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Abstract

In this study we develop two near-exact distributions for the generalized Wilks Lambda statistic, used to
test the independence of several sets of variables, with multivariate normal distribution, for the case
where two or more sets have an odd number of variables. Using the concept of near-exact distributions
and based on a factorization of the exact characteristic function we obtain two approximations, which are
very close to the exact distribution but far more manageable. These near-exact distributions equate, by
construction, some of the first exact moments and they correspond to cumulative distribution functions
which are practical to use, allowing for an easy computation of near-exact quantiles. We also develop
three asymptotic distributions which also equate some of the first exact moments. We assess the
proximity of the asymptotic and near-exact distributions obtained to the exact distribution using two
measures based on the Berry-Esseen bounds. In this comparative numerical study we consider different
numbers of sets of variables, different numbers of variables per set and different sample sizes.

Key Words: Independent Beta random variables, characteristic function, sum of Gamma random
variables, likelihood ratio test statistic, proximity measures.

1 Introduction

The generalized Wilks Lambda statistic (Wilks, 1932, 1935) is used in multivariate analysis to test the
independence among m sets (m > 2) of random variables (r.v.’s), under the normality assumption. For the
case when there is at most one set with an odd number of variables among the m sets, we have the exact
distribution in the form of a Generalized Integer Gamma (GIG) distribution obtained by Coelho (1998),
but for the case where at least two sets, among the m sets, have an odd number of variables, we haven’t
yet an exact distribution in a manageable form, adequate for further manipulation. Although we have, for
this general case, some asymptotic distributions (see for example Box (1949) and Anderson (2003)) and
some near-exact distributions (Coelho, 2003, 2004), in this paper we develop three asymptotic
distributions and two new near-exact distributions, these later ones obtained in a concise and manageable
form but nonetheless extremely close to the exact distribution in terms of characteristic function (c.f.),
probability density function (p.d.f.), cumulative distribution function (c.d.f.), moments and quantiles.

In order to develop the near-exact distributions we first factorize the exact c.f. and then we replace a
suitably chosen part of the exact c.f., which corresponds to the c.f. of a log Beta distribution, by an
adequate asymptotic result. Depending on the asymptotic result used, one may obtain different near-exact
approximations. In one case we replace the c.f. of a log Beta r.v. by the c.f. of the sum of two Gamma
r.v.’s and, in the other case, by the c.f. of a mixture of two Gamma r.v.’s. These distributions match the
first three and first four exact moments, respectively. By joining this small part with the remaining
unchanged part of the original c.f., we get what we call a near-exact c.f.. In the first case this c.f.
corresponds to a particular Generalized Near-Integer Gamma (GNIG) distribution, while in the second
case it corresponds to a mixture of two GNIG distributions. The corresponding near-exact c.d.f.’s are
obtained in a concise and manageable form, perfectly handled by a number of available software’s,
allowing for the computation of near-exact quantiles.
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We have already introduced and explained the concept of a near-exact distribution in a number of papers
(Coelho, 2003, 2004; Grilo and Coelho, 2007; Grilo and Coelho, 2009) and we have also applied a
similar procedure of derivation to obtain near-exact distributions for the product of an odd number of
particular independent Beta r.v.’s (Grilo and Coelho, 2007), and now based on a factorization of the exact
c.f. of the logarithm of the generalized Wilks A statistic, we develop near-exact distributions for this
well-known statistic.

Our paper is organized as follows: in Section 2 we present some useful distributions for our work; in
Section 3 we develop two near-exact distributions, based on factorizations of the exact c.f., and also three
asymptotic distributions for the generalized Wilks A statistic; in Section 4, we use two measures based on
the Berry-Esseen bounds to assess the behavior of the near-exact and asymptotic distributions proposed
and also to compare them with a rather well-known asymptotic distribution (Box, 1949; Anderson, 2003)
and with another near-exact distribution (Coelho, 2004); in Section 5, we provide some conclusions and
final remarks.

2 Some distributions used in the paper

Since some of our near-exact and asymptotic distributions are GNIG distributions or finite mixtures of
GNIG distributions we now introduce this distribution along with the useful log Beta distribution.

