") N Ef). We conclude that the kernel
and image have finite dimension, and hence 7= 1(Fy) /(7 }(Fo) N E +
7Y (Fy) N Ey) has finite dimension too.

Let us prove the second claim. Observe that if (£/G)/F exists, then
F = FyNE/G. Furthermore, 7~ (F)NE = 7~ *(Fy) N E is of the form
HyN E and the quotient E/(7~'(F) N E) exists. O

Definition 3.26. For E # 0, we denote by pu,(E) the mazimum
among the slopes of the non-zero objects of G(E).
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By G(um(E)) we denote the set of objects, F, of G(E) such that
F =0 oru(F) = pun(E). Forthese objects, since they are of mazimum
slope, the quotient E/F' exists.

Lemma 3.27. Let E be an object of G with E # 0. The following
properties hold

(1)
(2)

(3)

(4)
(5)
(6)

(7)

Proof.

tm (E) is a rational number.
Let G be an object of G(pum(E)) with r(G) < r(E) mazimal.
Then

pm(E/G) 2 pim (E) (3:8)
There is a unique maximal object in G(puy,(E)) with respect to
the inclusions, G(FE).
E/G(F) is an object of G.
G(FE) is semistable.

Let F be a non-zero semistable object of G(E) such that the
quotient E/F exists. We then have

F=G(E) & pm(E/F) < pim(E)
Let F' be a semistable object of G. Then

Homg(F, E) = 0 if p(F) > pim(E)
Homg(F, E) = Homg(F, G(E)) if u(F) = pim(E).

(1) Note that E has proper subobjects and therefore the set
of rational numbers

{uw(F) = );((g)) st. FeG(F)and F # (0)}

is upper bounded. Thus, it does have a supremum. This
supremum is achieved because the set of ranks {r(F)}reg(m) is
finite.
Let F be an arbitrary non-zero object of G(u,(E/G)). Let
7: Ey — Ey/Gy be the natural projection. Lemma 3.22 states
that F' = Fy N E/G and Lemma 3.25 that F = 7 }(F) N
E = 77Y(F,) N E is an object of G(E). Since G has maximal
slope, it follows that u(F) < u(G) = pn(E). If the equality
holds, we would have that I is an object of G(un(E)) with
r(F) = dimyz)) Fy+ dimy(z)) Go > 7(G). However, this is not
possible because (@) is maximal in G(u,(E)). Accordingly,
we conclude that u(F) < u(G). Applying Lemma 3.23 part 2,
to F and G (observe that the quotient exists and F/G = F), we
conclude that pu(F) < u(G) for all F, hence pi,,(E/G) < pim(E).
If 7(E) = 1, then Lemma 3.22 implies that E is itself the max-
imum. Let us now assume that r(F) > 1. Let G be an object
in G(pm(F)) with r(G) maximal. Since it has maximal slope,

we have that G = GoNE, G = GoN E{ and that the quotient
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(4)
(5)

(6)
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E/G exists. If 7(G) = r(E), then By = Gy, G = E, G = Ef
from Lemma 3.22. Thus, the maximum is F.

It remains to study the situation 1 < r(G) < r(F). If this is the
case, then E/G exists and does not vanish. Let us now prove
that G is the maximum. Let F be an object of G(u,(E)). By
Lemma 3.19, we have that w(F) is an object of G(E/G). If
7(F) does not vanish, the inequality of part 2. yields

1(F) = pm(E) > pm(E/G) > p(n(F)) = p(F/Kerm N F)

The space Kerm N F' exists as object in G(F') because is the
kernel of the morphism F' = E/G. Then, Lemma 3.23 part
2. implies that u(Kerm N F) > p(F) = w,(E), which is not
possible since Ker m N F' is also a subobject of . We conclude
that 7(F) = (0) and hence F' C G.

We have proved that G has maximum slope, and hence the
quotient /G exists.

Let F' be a subobject of G(E). Since F' is also a subobject of
E, one has that u(G(E)) = pum(E) > u(H), and the conclusion
follows from Theorem 3.24.

