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Abstract

This is the first of a series of three papers involving bilateral semidirect product decompositions of monoids
of transformations that preserve or reverse the order or the orientation on a finite set. In this paper we deal
with the full transformation case. Namely, we consider the monoid OR,, of all full transformations on a chain
with n elements that preserve or reverse the orientation, as well as its submonoids OD,, of all order-preserving
or order-reversing elements, OP,, all orientation-preserving elements and O,, of all order-preserving elements.

2000 Mathematics subject classification: 20M05, 20M07, 20M20, 20M35.
Keywords: bilateral semidirect products, transformation semigroups, free monoids, presentations.

Introduction and preliminaries

In this paper we construct decompositions of certain monoids of transformations by means of bilateral semidirect
products and quotients. The notion of a bilateral semidirect product of two semigroups was studied by Kunze in
[11] and was strongly motivated by automata theoretic ideas (see [12, 13] for applications in Automata Theory).
In [14] Kunze proved that the full transformation semigroup on a finite set X is a quotient of a bilateral semidirect
product of the symmetric group on X and the semigroup of all order preserving full transformations on X,
for some linear order on X. On the other hand, in the same paper, Kunze showed that the semigroup of all
order preserving full transformations on a finite chain is a quotient of a bilateral semidirect product of two its
subsemigroups. These results as well as applications to Formal Languages are also discussed by Kunze in [15].

Our strategy to construct bilateral semidirect product decompositions is quite different from Kunze tech-
niques. In fact, we first develop a general method which consists in the construction of a bilateral semidirect
product of two free monoids that, under certain conditions, induces a bilateral semidirect product of two monoids
defined by presentations associated to these free monoids. Then, we apply this method to some monoids of
transformations that preserve or reverse the order or the orientation on a finite chain. In particular, we give
a simpler, shorter and transparent proof of Kunze’s result [14] on the semigroup of all order preserving full
transformations on a finite chain.

Let S and T be two semigroups. Let
0: T — T(S5)

U — O0y: S — S

S > US
be an anti-homomorphism of semigroups (i.e. (uv).s=wu.(v.s), for s € S and u,v € T) and let

p: S — T(T)
s — wg: T — T

u — u’
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be a homomorphism of semigroups (i.e. u*" = (u*)", for s,7 € S and u € T) such that:
(SPR) (uv)® = u"*v®, for s € S and w,v € T' (Sequential Processing Rule); and
(SCR) w.(sr) = (u.+s)(u®.r), for s,r € S and u € T (Serial Composition Rule).

Within these conditions, we say that ¢§ is a left action of T on S and that ¢ is a right action of S on T.
In [11], Kunze proved that the set S x T' is a semigroup with respect to the following multiplication:

(s,u)(r,v) = (s(u.r),u"v),

for s,r € S and u,v € T. We denote this semigroup by S5 T (or, if it is not ambiguous, simply by SXT)
and call it the bilateral semidirect product of S and T associated with § and ¢.

If S and T are monoids and the actions § and ¢ preserve the identity (i.e. 1.5 = s, for s € S, and u' = u,
for w € T') and are monoidal (i.e. u.1 =1, for u € T, and 1° = 1, for s € S), then SXT is a monoid with
identity (1,1).

From now on, we will just consider bilateral semidirect products of monoids associated to monoidal actions.

Notice that, if ¢ is a trivial action (i.e. (S)p = {idr}) then SXT = S % T is an usual semidirect product,
if § is a trivial action (i.e. (7)0 = {ids}) then S X T coincides with a reverse semidirect product T *, S (by
interchanging the coordinates) and if both actions are trivial then S X7 is the usual direct product S x T
Observe also that the bilateral semidirect product is quite different from the Rhodes and Tilson [19] double
semidirect product, where the second components multiply always as in the direct product.

Now, recall that a pseudovariety of monoids is a class of finite monoids closed under formation of finite
direct products, submonoids and homomorphic images. The semidirect product V * W of the pseudovarieties of
monoids V and W is the pseudovariety generated by all monoidal semidirect products M *« N, where M € V and
N € W. Similarly, we define the reverse semidirect product V x. W and the bilateral semidirect product VXW
of the pseudovarieties of monoids V and W. Clearly, V« W C VXW and W %, V C VXW.

The problem of the decidability of the semidirect product of pseudovarieties in general and the decidability
of iterated semidirect products, possibly for particular pseudovarieties, has interested many semigroup theorists
for the past few decades. Notice that a positive answer for the question of the decidability of iterated semidirect
products whose factors are the classes of all finite groups and of all finite aperiodic semigroups would solve the
problem of the decidability of the complexity, which is undoubtedly the most famous problem in finite semigroup
theory.

Let X be an alphabet and denote by X the free semigroup generated by X and by X* the free monoid
generated by X. A monoid presentation is an ordered pair (X | R), where X is an alphabet and R is a subset
of X* x X*. An element (u,v) of X* x X* is called a relation and it is usually represented by u = v. To avoid
confusion, given u,v € X*, we will write © = v, instead of u = v, whenever we want to state precisely that u
and v are identical words of X*. A monoid S is said to be defined by a presentation (X | R) if S is isomorphic
to X*/pr, where pr denotes the smallest congruence on X* containing R. Often, we identify the words of X*
with the elements of S they represent. In this context, for w,w’ € X*, saying that w = w’ in S means that
(w,w") € pr. Notice that, if w = w’ in S then there exists a sequence w = wy — w; — -+ — w, = w' of
elementary transitions of R, i.e., for each i € {0,1,...,n — 1}, there exist z,y € X* and (u = v) € R such that
either w; = zuy and w;+1 = zvy or w; = zvy and w;+1 = zuy (for more details, see [16] or [20]). We say that
(X | R) is letter-irredundant if z # 1 in S and x = y in S if and only if x =y, for z,y € X.

Now, let S be a monoid and let X be a set of generators of S. Let s be an element of S. The length of s
with respect to X is the minimum of the set of positive integers {n | s = =1 - - - x,, for some z1...,x, € X}, if
s is not the identity, or zero, otherwise. We denote this non-negative integer by |s|x or, if it is not ambiguous,
simply by |s|. Naturally, this number coincide with the usual notion of length of a word in a free monoid.

Denote by 7, the monoid of all full transformations of a set with n elements, say X, = {1,2,...,n}.
Consider X,, as a chain with the usual order: X,, = {1 < 2 < --- < n}. We say that a transformation s in
7, is order-preserving [order-reversing| if, for all x,y € Dom(s), < y implies zs < ys [zs > ys]. Clearly, the



product of two order-preserving transformations or of two order-reversing transformations is order-preserving
and the product of an order-preserving transformation by an order-reversing transformation is order-reversing.
Denote by O,, the submonoid of 7, whose elements are order-preserving and by OD,, the submonoid of 7,
whose elements are either order-preserving or order-reversing.

Next, let a = (a1, az,...,a;) be a sequence of ¢ (¢ > 0) elements from the chain X,,. We say that a is cyclic
[anti-cyclic] if there exists no more than one index i € {1,...,t} such that a; > a;11 [a; < a;41], where a;q;
denotes aj. Let s € 7,, and suppose that Dom(s) = {ay,...,a;}, with t > 0 and a1 < --- < a;. We say that
s is an orientation-preserving [orientation-reversing| transformation if the sequence of its images (ajs, ..., a;s)
is cyclic [anti-cyclic]. It is also clear that the product of two orientation-preserving or of two orientation-
reversing transformations is orientation-preserving and the product of an orientation-preserving transformation
by an orientation-reversing transformation is orientation-reversing. Denote by OP,, the submonoid of 7, whose
elements are orientation-preserving and by OR,, the submonoid of 7, whose elements are either orientation-
preserving or orientation-reversing.