Let Z be a r.v. with a GIG (Generalized Integer Gamma) distribution of depth g (Coelho, 1998), with
shape parameters #,...,r, € N (where N is the set of positive integers) and all different rate parameters

Ayses Ay € R” (being R™ the set of positive reals). We will denote this fact by
Z ~ GIG(1;,.. 15 A Ay)
The p.d.f. of Z is given by

L@=KY PG, (>0 1)
where -
K= f[ Al )
and P(z) is a polynomial of degree r, -1 inz, Whiclllzlmay be written as
P =Y, )
where h
= _1),H< O
and, for k=1,...,1, -1, /
k
= %Z O TR G -Lie y )
where
R(n,j)ziri(/li—li)'"'l, (n=0,..,r,-1). (6)
i1
[y
The c.d.f. of Z is given by
F@=KY PG, (>0 ™)
with K given by (2) and where a
P2 = Zc,k (k 1) { _("1 ﬂijfje“} ®
k=1 j=0 J:

with ¢, (i=1,..,g;k=1,....,r;) givenby (4) through (6).
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Now, let us consider Z ~ GIG(rl,...rg;/ll,...,/’tg) and X ~ G(r,A) two independent r.v.’s with r e R"\N
and A=A, Vje{j=1..g}. Thentherv. W =Z+X hasaGNIG (Generalized Near-Integer Gamma)

distribution with depth g + 1 (Coelho, 2004). Symbolically,
W ~ GNIG(R,..1 3 Ay A, A) )
The p.d.f. of Wis given by

& | TR
fW(W):Kﬂ ;e - ;{cj,kWWk 11E(V7k+ra_(ﬂ’_ﬂ‘/)w)}s (W>0) (10)
and the c.d.f. by

» w
FW(W)ZA r‘(r—-i_l)lFI(l",V"rl,—ﬂ,W)
i i (11)

/1
_Kﬂ'z ﬂwz /kzr( = F(r r+l+i,~(A-21,)w), (w>0)
+
where
£ 7 * cjk
K=]]4 and ¢y =~ T (k)

J=1 J

with ¢;, given by (4) through (6). In the above expressions

1Fi(a,b,z) =

T(b) &T(a+ )z
I'(a) iz 2 ST+ )) j!
['(b)

T )_([e 1-0)"dt (a#b)

is the Kummer confluent hypergeometric function (Abramowitz and Stegun, 1974) which has good
convergence properties and nowadays it can be found in a number of software packages, such as
Mathematica.

The c.f. of Win (9) is given by

0, (=1 (A —it)"ﬁ/l;" (A, —it) ", (12)

where reR"\N, 1eR", r,eN and A# 4, Vje{l,..,g}. If reN then the GNIG distribution of
depth g +1 reduces to a GIG distribution of depth g +1. That is, the GIG distribution is a particular case
of the GNIG distribution.

If the r.v. W has a distribution that is a mixture, with & components, of GNIG distributions, the j-th
component with weight 7, and depth g; , we will denote this fact by

W ~ MKGNIG(7, 31y oeos Vg 13 A eees Ag oo T3 B s Ty 3 A sy A 1) -

If Xis a r.v. with Beta distribution, with parameters & >0 and >0, Symbolically
X ~ Beta(a, f),
then the A#-th moment of X is given by
E(X")= B(a+h,p) _ I'a+p) T'(a+h) ’
B(e, p) I'a) T(a+p+h)
If Y=-InX then Yis ar.v. with log Beta distribution with parameters o and # (Johnson et al., 1995),
denoted by

(h>-a). (13)

~ log Beta(ar, ) . (14)
The p.d.f. of Yis

e (l=-e B-1
5 ()= Ba ,6) (=)™, (y>0). (15)

Since the Gamma functions in (13) are still defined for # complex (in strict sense), the c.f. of Y is given by
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I'a+p) T(a-ir) (16)
I'a) T(a+p-it)
where i=(—1)""*> and r € R (being R the set of real). Through (16) we know that, if E(|Y" |) <o then

14"
i* dt"

@y (t) = E(em’) = E(eimnx) = E(Xfir) _

E(Y")= o (helN),

=0

thus we can get some of the first moments, 4, for the r.v. Y. For example, the expressions of the first
four moments are given by

1 =EY)=y(a+p)-y(a)
1 =EX)=y'(@)-y'(a+p)+[y(a+ B -y@)]
1=EX)=y"(a+p)-v"(@) +[ya+p)-y@)]
+3[y(a+p)-v(@)][y' (@) -y'(a+p)] (17)
H=EY) =y (@) -y "(a+p)+[y(@)-y(a+p)]
+6[y (@) -y (a+p)] [v'(@)-v'(@+p)]
+3[p' (@) -y (a+P)] +4[w(@) -y(a+Pv" (@) -v"(@+p)]
where

w(x)=4<InT(x) is the digamma function; y/’(x):j—ilnr(x):%y/(x) is the trigamma function;

w"(x) =Ly '(x) is the quadrigamma function, and so on.