If £ # 0, formula (3.8) tells us that w,(E/F) < pn,(E) for
F = G(E). Conversely, let F' be a non-zero semistable object
of G(F) such that u,,(E/F) < pm(E). Let us consider the map
G(E) — E — E/F and observe that u(G(F)) = pun(E) >
pm(E/F). Thus, with arguments analogous to those of part
3, we conclude that G(E) C F. Since F' is semistable and
G(F) is a subobject, we conclude that pu(G(E)) < p(F). The
maximality of p(G(FE)) implies that u(G(FE)) = pu(F) and F
thus belongs to G(y,(F)). The maximality of the rank of G(E)
and Lemma 3.22 imply that G(EF) = F.

Let F be a semistable object of G and let T': I’ — E be a non-
zero morphism. Since F' is semistable, it holds that u(F) >
p(KerT'N F') and, by Lemma 3.23 part 2., one has that

W(F) < p(F/KerT N F) = u(T(F))

Furthermore, pu(7T(F)) < pn,(E) since T(F) is a subobject of
E. And the first equality follows. In order to prove the second

claim, one uses arguments similar to those of part 3.
O

Definition 3.28. Let E be an object of G. A Harder-Narasimhan

filtration of E is an ascending chain of subobjects

E=0cE'CcE*c---CcE'=F

such that E* € G(E), the quotients E'/E"™! are semistable, and the se-
quence of slopes, {u(E'/E=Y), p(E-Y/E72) .. u(EY/E®)}, is strictly
decreasing.
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Theorem 3.29. Every object, E, of G has a unique Harder-Narasimhan
filtration.

Proof. Given E, we consider the filtration
E'=0CE'CE*C---CE'=E

defined recursively in the following way

e F':=G(E)

e B2 = Y(G(E/E))NE

e Bl =7 Y (G(E/E"))NE
where m; : E — E/E" is the canonical projection. These E* are objects
of G(E) for which the quotient E/E® exists, by Lema 3.25. Tt is easy
to see that E'/E""! = G(E/E"!), and hence E'/E""! is semistable by
Lemma 3.27 part 5.

Lemma 3.27, part 6. yields the following inequality

pn(E/ETH/(E'JE™)) < p(E/E')
which is tantamount to p,(E/E?) < i, (E/E"). Therefore
WEFYEY) < pm(E/EY) < pm(E/E"™Y) = W(G(E/E"™1)) = w(E*/E™Y).

We conclude that the previous filtration is a Harder-Narasimhan fil-
tration.

For proof of the uniqueness, we proceed by induction on the rank of
E. Let us assume that r(E) = 1. It is then easy to see that F admits
a unique Harder-Narasimhan filtration; namely, 0 C G(E) = E.

Let us address the general case. Let E be of rank r, i.e. r(E) =r.
Let 0 = E° ¢ E' ¢ E*> C ... C E' = E be an arbitrary Harder-
Narasimhan filtration. We claim that E' = G(FE). One easily checks
that this filtration induces a Harder-Narasimhan filtration for F/E?;
that is,

0C E*/E'c...Cc F'/E'=FE/E"
Since r(E/E') = r(E) — r(E') < r(E), it follows from the induction
hypothesis that F?/E' = G(E/E"). Hence
WE*/EY) = w(G(E/EY) = pm(E/E")

and the condition on the sequence of slopes gives rise to

WE*/EY) < p(EY/(0) = u(E") < pim(E)

Therefore, p,(E/E') < un(E) and, by applying Lemma 3.27, part 6,
we conclude that E' = G(FE). As was claimed.

Now, the induction hypothesis implies the uniqueness of the Harder-
Narasimhan filtration of E/G(FE), and hence the uniqueness of the
filtration of E. O
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3.4. Jordan-Holder filtration. We shall prove the existence of a
Jordan-Holder filtration for the semistable points G;* for which the
graded object does not depend on the filtration (Theorem 3.41).

Let gff (g;) be the full subcategory of G whose objects are ' € G

such that E' is (semi)stable and E' is zero or pu(E) = % = /.

Lemma 3.30. Let E, F' be objects of G, where F is a subobject of E.
Then, the quotient E/F exists and belongs to g’

Proof. Note that Lemma 3.22 states that y = p(F) < p(Fy N E) and
from the semistability of F it follows that u(Fy N E) < p(E) = p.
Accordingly, u(F) = p(Fo N E) and, by Lemma 3.22, F' = Fy N E and
the quotient E'/F exists.