Semigroups of order-preserving transformations have long been considered in the literature. In 1962,
Aizenstat [1] exhibited a presentation for O,. Some years later, in 1971, Howie [10] studied some combi-
natorial and algebraic properties of O, and, in 1992, Gomes and Howie [8] revisited this monoid. On the
other hand, the notion of an orientation-preserving transformation was introduced by McAlister in [17] and,
independently, by Catarino and Higgins in [5]. The monoid OP,, was also considered by Catarino in [4] and by
Arthur and Ruskuc in [3].

1 The general method

In this section we present a general technique to obtain a bilateral semidirect decomposition of a monoid in
terms of two of its submonoids.
Constructing bilateral semidirect products using presentations

Let A and B be two alphabets. Suppose we have defined actions of and on the letters satisfying
b.ac AU{1l}, l.ia=a, b.1=1, 1.1=1 (1)

and
VeB, b=b 1°=1, 1'=1, (2)

for a € A and b € B. Then first, inductively on the length of u € BT, define
(ub)va=wu.(b.a) (3)

and
(ub)* = ub‘“ba, (4)

for a € AU {1} and b € B. Secondly, inductively on the length of s € AT, define
ua(as) = (u.a)(u®.s) (5)

and
u® = (u?)’, (6)
for u € B* and a € A. Thus, we have well defined mappings
d: B* — T(A")
U > Oy A*Y — A
§ > U.S



and
p0: A* — T(B*)
s Qg B* — B*

U — u’ .

Lemma 1.1 Let s,t € A* and u,v € B*. Then:
(a) l.s=s and 1°* =1;
(b) u.1=1 and u' = u.

Proof. (a) For |s| < 1 both equalities follow directly from (1) and (2). Now, we proceed by induction on the
length of s. Suppose that |s| > 1 and let @ € A and s’ € A" be such that s = as’. As 1 < |¢'| < |s|, by the
induction hypothesis, we have 1. = ¢ and 15" = 1, whence

l.s=1.(as') =(1.a)(1*.8)=a(l.s) =as’ =s,

by applying (5), and
18 — 1(18 — (1(1)8 — 18 — 17

by applying (6).
(b) The proof of these properties is similar to (a) (by induction on the length of u, using this time (3) and

(4))- u

Next, we prove that ¢ and ¢ verify both the Sequential Processing Rule and the Serial Composition Rule.

Lemma 1.2 Let s,r € A* and u,v € B*. Then:
(SCR) w.(sr) = (us)(u®r);
(SPR) (uv)® = u¥svs.

Proof. (SCR) If s = 1 or r = 1, the equality follows from Lemma 1.1 (b). Hence, we admit that s,r € A" and
proceed by induction on the length of s. If |s| = 1 the equality follows from (5). Then, let s = as’, with a € A
and s' € AT. Since 1 < |s'| < [s], we have

u.(sr) = wu.(as

S
S
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(SPR) First, we show that (uv)® = u"*v?, for a € AU {1}. If u = 1 this equality follows from (2) (notice
that v.a € AU{1}). So, admit that |u| > 1. We proceed by induction on the length of v. If v = 1 this equality
follows from (1) and (2) and if [v| = 1 it follows from (4). Hence, let v = v'b, with v' € Bt and b € B. Then,
as 1 < V| < |v] and b.a € AU {1}, we have

(wv)* = (uv'b)®

(uvl)b.aba (by (4))

u?""(0a)y/Ppa by the induction hypothesis)
u(u/b).a(v/b)a (by (3) and (4))

— uv.ava .



Now, we prove the equality for any s € A* by induction on the length of s. Since we have just proved it for
|s| <1, take s = as’ with a € A and s’ € AT. Then, as 1 < |¢/| < |s| and v.a € AU {1}, we have

(wv)* = (uv)*
= ((w)?)? (by (6))
= (u"%%)® (by the case |s| = 1)
= (u®)v" (v)*"  (by the induction hypothesis)
= ua)"s)yas" by (6) and Lemma 1.1 (b))
_ uv.(as/)vas (b ( ))
— u'l)-S/US ,
as required. [

Lemma 1.3 Let s,r € A* and u,v € B*. Then:

(a) (uwv)es=u.(v.s);

Proof. (a) First we prove that (uwv).a = u.(v.a), for a € AU{1}. We proceed by induction on the length
of v. For |v| <1 the equality follows directly from (1) and (3). Then, suppose that |v| > 1 and let b € B and
v € BT be such that v = v'b. As1 < |[v'| < |v] and b.a € AU {1}, by (3) and the induction hypothesis, we
have

(uwv)ea = (u'b)va= (w).(bea) =u.( .(bea)) =u.((vb)va) =u.(v.a).
Now, we proceed by induction on the length of s. So, suppose that |s| > 1 and let a € A and s’ € AT be such
that s = as’. Then, as 1 < |¢'| < |s|, we have

(wv).s = (uv).(as)
( (

= ((w).a)((u)*.s) (by (5))

= (u+(vea))((u*v*).s")  (by the case |s| =1 and (SPR))
= (u.(.a))(u”.(v*.s")) (by the induction hypothesis)
= e ((vea)(o". ) (by (SCR))

= u. EU - (as')) (by (5))

(b) If s =1 or r = 1, the equality follows immediately from Lemma 1.1(b). Then, admit that s,r € A*.
Now, we proceed by induction on the length of s. If |s| = 1 the equality follows from (6). So, let s = as’, with
a€ Aand s € AT, Since 1 < || < |s]|, we have

by applying (6) in the second and fourth expressions and the induction hypothesis in the third expression, as
required. [

Now, we have:

Proposition 1.4 The mappings § and ¢ are the unique left action of B* on A* and right action of A* on B*,
respectively, extending the given actions of and on the letters.



Proof. It follows immediately from Lemmas 1.1-1.3 that the operations defined by (1)-(6) are a left action of
B* on A* and a right action of A* on B*. It remains to show the unicity.

Let ¢’ and ¢’ be a left action of B* on A* and a right action of A* on B*, respectively, such that (a)d;, = (a)dy
and (b)¢), = (b)pq, for a € A and b € B. Let s € A* and u € B*. We aim to show that (s)d], = (s)d, and
(w)l, = (u)ps. If s =1 or u = 1, then both these equalities are valid, by definition. Thus, admit that s € A"
and u € BT.

We proceed by induction on the length of s.

Suppose that |s| = 1. Then, by induction on the length of u, we show that (a)d!, = (a)d, and (u)¢), = (u)@a,
for a € A and v € BT. If |u| = 1 we have precisely our main hypothesis. So, take v = vb, with b € B and

v € BT. Also, let ¢’ = (a)d;, = (a)dp. Notice that ' € AU {1}. Then
(a)d,, = (a)dyy, = ((a)0})y, = (a');, = (a)dy = ((a)dp)dy = (a)duy = (a)du

and
/

(u)pq

= (W0)¢a = (V¢4 (D) = ()@ (D)q
= (V)@ (b)pa = (V)P @)s5,(0)Pa = (V)P = (u)Pa,
by applying in both chain of equalities the induction hypothesis in the fourth expression.
Now, by induction hypothesis, we assume that (r)d!, = (r)d, and (u)¢. = (u)¢;, for u € BY and r € AT
such that 1 < |r| <|s|. So, take u € Bt and s = ar with a € A and r € AT. Then

()0, = (ar)dy, = ()0, (r)8(y) g = (a)6,(r)0(uyp, = (@)0u(r)d(uyp, = (ar)du = (5)0u

and
(u)py = (W)@, = (w)el) e, = (Wpa)er = (W ea)pr = () @ar = (u)@s,

as required. [
Dually, suppose we have defined actions of and on the letters satisfying

b.ac€cA*, l.a=a, b.1=1, 1.1=1 (7)

and
Ve BU{l}, b =b 1°=1, 1'=1, (8)

for a € A and b € B. Then first, inductively on the length of s € A", define

b = (57" )
and
b.(as) = (b.a)(d*.s) (10)
for a € A and b € BU {1}, and secondly, inductively on the length of v € BT, define
(ub)® = ub*p* (11)
and
(ub) v s = u.(bus), (12)

for s € A* and b € B.
Similarly, we have:

Proposition 1.5 The mappings defined by (7)-(12) are the unique left action of B* on A* and right action of
A* on B* extending the given actions of and on the letters. [ ]



Naturally, if we have both (1) and (8), then the actions defined by (3)-(6) and by (9)-(12) coincide.