3 Near-exact and asymptotic distributions for the generalized Wilks A statistic

Let X be a random vector with dimension p, where the r.v.’s have a joint p-multivariate Normal
distribution N, (#,Z). Let us consider X split into m subvectores, where the k-th subvector has p,
variables, being p = z::l p, the overall number of variables. Then, each subvector X, (k =1,...,m) will

have a p, - multivariate Normal distribution N, (z,,%;;) . Symbolically,

X=X X X~ N, (13)

where
211 z:1/\' z:lm
ﬁ:[ﬁ’la"'sﬁrkr"aﬁ'm]'a = Zkl .“ Zkk .“ ka
z:ml mk me

For a sample of size n + 1, the (ﬁ)th power of likelihood ratio test statistic, used to test the null

hypothesis of independence of the m subvectores X, ,

Hy X =diag(Z, oy, » (18)

ke > st = mm

is the generalized Wilks A statistic

A=— (19)



Near-exact distributions for the generalized Wilks Lambda statistic: a comparative study 5

where | . | stands for the determinant and V is either the Maximum Likelihood Estimator (MLE) of > or

the sample variance-covariance matrix of X, and V), is either the MLE of Z;; or the sample
variance-covariance matrix of X, .

The generalized Wilks A statistic may be written as (Anderson, 2003, Theorem 9.3.2)

(20)

k(k+1,...,m)

where A, ., denotes the Wilks A statistic used to test the independence between the k-th subvector

,,,,, m)

and the vector formed by joining subvectores k+1 through m. In other words, for k=1,...m-1,

Ay 18 the Wilks A statistic used to test the null hypothesis,

HP :[2 k=1,...m-1. @1

kol ® X ]= Op,.,x(pk+|+...+pm) >

Using the result in Theorem 9.3.2 in Anderson (2003) and considering that the k-th subvector has py
variables (k =1,...,m), the distribution of A, , in (20), under the null hypothesis H, (()k) , is the same

as the distribution of Hp‘ X, , where, for a sample sizen + 1 (with n2p +..+p,), X; are p,

independents r.v.’s with Beta distributions

+1-qg,—Jj
X, ~Bem£%%} j=lup, 22)

where g, = p,,, +...+ p,, . This way, based on expression (13) we may write

r n+l—j r n+l-gq, - I .
E(Xh)— 2 2 (h> n+1—qk—jj
i’ _ ] s ) - -
1_(nﬂ q, ]j 1ﬂ(n+l J“'hj 2
2 2

and, given the independence of the p, r.v.’s X, under the null hypothesis H in (21),

r(n+l ]) r(nle 2qk +hj R
] n+i1=4q,— D
E[Ayrm E(X})= , . (h>— ‘ ‘j.
k(k+,..., ) H 1/11—‘ n+1- q, - Jj l“(n+l_1+h 2

2 2
Given the independence of the m—1 statistics A, ,, in (20), under the null hypothesis of

independence of the m sets of variables in (18), we obtain the 4-th moment of the generalized Wilks A

statistic in (19), for a sample size n + 1, as

m—1 m—-1 Py m-1 Py r(n+;_JJ r[n+l qu +hJ
EANY=TTEA o 1= TTTTEED =TTI 1 p— — (23)
k=1 k=1 j-1 k=1 j=1 F( J+hj 1—( 9 ]j

2 2

Since the Gamma functions in (23) are still valid for any strictly complex /4, for a sample of size n+1, the

n+l—jj (n+l—qk—j j

1"( r —1t

. . . m—1 Dy 2 2

t:E itW :E —itln A :E A—lt — 24

o= =ECe Y = B0 = e o @Y
AT Y2 —it| T #

c.f.of ther.v. W =-InA is given by

where i=(-1)""? and teR. Taking this c.f. as a basis, we will develop in the next subsections two

near-exact and three asymptotic distributions for 7.
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3.1 Two near-exact distributions for the generalized Wilks A statistic

In Theorem 1 we present two near-exact distributions for the generalized Wilks A statistic, in the case
where at least two sets have an odd number of variables. One of these distributions is a GNIG distribution
that matches the first three exact moments and the other is a M2GNIG distribution which matches the first
four exact moments. These distributions emerge as the direct application of the procedure used to obtain
two near-exact distributions for the product of particular independent r.v.’s Beta (Grilo, 2005; Grilo and
Coelho, 2007).