The slope of E/F is now computed from Lemma 3.23, part 2.

Finally, let us prove that E/F is semistable. Let H be a proper
subobject of E/F. Let us consider the projection = : E — E/F.
Accordingly, Lemma 3.25 claims that 7—!(H,) N E is a subobject of E
and, due to the semistability of E, it holds that u(7~1(Ho)NE) < u(E).
From Lemma 3.23, part 2, we deduce that

1/
W(E/F) = u(F) > u(— 0

E/F is therefore semistable. g

) =uw(HoNE/F) > p(H).

Lemma 3.31. Let F' be a proper subobject of E such that E/F exists.
Let us assume that two of the k-spaces E, F and E/F have the same
slope.

Then, all three have the same slope. Moreover, E is semistable if
and only if F' and E/F are semistable.

Proof. The first part is obtained from Lemma 3.23, part 2.

Let us see the second one. Let E be semistable. Since u(F) = pu(E),
it is trivial that F' is also semistable. The previous Lemma shows that
E/F is semistable.

Conversely, let F' and E/F be semistable with the same slope . Let
G be a proper subobject of E. Let us consider the exact sequence

One checks that the three terms are objects of G; u(FNGy) < u(F) =
p because of the semistability of F; and, u((E N Go)/(F N Gy)) <
w(E/F) = u because of the semistability of E/F. Let us assume that
< p(G). It then holds that

pu(FNGo) < p < p(G) < W(GoNE)

This is equivalent, by Lemma 3.23, part 2, to u((ENGy)/(FNGy)) > u,
which contradicts the above-mentioned inequality. Thus, > p(G) and
E is semistable. U
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Corolary 3.32. Let E = F® G, where F and G are two proper subob-
jects of E. Then, E is semistable if and only if F' and G are semistable

and pu(F) = p(G). In particular, a stable element of G is indecompos-
able.

Lemma 3.33. Let E be a semistable object of G and G be the maximum
object of G(um(E)). Then, E/G is stable.

Proof. Let m : E — E/G be the natural projection. If E/G were
semistable but non-stable, there would be a maximal subobject F' €
G(pm(E/Q)). Consider F := 7~}(F) N E and observe that G C F.
Since G is maximal, it must hold that pu(F') < u(G) = p. Now, Lemma
3.23 part 2. implies that u(E/G) = u(G) > u(F/G) = p(F), which
contradicts the construction of F. We conclude that E/G is stable. [0

Lemma 3.34. Let E,F' be objects of G;° and letT' : EE — F be a
morphism. Then, Ker TNE, ImTNF, F/(ImTNF) and E/(Ker TNE)
are objects of G*.

Proof. We already know by Lemmas 3.18 and 3.19 that all four objects
belong to G. The rest is straightforward. O

Theorem 3.35. The category G, is a stable category by direct factors
and by extensions. Moreover, it is an abelian category.

Proof. The first statement is obtained by Lemma 3.31, Corollary 3.32
and 3.34. To prove that it is abelian, it is enough to prove that given
T € Homg(E, F'), we have

(1) if T is a monomorphism, then Ker(Coker(7)) = T
(2) if T is a epimorphism, then Coker(Ker(7)) =T.
Let us prove only the first case, the second one being analogous. Let
T € Homg(FE, F) be a monomorphism. Then the underlying linear
map Fy — Fp is injective. Moreover, we have seen that F'//ImTNF €
Gr(Fo/ImT) is the cokernel of 7. It now remains to show that the
kernel of

F—F/InTNF

]

Fy—"= F,/ImT

(where 7 is the quotient morphism) coincides with 7. The kernel is
given by
KermNF € Gr(Kerm, Kerm N E,)

Since the category of k((z))-vector spaces is abelian, Ker(Coker T') = T,
i.e., Kerm = Im7T and, hence

KerrNF =ImTNF € Gr(ImT)
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It suffices to prove that this object is equal to F; i.e., that the mor-
phisms

fc—>ﬁf\ and ImTEﬂ F(—>T
EOCL) o T F,

define the same subobject of F'; i.e., that there is an isomorphism on
the category between the objects £ — Ey and ImT N F — ImT. We
leave the details to the reader. ]

Corolary 3.36. If a morphism is a monomorphism and an epimor-
phism, then it is an isomorphism.