Observe also that, as particular cases of both the propositions 1.4 and 1.5, we obtain constructions of
semidirect products A* x B* and of reverse semidirect products B* %, A* by just defining the actions on the
letters (without any restriction for reverse semidirect products by Proposition 1.4 and for semidirect products
by Proposition 1.5; and with the restriction (1) for semidirect products by Proposition 1.4 and the restriction
(8) for reverse semidirect products by Proposition 1.5)..

Let § be a left action of B* on A* and let ¢ be a right action of A* on B*.

We say that ¢ (resp., ) preserves letters if it satisfies (1) (resp., (8)), i.e. the action of a letter on a letter
is a letter or the empty word.

Let R be a set of relations on A* and let U be a set of relations on B*. Let S and T be the monoids defined by
the presentations (A | R) and (B | U), respectively. We assume that these presentations are letter-irredundant.

We say that the action § (resp., @) preserves the presentations (A | R) and (B | U) if

b.s=b.rin S (resp., b*=0"inT),
for all (s =r) € R and b € B, and
usa=v.ain S (resp. u» =v*in T),

for all (u=v) € U and a € A.

Now, we fix a left action of B* on A* and a right action of A* on B* that preserve letters and preserve
the letter-irredundant presentations (A | R) and (B | U). We aim to show that these actions on free monoids
induce a bilateral semidirect product SXT. First, we prove the following lemma.

Lemma 1.6 Within the above conditions, let z € A* and wy,ws € B* be such that wi = wo in T. Then, we
have wy «z =wa .z in S and wi = w3 in T.

Proof. Clearly, for z = 1 the lemma follows by definition. Thus, we assume that z € AT and proceed by
induction on the length of z.

First, notice that, as the left action preserves letters and the presentation (A | R) is letter-irredundant, we
have w.a =v.ain S if and only if w.a =v.a, for u,v € B* and a € AU {1}..

Let a € A. We aim to prove that wy.a = wy.a in S (i.e. wi.a =ws.a) and w1 = wy® in T'. It is a routine
matter to show that it suffices to just consider elementary transitions. Therefore, without loss of generality, let
wy = guh and wy = gvh, with g,h € B* and (u =v) € U. Let o/ =h.a € AU{1l}. Thenu.a’ =v.d in S
and so u.a' = v.ad/, whence g.(u.a') =g.(v.d), ie. w;.a=ws.a. On the other hand, g = g

g”® and
’ /.
u® =v* in T, whence

’ /

wiz = gu.(h.a)uh.aha = gu.a’ua’ha = gU ¥ po = gv.(h.a),uh.aha = 'LU%-

Now, let z = a2/, witha € Aand 2/ € AT. As w§ =w$ in T and 1 < |2’| < |z]|, by the induction hypothesis,
we have w{ .2/ = w§ .2’ in S and (w§)? = (w$)* in T. Hence

wi =i = (w)”

_ az' — a2 — , 2
= (w3)® =wi® =w;
and, as also w1 .a =wso.ain S,

wy 2z =wp .« (a2') = (w1« a)(w].2') = (weea)(ws.2) =ws. (a2) = wy . 2,

as required. [



Similarly, by duality, we have:

Lemma 1.7 Within the above conditions, let z1,z0 € A* and w € B* be such that z1 = zo in S. Then, we have
We2] = W29 0 S and w? = w2 inT. n

Clearly, by combining the previous two lemmas, we have wy .21 = wy . 22 in S and w1 = wy® in T, for
all words z1,29 € A* and w1, we € B* such that z;1 = zo in S and wy = w9 in T, which proves the next result,
announced above:

Theorem 1.8 If a left action of B* on A* and a right action of A* on B* preserve letters and preserve the
letter-irredundant presentations (A | R) and (B | U) then they induce a left action of T on S and a right action
of S onT. ]

The decomposition

Now, let M be a monoid and let S and 7" be two submonoids of M. Let A and B be sets of generators of S
and T, respectively. Consider a left action of T" on S and a right action of S on T

We say that the left (resp., right) action of 7" on S (resp., S on T') preserves A (resp., B) if b.a € AU{1}
(resp., b* € BU{1}), for a € A and b € B. Notice that, if the left action preserves A then, clearly, u.a € AU{1},
for a € A and v € T. Naturally, a similar property holds if the right action preserves B.

Lemma 1.9 Within the above conditions, suppose that ba = (b.a)b® in M, for a € A and b € B. If either the
left action preserves A or the right action preserves B, then us = (uw.s)u® in M, fors€ S and u € T.

Proof. We prove the lemma by admitting that the left action preserves A. The other case is similar.

Let s € S and u € T. First, we proceed by induction on the length of s (with respect to A). If |s| = 0 then
the equality follows immediately by definition. We need to prove also the case |s| = 1, i.e. ua = (u.a)u?, for
ac€AandueT.

If ju| = 0 or |u| = 1 this equality follows by definition or by the main hypothesis, respectively. So, proceeding
by induction on the length of u (with respect to B), we admit the equality for 1 < |u| < k. Let u € T be such
that |u| = k. Then u = bv, for some b € B and some v € T with length k — 1. Let o’ =v.a € AU{1}. Hence

ua = bwa) =b((v.a)v®) = (ba')v®* = (b.a)b*v* = (b. (v.a))bv®
((bv) - @) (o) = (- @)u,

by applying the induction hypothesis in the second expression and (SPR) in the sixth expression.

Now, by induction hypothesis, we assume that us = (u.s)u®, for u € T and s € S such that 1 < |s| < n.
Let s be an element of S with length n and let w € T'. Then s = ra, for some a € A and some r € S with length
n—1. Let v =u" € T. Thus, we have

us = (ur)a= ((u.m)u")a = (u.r)(va) = (u.r)(vea)v® = (u.r)(u" «a)(u")*

(e — (u sy,

by applying the induction hypothesis in the second expression, the case |s| = 1 in the fourth expression and
(SCR) in the sixth expression, as required. ]

Theorem 1.10 Let M be a monoid and let S and T be two submonoids of M generated by A and B, respectively.
Let SXT be a bilateral semidirect product of S and T such that either the left action preserves A or the right
action preserves B. If AU B generates M and ba = (b.a)b® in M, for a € A and b € B, then M is a
homomorphic image of SXT.



Proof. We prove that the mapping
w: SXT — M

(s,u) —— su

is a surjective homomorphism.
First, we show that u is a homomorphism. Let (s,u), (r,v) € SXT. Then

(s,w)p(r,v)p = surv = s(u.r)u"v = (s(u.r),u"v)u = ((s,u)(r,v))u ,

by applying the Lemma 1.9 in the second expression.