Theorem 1 When, among the m sets of variables there are | sets with an even number of variables, i.e.,
there are m—1 sets that have an odd number of variables, then let m—1=2k" if m—1I is even or

m—1=2k"+1 if m—1I is odd (where k" = L’"T’IJ is the integer part of mT’l) Then, under (18) and for a
sample size n+1, we may obtain two different near-exact distributions for the r.v. W =—InA. A first
near-exact distribution may be obtained in the form of a GNIG distribution of depth
p=ptp,t..t+tp,,

* *

WX GNIG(F, sV gV Vo3 Ayees Ay 0y A 5 A)

seeip-29Tp-1>"p 200 Mp-_297Yp—12""p
with rate parameters
n—-p+j .
A’/:T’ ]:1""!p—29 (25)
shape parameters
. m-2k" -1 m=2 m—1 .
=y nt > et Z‘ s J=leap=2 (26)
k=1 k=m-2k k=m-=2k +1
step 2 step 2
* k-1
with p, = lelp, , and
=0 | t >
L =00 P2 @n
ro.=0if pzj oor j=p-2,
J-pi

where, for k=1,...m—2k" =1 (step 1) and k=m—=2k",...m—2 (step 2),

hy, =12
ny =1 / (28)
lejr They =3P +q, -2

with
hy; = (number of elements of {p,,q,}> j)—1 (29)

and for k=m—2k" +1,...m—1 (with step 2)

’

T, j=1..,p, -1

. -5
i = =Pttt n=0. A0S (30)
-5
ro+l j=po+2m n=0,...,q"T
where
Ly /=L 31)
kJ Riathy j=3...p, +q,-3
with
hy ; = (number of elements of {p, —1,q,} > j)—1 (32)

and, yet with ”;71 =1, and r; , A, and A, obtained by numeric solution of the system of equations
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o n
H=——t—
ﬂ'pfl Ap
20422, A+ A, (L) 3
Hy = /12 12 ( )
P-17"p
, 62, +64,  Aor, +32, A, (1+r,)+ 2, 1, (243, +7,7)
= 393
/?'pflﬂ'p

where, on the first member of (33), w,u, and p; are the first three moments of a log Beta r.v. with
n_3

parameters a =75 —3 and f = % obtained from (17) by replacing a and p by the appropriate values, and

on the second member we have the expressions of the first three moments of the sum of two independent

Gamma r.v.’s, the first one with shape parameter r;_l =1 and rate parameter A

- and the second one

with shape parameter r, and rate parameter 1.

The second near-exact distribution for the rv. W =—InA is a M2GNIG distribution, where both
components have depth p—1,

WEM2GNIG(7Z;V1*,...,r;z,rpfl;2.1,...,/1[,72,1,1)71 |1—7r;r1*,...,}’;2,rpfl;A,...,ﬂpfz,/ll’H)
where the shape parameters r;‘,...,r;_z are given by (26) through (32) and the rate parameters 4,,..., 4, ,
by (25). Considering the same shape parameter r, , for both GNIG distributions in the mixture, we

obtain m, v, ,, A, and A, by numeric solution of the system of equations
I'(r,, +1 I'(r,, +1
ot DL gy D L
F(Vp,l) /1‘,71 I"(rpfl) /1’771
I'(r,,+2 Ir'(r,_, +2
o KO L TG 1
Lr,,) 4, L) A5 34)
, L@, ,+3) 1 L, +3) 1
wm=r——————t(l-r)———
L) 4, | IGAD
I'(r,_ +4 I'(r, ,+4
PR N BN GREL
L(r,,) 4,4 L(r,,) 4,

where, on the first member of (34), w, 1,1y and u, represent the first four moments of the sum of
k” independent and identically distributed (i.i.d.) log Beta r.v.’s with parameters :%—% and p= %
and in the second member we have the first four moments of a mixture of two Gamma distributions

(M2G) with weights 7 and 1— 7, the first one with shape parameter r, | and rate parameter A, , and

the second one with shape parameter r, | and rate parameter 1, , .