Lemma 3.37. The category G;° is artinian and is noetherian.

Proof. Let us prove that it is artinian the other case being similar. Let
FE be an object of fo and let

...CE"C---CE*CE"
be a decreasing chain of objects of G:* where E" € Gr(Ey) are subob-
jects of E € Gr(Ep). Let r = dimy(.)) Ey and 7, = dimy(.)) £; where
r >r, > rpr1 > 0. Therefore, there is a [ such that r, = r,,, for

every n > [. Thus EJ = Eé for every n > [ and, since E" = EN E} =
E™ N By, it follows that E™ = E' for every n > L. O

Definition 3.38. An object F' of G;° is said to be simple if every
monomorphism o : E— F of G;* is zero or is an isomorphism.

Corolary 3.39. An object of G;° is simple if and only if it is stable.

Definition 3.40. Let E be a semistable object of G of slope pu. A
Jordan-Hoélder filtration of E is a descending chain

S=E:=0CE'CE’C---CE'=E
where E* are objects of Gs® such that, fori € {1,--- 1}, the quotients
E'/E™! exist in the category G,
Given a Jordan-Holder filtration S, the graded object of S is defined
as the following object of G

grS:=E'©F*/E'®---@ E'/E™!

Theorem 3.41. The graded object does not depend on the filtration,
up to isomorphism. It will be denoted by grE. Every object of G
admits a Jordan-Holder filtration.

Proof. Since our category is abelian, the first claim follows from The-
orem 2.1 of [Sel].

Let us prove the existence of the filtration. Let us assume that
there exists an object E that does not admit a Jordan-Holder filtration.
Then, since 0 — FE cannot be such a filtration, it follows that £ cannot
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be simple. Accordingly, it admits a non-trivial subobject £'. The chain
of subobjects of E, 0 C E' C E, cannot be a Jordan-Hoélder filtration
and, hence, either E' is not simple or E/E" is not simple. In the
first case, we would have a non-trivial subobject and a new filtration
0 C E? ¢ E' ¢ E. In the second case, if we consider a proper
subobject £ C E/E', we have a filtration 0 C E' C E? C E, where
E? is the kernel of E — (E/E')/E. None of these two filtrations can
be of the Jordan-Holder type.

Since this procedure can be iterated indefinitely, we conclude that
FE admits either an infinite ascending chain of subobjects or an infinite
descending chain of subobjects of E. However, this cannot happen,
because the category is both Noetherian and Artinian. U

4. APPLICATIONS TO THE MODULI OF VECTOR BUNDLES

This final section is devoted to offering a geometric application of
the previous sections. Indeed, we will show that our results are deeply
related to the notion of (semi)stability and the construction of filtra-
tions of vector bundles on algebraic curves. For this goal, the Krichever
map will be the bridge between both constructions. We refer the reader
to [AM, Mu| and the references therein for the basic facts about the
Krichever map and the moduli scheme of vector bundles (endowed with
a formal trivialization at a smooth point).

We assume that the base field, k, is algebraically closed of charac-
teristic 0. Henceforth, a triple (C, p,t,) consisting of a irreducible non-
singular projective curve over k, a smooth point and an isomorphism
of k-algebras O, = k[[z]] will be fixed.

Following [AM], we know that there is a k-scheme, M (r), whose
set of rational points is given by

{ pairs (F,d) s.t. F is a rank r vector bundle }

on C and § is an isomorphism F,, = O;‘BT

where we write (F,0) ~ (F’,¢") if and only if there exists an isomor-
phism of sheaves, f : F = F’, compatible with § and &'
The Krichever map is the scheme homomorphism given by

K: My(r) — Gr(V,VT)
(F,8) — (ty 00) (H*(C'\ {p}, F))

with V' := k((2))®" and V* := k[[2]]®". Since this map is a closed
immersion, the scheme M, (r) can be thought of as a closed subscheme
of Gr(V'). We also denote by K the map induced by the Krichever map
from the set of rational points of | J,»; M (r) to the set of objects of
the category G. B

If F has degree d, the image IC(F,¢) has characteristic d 4+ r(1 —
g), where g is the genus of C. From now on, all points of M (r)
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and Gr(V, V™) are assumed to be rational. Thus, the explicit relation
between the (semi)stability notions is given by the following

Theorem 4.1. Let (F,0) € My (r) and let F be its image by the
Krichever map. Then, F is (semi)stable if and only if ' is (semi)stable
for the action of Sl(r, k[[2]]).