Now, we show that p is onto. Let x € M. As AU B generates M, we may write x = sjuy - - - Spug, for some
$1,...,8; € S and uy,...,ur € T. Also, we may assume that k is the least positive integer for which such a
decomposition exists. Suppose that k > 2. Then, by applying the Lemma 1.9, we have

T = s1U1 - Sh—1(Uk—15k) U = S1U1 - - Sk—1 (Uk—1 = SK)UL" UL

which contradicts the minimality of k, as sg_1(ug—1.5;) € S and ui’“_ (ur € T'. Therefore k = 1, as required. =

As an immediate consequence, for semidirect products, we have:

Corollary 1.11 Let M be a monoid and let S and T be two submonoids of M generated by A and B, respec-
tively. Let ST (resp., S#*,T) be a (resp., reverse) semidirect product of S and T. If AU B generates M and
ba = (b.a)b (resp., ab = ba®) in M, for a € A and b € B, then M is a homomorphic image of S T (resp.,
S, T). [

2 Applications

Let n € N. In this section, we construct bilateral semidirect decompositions of the monoids O,,, OD,,, OP,,
and OR,, by using the technique presented in the last section.

On the monoid O,

Our first application is a new proof of the Kunze [14] bilateral semidirect decomposition of the monoid O,, in
terms of its submonoids O, = {s € O, | (z)s <z, for z € X,,} and O = {s € O, | z < (x)s, for x € X,,}.

First, notice that O, and O, are isomorphic monoids: the mapping from O;, onto O, which maps each
transformation s € O, in the transformation 5 € O; defined by (z)s=n+1— (n+1—x)s, for z € X,,, is an
isomorphism of monoids.

Forie {1,...,n—1}, let

(12 ikl k2
T\t 2 i i i+2 o
and
po_a (12 sl i il eom
e N I = B A B S BRPPR O

Let A= {a,...,an_1} and B = {by,...,b,_1}. Then A and B are generating sets of O, and O}, respectively.
Furthermore, being R~ the set of the relations

oa?:ai,forlgign—l,

® 1;A;4+10; = Q341030541 = Q34104 for 1 S ) S n — 2, and



e a;a; = aja;, for 1 <i,j5 <n—1and [i—j|>2,
and R the set of the relations

° b?:bi,forlgign—l,

® bibi11b; = biy1bibis1 = bibiy1, for 1 < i <n — 2, and

o bibj =bjb;, for 1 <4, <n—1and|i—j|>2,

the monoids O;, and O are defined by the presentations (A | R™) and (B | RT), respectively. On the other
hand, the monoid O, is generated by A U B and, being R the set of the relations

e a;b; =bja;_1,for2<i<n-—-1,

e bja; = a;biq, for 1 <i<n—2,

e ab,=0b;,for1 <i<n-—1,

e ba;,=a;, for 1 <i<n-—1,

o bja; =ab;, for 1 <i,j <n—1andjé¢ {i,i+1},
® Uy 1Qp_90y_1 = Gp_10n_2, and

e b1boby = b1bo,

is defined by the presentation (AU B | R). This presentation was given by Aizenstat in 1962 [1]. See also [21, 6].
Now, by applying the Proposition 1.4 (or 1.5), consider the left action § of B* on A* and the right action
@ of A* on B* that extend the following actions of and on the letters:

bjlai:{l 1fj:l+1

a; otherwise

and

poi 1 ifj=4
J b; otherwise ,

for 1 <i,j<n-—1.
Notice that both § and ¢ preserve letters. On the other hand, clearly, both the presentations (A | R™) and
(B | RT) are letter-irredundant. Moreover, we have:

Lemma 2.1 The actions 6 and ¢ preserve the presentations (A | R™) and (B | RT).

Proof. We have to prove the following relations:
(i) For 1 <j<n-1,

bj«a? =bj.ai, for 1 <i<n-—1,
b] ( aH_laZ) = bj . (ai+1aiai+1) = bj . (ai+1ai), for 1 < ) <n-— 2,
bj « (asar) = bj . (aras), for 1 <i,k<n-—1and|i—k| >2,
2
bl = b, for1<i<n-—1,
bajiai+lai — bqi+1aiai+1 — bqi+1ai fOl” 1 < Z < n — 2
7 b - —_ )
pli%k = prai for 1 <ik<n-—1and|i—k| >2;
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(ii) And, for 1 <i<mn-—1,

bjz.ai: j = A, forlgjgn—l,
(bjbjt1b)) « ai = (bj41bjbj1) « ai = (bjt1bj) « as;, for 1 <j<n—2,
(bjbk) A = (bkbj) « Uy, for 1 S],k S n — 1 and ‘j — k’ Z 2,
(b?)ai — b‘;", for 1 <j<n-—1,
(bjbjt1b;)® = (bj+1bbj1)* = (bjr105)", for1<j<n-2,
\ (bjbk)ai = (bkbj)ai, for 1 S j,k‘ S n — 1 and |j — /{’ 2 2.

We just present the proof of (i). The proof of (ii) is similar.
Let 1 <j<n-—1. Then: for 1 <i<n—1,

bj . CLZ2 = (bj . az)(b;l’ . ai) = ai(l . ai) ifj =1 = a% ifj =1
ai(bj .a;) otherwise a? otherwise
_ 1 j=ivr
a a; otherwise ~— 77"

for1 <i<n-—2,
1(bj« (@is1a)) ifj=i+1

bj . (CLZ‘CLZ;HCLZ') = (bj . az)(b?’ . (aiﬂai)) = ai(aHlai) lfj =1
a;(bj « (ajy1a;)) otherwise
(bj «aiv1) (07" va;)  ifj=i+1 a;r1(1.a;) if j=i+1
= ;54104 ifj =1 = ;4104 ifj =1
a; (bj . ai+1)(b?”1 . ai) otherwise a; (b] . CLH_l)(bj . ai) otherwise
4104 ifj =¢+1
. A;Ai410a4 lf] =1 . 473 lfj =1+ 2
) aila; ifj=i+2 { a;11a; otherwise

a;a;+1a; otherwise
= (bj . ai+1)(b?l+1 . (IZ') = bj . (aiﬂai)

and, similarly, b; . (aj+1aiai+1) = bj « (ai410;); for 1 <i,k <n—1and |i — k| > 2,

1(bj.ak) ifj=i+1 ag ifj=i+1
bj . (aiak) = (bj . a,)(b;” . CLk) = a;ag ifj =1 = a; ifj =k+1
a;(bj .ap) otherwise a;ar otherwise

ap  ifj=i+1
= a; ifj=k+1 = bj.(ara;) ;
ara; otherwise
for1 <i<n-—1,
a2 ana ) 1 ifj=i  a
bt = (bj") _{ b; otherwise bt
for1<i<n-—2,

o o _ 1 ifj=dorj=i+1
q'za7,+1az — baz i41\aq —
bﬂ (( J ) ) { b; otherwise

and, similarly, b?”laia”l = b?i“ai; finally, for 1 <i,k <n—1and |i — k| > 2,

_ ai+1\a; _ 33i+1Q4
— (b]z ) i — b]z 7

1 ifj=iorj=k

Ailk = az Ak — e ak ai — C.Lkai
j (bJ ) { b; otherwise (bJ ) b

as required.
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Now, accordingly with the Theorem 1.8, we have a well defined bilateral semidirect product O, X O
induced by the actions § and ¢. Furthermore:

Lemma 2.2 One has bja; = (bj . ai)b?i in Oy, forl1<i,j<n-—1.