Proof. We will consider that, without any loss of generality, the sets of variables with an odd number of
variables, among the m sets, are the last m—/ sets of variables, that is, the sets 1,...,/ have an even

number of variables and the remaining /+1,...,m have an odd number of variables. Take k" :L’”T_IJ

with k" € N . Then, we may write
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n+l—j n+l—-q,—j .
e 1)

k=1 j=1 F(n+1_j—itj l—(n+l_Qk_jj
2 2

Py even

. F(n+l—]j r[n+1—qk—j_itj
m—. k 2 2
< T1 11

ok = +1-5 . +1-q, -]
e Hr(” S _nj r[" 9 fj

@y (1) =

2

gy even

1 r(n—i—l—]j r(n+1—qk—]_itj
m— P 2 2

,MH*, - n+l—-j . n+l—-q, —j
ks, 1);1r(72 J—ll‘) F(zq" Jj

X

pr and g, odd
where for the first two factors (with p, or g, even), we use the identity

p_Jj,b
» F(C+E_E+Ej p+h2( ] ljrl
=22 2 Ty [esd-L
= 2 2

A orles P JA
2 2

with c e R* and £eN or £eN (Coelho, 1998), to rewrite the c.f. of ¥ in the form

m=2k*~1 py +q; =2 Nk . -
n— — + n— _ + .
oy () = H H ( pkzqk ]j ( pkzqk J—ltj

k=1 j=1

Py even

m=2  Pp+qp—2 < N\kj . ~1i;
n—p,—4q,+J n—p—49+tJ .
it [ 2 j [ 2 _”j
k=m-2k* j=1
(step 2)
q; even
1 r(n+1—jj r[n+l—qk—j_itj
m— Dy 2 2
X

Ty r(i” +;‘f —itj r(” “‘2‘“ ‘fj

pr and g, odd
with 7, given by (28) and (29). For the last factor, where p, and g, are both odd, we may write

) F(n+l—]j r[n+l—qk—]_itj
1—] 2 2
= F(’H_l_]—itj r[n+l—q,{—1j
2 2
r| 2] 2% p(mHl=d) p( i g,
2 2 ﬁ 2 2
r[ﬁ-itj (=% »’:2F(7n+1_1—itj Rt T
2 2 2 2
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R
LD

r(n+1—2(]+l)j r(”+1_q"2_(j+l)—it)

n+l—(j+1) itj r(n+1—qk—(j+1)j
2 2

-l

XHF(

2
- l—*[n_J) l—*(n_qk_J_ltj
lL[ 2 2
P ol i A PR B e Pl
2 2
3

Since g, is a positive odd integer and thus 2= is a positive integer, we can use the identity,

T(a+p) & ,
T@ —g(aﬂ),

valid for €N and & real or complex, with & =% and B =2-, and write

o[ n+1=J ntl=gi=J ) p(mM\p(7 35
- ) ) A s
Hr(nJr;_zj—it) r("ﬂz—z‘h—jj :F[’E_;jzré_ltj 1:!( 2 )( 2q - ]

ﬁ 1"( 2 ) 1"( —1Z\J

”r[%‘”j [ 2 j

where, given that p, is odd, we have p, —1 even, so that we may write
r ntl-j T w—it rl®lr ﬁ—é—it %3 .
D 2 2 2 2 2 2o (n—q, \n—-q, . .
H 1-j t1-¢, —j) (n 3 n H 2 " 2 o
A PSS | p[ PR TS p B2 e[ 2|
2 2 2 2 2
X”‘l*i‘[3(n—qk—pk +J'jr“(n—qk—pk+f_itjrk’
; 2 2 2 2

n 3
163l nap 5 T
B ( pk+1] ( q; pk+£_it]
r(5-3rlu)

with 7, (k= m=2k" +1,m-2k"+3,..,m—1;,j=1,.,p, +q,-3) and r,:j given by (28) through (32).

-1

2
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We may thus rewrite the c.f. of ¥, as

ka2 g+ iV (n—p —q, +j .\
?’W(t): H H [ k k k k -1t

k=1 j=1 2 2
m=2  Pptqp—2 <\ 'k j . Tk
n—p,—q,+J n—p,—q,+J] .
<A1 11 [ 2 ) ( 2 _”]
k=m=2k*  j=1

(step 2)

n n 3 .
e | 1) 2 2 s e gy g 4 Y (nmp—geti Y
v H H[ Pr — 4 ]J ( P — 4k J—it]
k=m=2kr+1| T n_ 3 rl i =l 2 2

(step 2) 2 2 2 1t

mﬁlpkﬁ_z(n_pk — 4, +jjm (n_pk — 4 +j—it]_'1/

k=l =l 2 2
m-2  Pptqp—2 S N\kj . T
n—pe 4 tJ n—p 4 tJ .
IR )
k=m=-2k*  j=1
(step 2)

X

ﬁ ”ﬁ* n—p.—q.+j\" n—Pk—qA*J'_it "
2 2

k=m=2k*+1  j=1
(step 2)

;
o 2223y
2) (27 2
ﬁ .
2

k
| \2) 2 2 H[ﬂ—erJ) [n—pﬂ_itj
F(E—E]F[ﬁ—itj = 2 2
2 2) 2

where r; are given by (26). In (35), we will replace the c.f. of a log Beta r.v. with parameters %—% and

(35)

%, by the c.f. of the sum of two Gamma r.v.’s,
4,44, —ir)™ A7 (A, —it)",

where the parameters r; ., A,, and A, are obtained in such a way that the first three derivatives of both

p-1
c.f.’s with respect to ¢, at ¢ =0, are equal. This means that the distributions to which they correspond will
have the same first three moments. This leads us to obtain such parameters as the solutions of the system

of equations (33).