The proof is a straightforward consequence of the results of sub-
section 3.2 and of the following generalization of Proposition 1 of [O]
(which deals with the rank 2 case)

Proposition 4.2. Let (F,0) be a point in My (r) and let | be an
integer 0 <l <r. Let F = K(F,6) € Gr(V).

There is a 1-1 correspondence between the set of rank | coherent
subsheaves of F such that the quotient is a coherent torsion-free sheaf
and the set of the l-dimensional k((2))-vector subspaces Go of V' such
that Go N F # 0 and the dimension of GOQ+OGOQV+ over k is finite.

Proof. The proof is a straightforward generalization of Proposition 1
of [O]. Let us simply sketch how subsheaves and subspaces are related.
Given a subsheaf G as in the statement, the corresponding subspace is
the image of

H(C\Ap}, 9)@uank((2)) € H(C\Ap}, F)@uaph((2)) =~V
Conversely, let Gg be a subspace in the above conditions. Then, the
properties of the Krichever map imply that Go N F' € Gr(Go, GoNV™)
and, since Go N F C F, it defines a subbundle G of F. Moreover, the
composition G, C F, = VT factorizes by Go N V™ or, in other words,
the formal trivialization 0 does induce a formal trivialization, making
the following diagram commutative

ng—> ﬁp (41)
zj/ zj/a
Go N V+(—> V+
]

Let us now focus on the relations between Harder-Narasimhan and
Jordan-Holder filtrations. The case of vector bundles on algebraic
curves have been exhaustively studied in the literature (see [B, HL,
Os, Se2] and the references therein).

Lemma 4.3. Let (F,0) € M(r), F be K(F,0) € Gr(V) and
F'=0CF'CF'C---CF'CF'=F
be the Harder-Narasimhan filtration of F.
There therefore exist (F',6') vector bundles endowed with formal

trivialization such that F' = K(F',8'). Moreover, there is a canon-
ical formal trivialization 6 of F1/F* such that the sequence

0— F'— F* S C(FHFL 6N — 0 (4.2)
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15 exact.

Proof. From Lemma 3.22, we know that F* = F' N F{ and, by Propo-
sition 4.2, there are subbundles, F?, carrying formal trivializations,
8%, such that KC(F', &) = F'. Then, &' is the map induced between
the cokernels of the monomorphisms of diagram (4.1) and the claim
follows. O

Theorem 4.4. Let (F,d) € M(r), F be K(F,6§) € Gr(V).
Thus, the Krichever map transforms the Harder-Narasimhan filtra-
tion of F into the Harder-Narasimhan filtration of F' and conversely.

Proof. Let
FO=0cF'cF*c..-.cF''cF=F

be the Harder-Narasimhan filtration of F'. The previous Lemma shows
that there is a corresponding filtration of . We claim that it is the
Harder-Narasimhan filtration of F. By (4.2), one has that

K(FJF8) ~ K(F,8)/K(F ) = F P

Now, the semistability of F¢/F~! follows from the fact that F?/Fi~?
is semistable (Theorem 4.1). Moreover, the quotients F'/F*! and
F'/F"! have the same characteristic and rank, thus

P FY) = w(FFY) = (g = 1)

Accordingly the sequence of slopes of the quotients { F*/F"~1} is strictly
decreasing.
The converse is proved similarly. O

Let us complete the study of the Jordan-Holder filtration.

Theorem 4.5. Let (F,0) € My (1), F be K((F,9)) € Gr(V).

Then, the Krichever map transforms the Jordan-Holder filtration of
F into the Jordan-Hélder filtration of F, and conversely.

Moreover, the graded object of F is transformed into the graded object

of K(F,6).

Proof. The first part is deduced with similar arguments as those need
for the previous Theorem with the help of the results of subsection 3.4.
To prove the second part, it suffices to note that the exactness of the
sequence (4.2) implies that

gr(F) = @F' /F"™! = K(F/F~, 671
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