Proof. Let 1 S ’i,j S n—1. Ifj = 4 then biai = a; = ail = (bz .ai)b?i and ifj = i—i— 1 then bi+1ai = ai+1bi+1 =
bi+1 = 1b7;+1 = (bi+1 . ai)b?il. Otherwise, bjai = aibj = (bj . ai)b;”, as required. ]

As the left action in O, MO, preserves A (in fact, the right action also preserves B) and A U B generates
O,,, then all the hypothesis of the Theorem 1.10 are satisfied and so we have:

Theorem 2.3 The monoid O,, is a homomorphic image of O,; KO} . ]

Let O be the pseudovariety of monoids generated by {O,, | n € N} and let J be the pseudovariety of monoids
generated by {O; | n € N} (or by {O;, | n € N}). Notice that it is well-known that J is the pseudovariety of
J-trivial monoids, which are the syntactic monoids of the piecewise testable languages (see e.g. [18]). As an
immediate consequence of the last result, we obtain:

Corollary 2.4 O C JXJ. [ ]

Unfortunately, this inclusion is strict. In fact, being R the pseudovariety of all R-trivial monoids, Higgins
[9] showed that R ¢ O and, on the other hand, the equality J* J = J* R is a particular instance of a result of
Almeida and Weil [2, Corollary 8.6]. Hence, as R C J*x R =JxJ C JXJ, we have JXJ ¢ O.

On the monoid OD,,

The monoid OD,, was considered by the first author together with Gomes and Jesus in [7]. They have showed
that OD,, is generated by its submonoid O,, together with the reflexion permutation

h:(i nzl n21 Tll>
and, moreover, being A, B and R as above, by adding to R the relations
e W2 =1,
e ha; = by_;h, for 1 <i<n—1, and

® 4y 1ap—2- - a1th =ap 10,2 -aibiby -+ by_1,

we obtain a presentation of OD,, in terms of the generating set AU B U {h}. Notice that, as biba---by,_1 =
Gp—1Qn—9 - a1bibs ---by_1 in O,, we may replace the relation an_1ap_2---a1h = ap_1ap_2---a1b1bs---by_1
by the simpler relation a,,_1a,_2---a1h = biby -+ -b,_1.

Let Ca be a cyclic group of order two. Then, Cy is defined by the presentation (h | h2 = 1) and we may take
C2 as being the submonoid of OD,, generated by the transformation h.

Now, we aim to construct a semidirect decomposition and a reverse semidirect decomposition of OD,, in
terms of its submonoids Cy and O,,.

First, by applying the Proposition 1.4 (or 1.5), and considering a trivial right action, let §; be the left action
of {h}* on (AU B)* that extends the following action of and on the letters:

heoa; =0b,_; and h.b; = ap_;,

for1<i<n-—1.
Notice that d; preserves letters (as well as the trivial right action) and the presentations (AU B | R) (of
O,) and (h | h? = 1) (of C3) are letter-irredundant. Moreover, it is routine matter to show that:

Lemma 2.5 The action &1 preserves the presentations (AU B | R) and (h | h? = 1). [

12



Hence, by the Theorem 1.8 (considering a trivial right action), we have a well defined semidirect product
O,, % Cy induced by the action ;. On the other hand, we have ha; = b,_;h in OD,,, for 1 <i <n—1, and from
these relations and h% = 1, it follows also hb; = a,_;h in OD,,, for 1 < i < n — 1. Thus, we have:

Lemma 2.6 For1<i<n-—1, ha; = (h.a;)h and hb; = (h .b;)h in OD,,. m

And, by the Corollary 1.11, it follows:

Theorem 2.7 The monoid OD,, is a homomorphic image of Oy * Cs. ]

Let OD be the pseudovariety of monoids generated by {OD,, | n € N}. Let Aby be the pseudovariety of
monoids generated by Cs (a pseudovariety of abelian groups). Then:

Corollary 2.8 OD C O * Abs. ]

Now, as Cy is a commutative monoid, the left action of C2 on O,, may also be considered as a right action
(which coincides with the one induced by the right action of {h}* on (AU B)* that extends the following action
of and on the letters: alh = b,_; and b? = ap—;, for 1 < i < n—1) and so we also have a well defined reverse
semidirect product O,, *,. Ca. As, clearly, a;h = hb,_; and b;h = ha,,_; in OD,, i.e. a;h = ha? and b;h = hb? in
OD,, for 1 <i <n — 1, again by Corollary 1.11, we have:

Theorem 2.9 The monoid OD,, is a homomorphic image of Oy *,. Ca. m

It follows immediately:

Corollary 2.10 OD C O %, Abs. [

On the monoid OP,,

A presentation for the monoid OP,, was given by Catarino in [4]: being A U B the set of generators of O,
considered above and g the n-cycle permutation

( 12 - n-1n )
2 3 .- n 1)’
then AU B U {g} generates OP,, and, by adding the relations

o " =1,

® a;g =ga;y1, for 1 <i<n-—2

® bjg=gbiy1,for 1 <i<n—2,

® 4y 19 ="bp_1bp_2---by,

e by, _19= g2a1ag ce-Qp_1, and

® Jan—10p—2---01 = AQp—1Ap—2 - 0a1,

13



to any set of defining relations of O, in terms of the generating set A U B, we obtain a presentation for OP,,
with AU BU{g} as set of generators. See also [17, 5, 3].

Let C,, be a cyclic group of order n. Clearly, C, is defined by the presentation (g | ¢" = 1) and may be
considered as the submonoid of OP,, generated by the n-cycle g.

Our objective is to construct a bilateral semidirect decomposition of OP,, in terms of its submonoids C,,

and O,,.
By convenience, we consider the (obviously letter-irredundant) presentation

(CINY={(g1,-,gn-1] 97 =1, =gr,2 <k <n-—1)

of C,, (with g; = g, as elements of C,,) and, being a,, and b, two symbols not in AU B and R as above, the

presentation
(X | Ry =(AUBU{an, by} | R,a1a2 - an_1 = an,bp_1by_o---by = by)

of O,,. Notice that, as elements of O,,, we have
(123 - ap (12 n=1m
=112 . p-1 )T 23 . 0 on )
whence (X | R') is also letter-irredundant.

Now, consider the left action d2 of X* on C* and the right action @2 of C* on X* that extend, by Proposition
1.4 (or 1.5), the following actions of and on the letters:

1 ifk=1andie€ {n—1,n} 1 ifk=n—1andie{1l,n}
aiegr =% gr—1 ifk>2andie{n—kn} bi.gp=1 grr1 ifk<n-—1landié€{n—=Ekn}
Gk otherwise , Gk otherwise ,
A1k ifi<n-—k bi+k ifi<n—k
o9 — by, iti=n—-k por — ) an ifi=n—k
v Gitj—n fn—k+1<1<n—-1 g bivk—n fn—k+1<i<n—-1

bk ifi:n, Qg ifi:n,
forl1<i<nand1<k<n-1.
Notice that both d9 and @9 preserve letters. Moreover, we have:

Lemma 2.11 The actions 02 and @o preserve the presentations (C'| N) and (X | R').

Proof. We begin by showing that the actions preserve (C | N).
(1) First, we prove that x.g¥ = z. g, in C,, for z € X and 2 < k < n — 1, by induction on k. Let k > 2.

Let i € {1,...,n}. Then

) o, 1(bl.gi;_1) ifi=n bl.g{;—l ifi=n
aivgt = (aivg1)(@? v gi™) =< 1(bp.gt™) ifi=n—1 =S by.gi? ifi=n—-1
g1(ait1 « g’f‘l) otherwise g1(ait1 g]f_l) otherwise .

Thus, for k = 2, we have

. fi= e o .
@ d? = 21 . %2—2-1 _J) e ii=n-1_ [ g fi=nori=n-2
zlgl_ n = g1 - gll 1fZ:n—2 - g2 OtherWiSe

1. therwi .
91<az+1 91) otherwise g% otherwise

=a;«g2 .