The expression of the near-exact c.f. of I obtained in this way is of the type in (12), more precisely, it is
given by

PN I Nt K o2 n—p+j & n—-p+j . 7r;
| 20y =00 27 (2, =i0) " | H( . fj [ . f—u}

J=1

(36)

. o e 2o i (nep+i N
Ay 27 G iy (L (2]
Jj=1

that is the c.f. of a r.v. with a GNIG distribution of depth p, which, by construction, equals the first three
moments of the exact distribution. More precisely, (36) is the product of the c.f. of the sum of p—2

independent r.v.’s with Gamma distribution, which corresponds to a GIG distribution of depth p—2,
with shape parameters rj* given by (26) and rate parameters A, given by (25), by the c.f. of sum of two

independent r.v.’s with Gamma distribution, with shape parameters k" € N and k*r; and rate parameters
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4, and 4, . Thus, the c.f. in (36) is the c.f. of the sum of a r.v. with a GIG distribution of depth p—2

with a r.v. with GNIG distribution of depth 2, yielding a GNIG distribution of depth p.

We may obtain another near-exact c.f. if, in (35), we replace the part that corresponds to the sum of &~

i.i.d. r.v.’s with a log Beta distribution with parameters %,; and i by the c.f. of a M2G distribution

with equal shape parameters, r, | , and rate parameters 4, | and /1[’) s 1e.,

Tp-1 1p-1

ﬂp—ifr-f—(l—ﬂ')’p—?]_r
(ﬂ’p—l _lt) i (/117—1 _lt) .

where the parameters 7z, 7, ,, A, , and A, are obtained in such a way that the first four derivatives of

both functions with respect to ¢, at ¢t =0, are equal. That is, the first four moments of the exact and
near-exact distributions of W will be the same. Such parameters are obtained as the solution of the
equations system in (34).

The expression of the near-exact c.f. of ¥ is then given by

Tp-1

l Z!V,m —r;
et (l-m)—= }H(n Z”j (n 5” itj (37
j=1

L ; ;
(/Ip_l —i)" (/1p_l —ir)"

that is the product of the c.f. of the sum of p—2 independents r.v.’s with Gamma distributions, which
corresponds to a GIG distribution of depth p—2 (with shape parameters r: given by (26) and rate
parameters A, given by (25)), by the c.f. of a M2G distribution, one of them with parameters 7, , and
s
is thus the c.f. of the sum of a r.v. with GIG distribution of depth p—2 with a r.v. with M2G distribution,
or yet, the c.f. of a r.v. with a M2GNIG distribution of depth p—1, which, by construction, matches the

and the other with parameters 7, , and A,

1> and the weights are 7and 1—7 . In other words, (37)

first four moments of the exact distribution. [

The expressions for the near-exact density and cumulative distribution functions of W =—-In A may be
obtained from (10) and (11), respectively, by making the appropriate replacement of parameters. From
these we may easily derive, by simple transformation, the corresponding near-exact density and
cumulative distribution functions for the generalized Wilks A statistic. This way we obtain, for the first
near-exact distribution in Theorem 1

fulw)~KA” Zu Z /k%(—ln u) " CVE Gk (A, - A) Inu), u>0,

as near-exact p.d.f. for A, and

(- lnu) FG

F,(u)~1- /1”7 ,
() " TG+ D) 7,

r , +1,4, Inu)

L A e (=) A
+Kﬂ¢p”2ul’z /,(Zm F(p’ p+1+l (ﬂ, /’L)]nu) u>0

j=1 k=1 i=0

as near-exact c.d.f., with
-l
K=]]4 and ¢, =
J=1 j“

For the second near-exact distribution in Theorem 1, the one based on a two-component mixture, we have

fiw)~ KA Zu Z ,k%(—lnu)k”‘”_llﬂ(r e+

LT (k) -

(A, ~2,)Inu)

" J T'(k) ktr, -1
+l—7rK/1" u” ————(-Inu) """
(1-7) Z Z U TGeer )( )

><1F;(r Jk+r

p-1°

(A =2)Inu), u>0

as the near-exact p.d.f. for A, and
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N oy Clnw)™
Fuw~1-x ﬂ.pfl T, 4D F (r]H Tyt 1, /1,;71 Inu)
p2 7 . B (=lnw)™ i
+Kﬂ;{’ : u Zc n 7( ) ~
= =i F(”,H +1+i)
x B (r, .1, +140,(4,, —4,) Inu)
1pt (_ In u)rﬂil '
—(1- 7[)/1,;71 F(Vp,l 0 5 (”,H ot 1, /1[,7] Inu)

o p-2 , r; . F-1 (_ln )rl,,,ﬂ‘/ll:
+(1-mKL" Zu}’ ZCM 2#

== R R A +1+10)

x E(r,.n, +1+i:(ﬂ7’,4 -A)nw), u>0

as the near-exact c¢.d.f. of A, with

=

_2 .
Cj,k

K=[]4 and c, = i (k).

k
j= j

Based on the c.d.f.’s presented it is quite easy to compute near-exact quantiles.

»
J

J

3.2 Asymptotic distributions for the generalized Wilks A statistic

As approximations for the generalized Wilks A statistic we also consider the asymptotic distribution
proposed by Box (1949) and Anderson (2003) and three asymptotic distributions developed by us, which

equate some of the first exact moments.

3.2.1 Box-Anderson asymptotic distribution for the statistic /' =—In A

Box (1949) and Anderson (2003, Section 9.4 of Chapter 9) developed two well-known asymptotic
distributions for linear transformations of the logarithm of the Wilks A statistic, under the null hypotheses
of independence of m sets of variables. These are based on series expansions which use Chi-square
distributions. As we can see in Appendix A, the two asymptotic distributions proposed by the two authors

agree to terms of order 777>, with 77 given by (39).

Based on the results obtained by those two authors we will use, as asymptotic approximation for the
distribution of the r.v. V, =nW, a mixture of two Chi-square distributions, i.e., we will use (see

Appendix A)
(1 7
where
m m m 2
co-Sat o(r-Ea) (#-3n)
Yy = i_i _ (S3) _ k=1 _ k=1 _ =1
2 2 = R
48 96 728 48 96 m
’ 72(172 ->n J
k=1
2
77=n+1—9S2+ S,
6S,
and

(1Y
& “)‘(5) (5“’]

is the c.f. of a r.v. with a Chi-square distribution with f'degrees of freedom. Since we have

¢W (t) — E(eitW) — E(ei(t/q)V) ,

(38)

(39
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the use of (38), is equivalent to the use, for the c.f. of the r.v. W =—In A , of the approximation

(1222 ()4 22, (2
W)_{l 772)(”2(17)+772(p2 (%) 40

Xy Xf+a

We will call Box-Anderson to the asymptotic distribution derived from (40).

3.2.2 Asymptotic distributions for the statistic // = —In A which equate moments

We will also approximate the whole c.f., ¢, (¢) in (24), by the c.f. of a Gamma r.v., a GNIG r.v. with
depth 2 with c.f.

A, (4, -it)™ /1;” 4, - i)™
or the cf. of a M2G distribution (with both components with the same shape parameters). The
approximation is done in such a way that if these approximating c.f.’s have d parameters, their first will
match the same first d derivatives with respect to ¢, at 1 =0, of ¢, (¢#). The asymptotic distributions

obtained in this way are: a Gamma, a GNIG and a M2G distributions, that match the first two, three and
four exact moments, respectively.

4 Comparative numerical studies

To assess the performance of the asymptotic and near-exact distributions proposed we use two proximity
measures, based on the difference between the exact and asymptotic or near-exact c.f.'s. These measures
were used by Grilo and Coelho (2007) and they are directly derived from the inversion formulas
respectively for the p.d.f. and the c.d.f.. Their expressions are