Similarly, we may prove that b; . g7 = b; . go.
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Next, we admit by induction hypothesis that, for some 2 <k <n—1, x .g{“ =x.g; in Cy, for x € X. Then

by . gf
by - gF
g1(aiy1
9k

Jk+1
919k—1
919k

k+1
Q; « g1

Similarly, we may prove that b; .
(2) Next, we prove that z.g]
proved above, we have

ifi=n b1+ gk ifi=n
ifi=n—1 =< by«gr ifi=n-—1
gt) otherwise g1(aiq1+95) otherwise
ifi=n
ifi=n-1 fg Hfi=nori=n—(k+1)
ifi=n—(k+1) { gr+1 otherwise = Qi gkt -

otherwise

Qlfﬂ = bi « Gy1-

=z.1(=1)inCy, for z € X. Let ¢ € {1,...,n}. Then, by using the relations

by.gh! ifi=n b1« gn—1 ifi=n
ai.g7 = bn.g?_1 ifi=n—1 =< byegn_1 ifi=n-—1
g1(ait1 g’ffl) otherwise. 91(@it1 « gn—1) otherwise.
1 ifi=nori=n-—1
= . — 1 — ai . 1
Jign—1 otherwise.

and, similarly, b; . g7 =1 =b;. 1.

(3) Now, we prove that 29t = 29 in Oy, for z € X and 2 < k < n — 1, by induction on k. Let k > 2. Let

i€ {l,...,n}. Then

So, for k = 2, we have

2
Ji __
b =

asl71 ifi=n
k k—1 k—1
91 _ (191 _ S,
bt = (") =9 ol ifi=n—1
k—1
bf}rl otherwise .
e a ifi=n
a{l ifi=n b2 i’y 1
o ifi=n—
all ifi=n—-1 = ! £ 5 = b
. a ifi=n—
bfil otherwise " .
bi12 otherwise

2
i 91 _ 92
and, similarly, a;' = a;”.

Next, we admit by induction hypothesis that, for some 2 < k <n — 1, 29 = g9 in Oy, for x € X. Then

(9 if 2 ak+1 ifi=n
P alk ifi=n al* ifi=n br. ifi=n-—1
B = o fimno1 =4 o ifi=n—1 = bupiin fn-—k<i<n—2
bfjc_l otherwise bzg-krl otherwise Zn if 1= n— (k+1)
i+k+1 otherwise
( Ak41 ifi=n
_ bitktr1—n fn—k<i<n-1 _ -
anp, le:n—(k+1) [
bitkt1 otherwise
k+1
and, similarly, ]’ = af**'.

(4) Finally, we prove that 297 = z'(= x) in O, for x € X. Let i € {1,...,n}. Then, by using the relations
proved above, we have

n—1
91 e _ .
aq ) ifi=n a"t ifi=n
g7 n=bo gn—1 ¢ - 1
bilz a‘gl ife=n—1 = ann ifi=n-1 :bZ:bl
n—1 pInt th i
gl ) 7y1  otherwise .
b; 11 otherwise .
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. a9 _ . _ 1
and, similarly, a;' = a; = a;.

Now, it remains to prove that the actions preserve the presentation (X | R'). We just present the proof for
the actions of and on the letter g = g; of C. For the other letters the proof is analogous (though a little bit

more involved).
(i) On the relations a;b; = b;a;—1, with 2 <i <n —1:

aj.g2 ifi=n-—1 go ifi=n—-1
a:.g ifi<n-—2 :{g ifi<n-—2 =bi-g=bi-(ti1-9) = (biti1) -9

(aibi)vg=ai.(bi.g) = {
and, as a1a, = @y, = apay_1 in Oy,

p bixg1g a? ja, ifi=n-1 aiay, ifi=n-1
(aibi)? = ai"™b7 = i ifi<n—2 =) anibuy ifi<n-2
3 0i+-1 ILrz2s=n Ai+1041 LTSN

anan—1 fi=n-—1 39, _ 1Qi—1s9 g  __
{ biyia; ifi<n-—2 = bz a; = bz a; 1 = (biai_l)g .

(ii) On the relations b;a; = a;bj+1, with 1 <i <n —2:

An—2+go ifi=n—2

(bz'az')-g—bz‘-(ai-g)—bz‘-g—g—{ aeg iti<n_g = % (bir1eg)=(abis) g

and, as bpa, = ap_1 = byp_1ap_1 in Oy,

. bp—10p—1 ifi=n-—2 bna ifi=n-—2
bia;)? = bl =bla; 1 = bip1ai1 = s -\ = neno
(biai) L it 1% ai11biyo  ifi<n—3 a?bi_i_Q ifi<n-—3
g2 . .
a? an ifi=n-—2 b,
n—24n i+1+9719
. =aQ; b a:b; 9 .
{ albize fi<n-—3 g i1 = (aibiv1)

(iii) On the relations a;b; = b;, for 1 <i <n —1:

N o o Jaivge iti=n—-1 _ [ gy ifi=n-1
(azbz).g_a“(b“g)_{ai-g ifi<n-—2 _{9 ifi <mn-—2

and, as aia, = a, in O,

.

Y —  Pigp9
(a:bi) a; b {a%Hl ifi<n-—2 Qip1bip ifi<n—2 bin ifi<n—2

(iv) On the relations bja; = a;, for 1 <i <mn —1:

bij.1 ifi=n—-1 [ 1 ifi=n-1 _ '
@%%g_m'w“w_{bpgi“gn—Q'_{giﬂgn—Q'_%ﬂ
and, as b,_1b, = b, in O,
. bt b, ifi=n—1 b ifi=n—1 b ifi=mn-—1
-a.: )9 e C.L“g g e n—1"n e n = n e g
(bzaz) bz a; { b?ai+1 if ¢ <n-— 2 { bi+1ai+1 if 4 <n-— 2 { Aj41 if 4 <n-— 2 @i

(v) On the relations bja; = a;bj, for 1 <i,j <n—1and j ¢ {i,7+ 1}:

e
bi.l ifi=n—1 1 ifi=n—-1,j<n-2

=g = bj.(ai-g):{ if ¢ =< g9 ifi<n—-2,j=n-1
i < _
b] g ifi<n-—2 g 1f2,j§n—2’]¢{2’1+1}
aj « ifj=n—-1
B {%’-?2 if§<n_2 :a’i'(bj-g):(aibj).g
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and, as bjb, = b,bj11, 1 < j <n—2,and ana; = ajt1an, 1 <i<n—2,in O,

b;by, ifi=n—-1,7<n-2
GnQit1 ifi<n—-2j=n—-1
bjrraiv1 ifd,j <n—2,5¢{i,i+1}
bnbj_H ifi:n—l,jgn—Q {

1 e
bjbn ifi=n-—1

a)9 = b9eI —
(bjaz) bj i {b?ai—o—l if’iSn—Q

a?a, fj=n-1

— bi9pg (o1 g
albjpy ifj<n—2 =% 0= (@b)?

= Qi 120n ifi<n—2,j=n-1 =
aiv1bj1 ifd, i <n—2,5¢ {i,i+1}
(vi) On the relation a,—1an—2an—1 = Gp—1Gn—_2:
(an—1an—2an-1)+g = ap_1+(an—2+(an-1+9)) = apn_1+(an—2.1) =1=an_1.9 = an_1+(an-2+9) = (An—1an_2)+g
and, as ap_1an—2b, = bpa,—1 in O,

(anflan72an71)g = (anflaan)an_l'ga%_l = (anflan72)1bn = Ap—10n—2b,

— 9 __ ,an—-2+9 g —
bnn—1 = ap_1an-1 = a," 7" ay_o = (an—1an—2)7 .

(vii) On the relation b1bab; = b1bo:
(blebl) g = (ble) . (bl . g) = (blbg) « g
and, as b2b3b2 == b2b3 in On,
(b1b2by)? = (blbg)bl‘gbg = (b1b2)%be = bgz'gbgbg = b{bgby = babsby = babs = bib§ = bl{Q'gbg = (b1b2)Y .
(viii) On the relation ajas - - ap—1 = ay:
(a1a2 - apn-1)+g = (a1a2 - an—2)« (an-1+9) = (@1a2---ap—2).1=1=a,.g.
Similarly, also for 2 < i <n—1, we have (a;---an,—1)+g = 1. On the other hand, as ajas---an—2b, = by in O,

(a2-an—1)g (az--an—1)g n—1+9 g 1.1 1
(araz---apn—1)? = a3 " as " a5 Ya) | =ajas - ayn_oby = ajag - - ap—2by, = by =al .

(ix) On the relation b,_1b,—2---by = by: as bj.g =g, for 1 <i <n —2, then (b,—2---b1).g = g (indeed,
we have (b;---b1).g =g, for 1 <i <n—2), whence

(bn—lbn—2 e bl) g = bn—l . ((bn—2 T bl) 'g) = bn—l g =Gg2 = bn g
and, as apb,_1bp_o---ba = a1 in O,,
(bp_1bp_g---b1)9 = bs’ji2“'bl)'ng’fg?ﬁ“bl)'g .. ~b;’1‘gb{ =07 b0 o b3b] = anbp_1 - bsby = a1 = b9 ,

as required. [

Now, by applying the Theorem 1.8, we have a well defined bilateral semidirect product C,, }XO,, induced by
the actions d2 and 9. Furthermore, as a;g = ga;+1 and b;g = gb;41, for 1 <i <n —2, ap_19 = by, bp_19 =
GPan = g20n, g = 102 - An—20n_19 = 102 - An—2by = by and bpg = by_1by_2---b1g = by_1gby_1---by =
G*apbp_1 by = g%a1 = goay in OP,, it follows immediately:

Lemma 2.12 For 1 <i<mn, a;g = (a;.g)(a)) and bjg = (b . g)(b)) in OP,,. m

As the right action in C,, M} O,, preserves X and {g} U X generates OP,,, by the Theorem 1.10, we have:

Theorem 2.13 The monoid OP,, is a homomorphic image of C, X O,,. m

Let OP be the pseudovariety of monoids generated by {OP,, | n € N} and let Ab be the pseudovariety (of
monoids) of all abelian groups. Then:

Corollary 2.14 OP C AbXO. ]
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On the monoid OR,,

The monoid OR,, was studied by McAlister in [17] and by Catarino and Higgins in [5]. A presentation for OR,,
was given by Arthur and Ruskuc [3] (see also [6]). We obtain a set of generators of OR,, by adding to a set of
generators of O, the n-cycle permutation g and the reflexion permutation A considered above. Therefore, O,
OD,,, OP,, Cy and C,, are submonoids of OR,,. Let Ds,, be a dihedral group of order 2n. Then, Ds,, is defined
by the presentation (g,h | h> = 1,¢g" = 1,hg = ¢g" 'h) and, clearly, may be considered as the submonoid of
OR, generated by the permutations g and h.

In the remaining of this paper we construct some bilateral semidirect decompositions of OR,, in terms of
its submonoids mentioned above.

First, we consider Dy, and O,. By convenience, we consider the letter-irredundant presentation

<D’N/> :<gla"'7gn—17h’h2:1vg?:17hgl:gn—lhuglf:gk72§k§n_l>

of Dy, and again the letter-irredundant presentation (X | R') of O,,.
Let 03 the left action of X* on D* and 3 the right action of D* on X* that extend, by Proposition 1.4 (or
1.5), the following actions of and on the letters:

e z.h and 2" as in (AU B)* x, {h}* (which induces the reverse semidirect product O, *, C3 considered in
the Theorem 2.9), for z € AU B;

e ap,.h="b,.h="h (thusz.h=h, forx € X), al = b, and b = a,;
e z.g; and z9% as in C*XX* (which induces C,X0O,,), forz € X and 1 <k <n—1.

Observe that the actions 3 and @3 preserve letters. We also have:
Lemma 2.15 The actions d3 and @3 preserve the presentations (D | N') and (X | R').

Proof. By the Lemma 2.11 and the “dual” of Lemma 2.5 (see the paragraph between the Corollary 2.8 and
the Theorem 2.9), it remains to show that:

() (a1---an)sh=anoh, (by_1---b1)eh=byuh, (a1---ap)" =al and (b,_1---by)" = b;

(ii) an A2 =an.1, by h2 =by.1, a" =al and b"” = bl; and

(iii) 2. (hg1) = 2« (gn_1h) and "9t = gI9n—1" 4 c X,
The first two relations from (i) are obvious (as w.h = h, for w € X*). On the other hand,

(ag-an—1)sh (az--an—_1)h an—1h _h h_h h h h
ay ag Qe Ay = a1y Gy oGy 1 = byp_1by_2---boby = b, = a,

(a1a2 [ an_l)h =
and, similarly, (b,_1---by)" = b, The relations from (ii) are easy to prove. Next, we prove the relations from
(iii) for x € {a1,...an}. For x € {b1,...,b,} the proof is similar. Then, for i = 1, we have

a1+ (hg1) = (a1« h)(a}+ g1) = h(bp_1+91) = hgs = gn—oh = (a1 + gn—1)(@{" " + h) = a1+ (gn_1h)

and

A = (@) =y = an =0 = (o) = e

For 2 <i <n—1, we have
ai« (hgr) = (a; - h)(af « g1) = h(bui - g1) = hg1 = gn—1h = (@i« gn—1)(a]" "+ h) = a; + (gn-1h)

and

gn—1 hi gn—lh
1 = (d] P = gt

h
a )9t =09 =by_i1 = ai = (a] ;
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Finally, for ¢ = n, we have

an « (hg1) = (an «h)(al v g1) = h(by . g1) = hga = gn—2h = (an « gn—1)(a9"* + h) = ap « (gn-1h)

and

A = (@) = b = = by = (o)

as required. ]

Once again, by applying the Theorem 1.8, we have a well defined bilateral semidirect product Da, X O,
induced by the actions &3 and 3. Furthermore, as a,h = hb, (and b,h = ha,), we have a,h = (a, . h)(a?) and
buh = (by « h)(b!) in OR,. Hence, by taking in consideration the Lemma 2.12 and the observation before the
Theorem 2.9, it follows immediately:

Lemma 2.16 Forx € X, g = (x.9)(29) and xh = (x. h)(2") in OR,,. [

As the right action in Dy, XO,, preserves X and {g,h} U X generates OR,,, by the Theorem 1.10, we have:

Theorem 2.17 The monoid OR,, is a homomorphic image of Dap, X O,,. [

Let OR be the pseudovariety of monoids generated by {OR,, | n € N} and let Dih be the pseudovariety of
monoids (groups) generated by {Da,, | n € N}. Then:

Corollary 2.18 OR C DihXO. ]

Next, we consider the submonoids C,, and OD,, of OR,, together with the letter-irredundant presentations
(C'| N) of Cy, and

(Y |R)=(XU{h} | R,h* =1,an 1G9 -arth = biby---by_1,ha; = b, _;h,1 <i<n—1)

of OD,,.
Let 64 the left action of Y* on C* and ¢4 the right action of C* on Y* that extend, by Proposition 1.4 (or
1.5), the following actions of and on the letters:

e z.g; and z9% as in C*XX* (which induces C,X0O,,), forz € X and 1 <k <n —1;
¢ hogr =gn_rand h9 = h, for 1 <k <n— 1.
Notice that, both the actions d4 and 4 preserve letters. Furthermore, we also have:

Lemma 2.19 The actions 64 and @4 preserve the presentations (C'| N) and (Y | Ry).

Proof. By the Lemma 2.11, it remains to show that:

i)h.g’f:h.gkandhglf:hgk,for2§k§n—1;

ii) haog? =h.1and b9 = R,

(

(

(iii) 2o g =1.gp, for 1 <k <n-—1;

(iv) (ha;) « gk = (bp—ih) « gi, for 1 < i,k <n —1,
(

V) (ap—1an—2---aih).gr = (biby -+ -bp—1) « g, for 1 <k <mn—1.
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First, notice that, as h% = h, for 1 < k < n — 1, the second equalities of (i) and (ii) are immediate.
We begin by proving that h.gF = h.gg, for 2 <k <n — 1, by induction on k. For k = 2, we have

n—1 n—1 2

heg?=(heg)(P vq1) = gn-1(h+91) = gn-1gn-1=9"'¢" ' =9" > =gn2="h.g.

Then, assume by induction hypothesis that, h . glf_l =h.ggp_1, for some 2 < kK <n — 1. Hence

hogt = (hvg) (W gy ™) = gno1(hagb ™) = gno1(hegho1) = gn-1Gn-tt1 = 9" ' g" " =g" " =g, = hugp.

Next, we finish the proof of (ii):
gt = (heg)(h e gi™) = gn-1(hegi ™) = gno1(hegn1) = gorg1 = ¢" g = 1=h.1.

In order to prove (iii), let 1 <k <mn—1. Then h?.gr =h«(hegr) =hegn_r = gr = 1+ gi.
Now, we prove (iv): for 1 < i,k <n — 1, we have

h.l ifk=14i=n—-1 1 ifk=1,i=n-1
(hai)-gk = h.(ai.gk): h.gk_l ifk22,i:n—k‘ = In—k+1 ifk22,i:n—k‘
h.gp otherwise Gn—k otherwise
1 ifn—k=n—-1,n—i=1
= In—k+1 ifn—/-cgn—Q,n—i:k :bn—i-gn—k:bn—i-(h-gk):(bn—ih)-gk-
Gk otherwise

Finally, we prove the last equality. Let 1 <k <n — 1. Then

(an—1an—2---a1h)sgr = an—1+(an—2+( (a1« (hegg)))) =an—1+(an-2+(-+(a1+9gnr)))

an—1 s (an-2+ (e (@k « gn—k))) = @n-1+ (@n—2+ (-« (Uht1 + Gn—(k41))))
an-1+91=1=b1agn-1="01«(b2« (- (bp_(ht1)+Irr1)))

= b1 . (bg . ( cca (bnfk . gk))) = bl . (bg . ( cca (bn—l . gk))) = (b1b2 s bn—l) « Gk,

as required. =

Thus, by the Theorem 1.8, we have a well defined bilateral semidirect product C,, X OD,, induced by the
actions d4 and 4. On the other hand, as hg = g" 'h, then hg = (h.g)h? in OR,, and so, by taking also in
consideration the Lemma 2.12, it follows immediately:

Lemma 2.20 Forz €Y, zg = (x.g)(a9). [

As the right action in C,, }XOD,, preserves Y and {g} UY generates OR,,, by the Theorem 1.10, we have:

Theorem 2.21 The monoid OR,, is a homomorphic image of C,, XOD,,. ]

It follows that:

Corollary 2.22 OR C AbXOD. =

Now, consider the submonoids Cy and OP,, of OR,, and the letter-irredundant presentations (h | h? = 1) of
CQ and
(Z|R2) =(AUBUC | R,N, an-191 =bp_1bp—2--b1,g1an-1an—2" - a1 = ap_1ay—2 - a1,
bn-191 = g2a102 - - An—1,0i91 = g10i11,big1 = Gibiy1,1 < i <n—2)
of OP,,.

By applying the Proposition 1.4, or 1.5, and considering a trivial right action, let d5 be the left action of
{h}* on Z* that extends the following action of and on the letters:
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e hoa; =by_; and h.b; = ay—;, for 1 <i <n —1 (as the left action d; of {h}* on (AU B)*);
e hogr =gn_pk,for 1 <k<n-—1.
Notice that d5 preserves letters (as well as the trivial right action). Moreover, we have:

Lemma 2.23 The action J5 preserves the presentations (Z | Ry) and (h | h? = 1).

Proof. By the Lemma 2.5, it remains to show that:
(i) h2uegp =1ugg, for 1 <k <n-—1;
(ii) hugy = h.1;
(iil) hogt =hugy, for 2 <k <n—1;
(iv) b (an—191) = h o (by—1bp—2---b1);
(V) he(grap—1an—2---a1) = h.(an—1an—2---a1);
(Vi) he (bn-191) = b« (g2a102 - - - an—1);
(vil) b (aigr) = b (g1ai+1) and ha (bigr) = ha (g1bi1), for 1 <i <n—2.

The proofs of (i) to (iii) are similar to the proofs of (i) to (iii) of Lemma 2.19.
First, we prove (iv): as bign—1 = ajag - - ap—1 in OP,, we have

ho(an—191) = (heap—1)(h*1.g1) =bi(heg1) =bign—1 =a1az---apn—1 = (habp_1)(heby_2)---(h.b1)
= (h . bnil)(hbn—l . bn72)(hbn—1bn—2 ] bn73) .\ (hbn—lbn—Q‘“b2 . b1) =h. (bn71bn72 ... b1)-

Next, as byby - -byp—1 = gn—1b1b2 - - - by—1 (notice that bibs - - - b,—1 is a right zero in OP,,), then

h . (glan_lan_Q . al) = (h . gl)(hgl . an_l)(hgla"* . an_2) . (hglanfl"'aa . (11)
= (h . gl)(h . an,l)(h . an,g) s (h . al) = gn,1b1b2 cee bnfl = blbz tee bnfl
= (h . an_l)(h . an_g) ce (h . al) = (h . an_l)(ha"*1 . an_g) cee (han*lmaz . al),

which proves (v).
Now, we prove (vi), using the fact that a1g,—1 = gn—2bn—1---b1 in OP,,. Hence

ho(bp191) = (habp 1)W1 g1) = a1gn-1 = gn_2bn_1..b1 = (hug2)(hear)(heaz) - (haan_1)
= (h . 92)(h92 . al)(h92a1 . (12) cee (thalma”_Q . anfl) =h. (ggalag ce an,l).

Finally, as by—ign-1 = gn-1bn—i—1 and ap—ign—1 = gn—1an—i—1, for 1 <i < n — 2, in OP,, it follows that
h(aig1) = h(g1ai41) and h.(big1) = h(g1bi41), for 1 <i < n — 2, as required. ]

Thus, by the Theorem 1.8 (considering a trivial right action), we have a well defined semidirect product
OP,, * Cy induced by the action 5. On the other hand, we have hg* = ¢g" *h, whence hg;, = (h . gx)h, for
1 <k <n-—1. So, by taking also in consideration the Lemma 2.6, it follows immediately:

Lemma 2.24 Forx € AUBUC, hx = (h.xz)h in OR,,. [

Now, by the Corollary 1.11, we have:

Theorem 2.25 The monoid OR,, is a homomorphic image of OP, * Ca. ]
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It follows immediately:

Corollary 2.26 OR C OP x Abs. ]

Once again, as Co is a commutative monoid, the left action of Co on OP,, may also be considered as a right
action (which coincides with the one induced by the right action of {h}* on (AU B U C)* that extends the
following action of and on the letters: a? = b,—; and b? = QUp_q, gl’»1 = gn—i, for 1 <i <n—1) and so we also
have a well defined reverse semidirect product OP,, *, Ca. As, clearly, zh = ha" in OR,, for z € AUBUC,
again by Corollary 1.11, we have:

Theorem 2.27 The monoid OR, is a homomorphic image of OPy *, Ca. [ ]
And, so:

Corollary 2.28 OR C OP x*, Abs. ]

Conjectures

We finish this paper by formulating some conjectures:
Conjecture 2.29 OD = O % Abs = O *,. Abs.
Conjecture 2.30 OP = AbXO.

Conjecture 2.31 OR = DihiXO = AbXOD = OP * Aby = OP x,. Abs.
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