1 +o0
A= Z[Q |0y (1) — p(0)|dt (41)
and
_ 1% e, (-0
A= ZEJ;O t dt (42)

where ¢, (¢) represents the exact c.f. of the r.v. W and ¢(#) the approximate (asymptotic or near-exact)
c.f. under study. The measure A, in (42) may be seen as directly derived from the Berry-Esseen bound

and the use of the measures A; and A, enables us to obtain upper bounds on the absolute value of the
differences of the density and the cumulative function, respectively. More precisely,

max |f, (W)= f(w)|<A, and max|F, (w)—F(w)|<A,,

where f,,(w) and F,(w) are, respectively, the exact p.d.f. and c.d.f. of W, evaluated at w>0, and
f(w) and F(w) are, respectively, the asymptotic or near-exact p.d.f. and c.d.f. of W. The proposed

measures are an important tool to assess the proximity between asymptotic or near-exact distributions and
exact distributions, mainly in cases where the expressions for the exact p.d.f. or c.d.f. are not known, or
being known they are so complicated that are not manageable. This way, smaller values of the measures
are associated with better closeness of the distributions (in terms of moments, quantiles and c.f., and as
such also of density and cumulative distribution functions). The measures A; and A, are accurate to
evaluate the proximity of quantiles, where smaller values of these measures are associated with smaller
differences among quantiles (see Grilo, 2005 and Grilo and Coelho, 2007, 2009).

In this stage we perform a comparative numerical study among the approximations proposed, where we
consider the asymptotic distributions: the Box-Anderson which does not equate any moments (Box, 1949;
Anderson, 2003), a Gamma, a GNIG and a M2G, which equate the first two, three and four exact
moments, respectively (developed according to Subsection 3.2.2); the near-exact distributions considered
are: a GNIG which equates two exact moments (Coelho, 2004), a GNIG and a M2GNIG which equate the
first three and four exact moments, respectively (developed in Subsection 3.1). These approximations and
the number of exact moments that each one matches are shown in Table 1.
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Table 1: Asymptotic and near-exact distributions
and the number of exact moments equated.

Distributions No. of moments
equated

Box-Anderson 0

Asymptotic Gamma 2
GNIG 3

M2G 4

Near- GNIG 2
-exact GNIG 3
M2GNIG 4

We will use the measures A; and A, to assess the proximity of the different distributions, for variations in
the number of sets (), in the number of variables per set (p;) and in the sample size (n). In Table 2 is
displayed a summary of the cases considered in the comparative study.

Table 2: Number of sets, number of variables per set and sample size.

No. of No. of variables Total no. Sample
sets per set of variables size
m=3 P =5p,=7,p;=3 p=15
p=5p,=7,p;=9 p=21 n=25
and
m=4 p=5p,=7.p=3p,=6 p=21 n =100

In Tables 3 through 5 we may see how, opposite to the asymptotic distributions, the near-exact
distributions show an asymptotic behavior also for an increasing number of variables, both in terms of
increasing values of p;, when keeping m unchanged, but also for increasing m, keeping
p=p, +p,+..+p, unchanged.

As expected, the values of the proximity measures decline with increasing values of the sample size both
for the asymptotic and near-exact distributions. Also, systematically, distributions that equate a larger
number of exact moments have lower values of the proximity measures. Both for the asymptotic and
near-exact distributions we have with lower values of measures the two approximations based on
mixtures: the M2G in the case of asymptotic distributions and the M2GNIG in the case of near-exact
distributions. We may note that both distributions match four exact moments, but the near-exact
distribution has always lower values of the proximity measures. The asymptotic distribution
Box-Anderson, which does not equate any moment, has almost always the highest values for the
proximity measures, mainly for smaller sample sizes.

In a more detailed comparative analysis between asymptotic and near-exact distributions, we may see that
the best asymptotic distribution (the M2G distribution, which equals four exact moments) is always worse
than the least performant near-exact distribution (the GNIG distribution, which equals two moments). The
difference is more visible for smaller samples, what therefore enhances the advantage of the near-exact
distributions over the asymptotic, with regard to smaller samples. For large samples the asymptotic
distributions have a relative improvement in the quality of approximation which is however not enough to
overcome the near-exact distributions. In addition, when the difference n — p decreases, the near-exact
distributions are still much close to the exact distribution, even when the number of sets of variables
increases (compare the values of proximity measures between distributions in Tables 3 and 5).

For the same sample size, an increase in the total number of variables leads to an increase in the values of
the proximity measures for the asymptotic distributions. This instability of asymptotic distributions
contrasts with the behavior of near-exact distributions, whose values of proximity measures in this case
even fall (compare, for example, Tables 3 and 4). The near-exact distributions always have a better
performance than the asymptotic ones. They lay closer to the exact distribution than the asymptotic ones,
namely for smaller sample sizes.
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Some quantiles, for the distributions and cases in Tables 3 through 5, are presented in Appendix B, where
we consider the first fifteen decimal places of quantiles to assess the precision and performance of the
approximations proposed. Note that smaller values of the proximity measures are generally associated
with smaller differences between the exact and approximate quantiles (see Grilo (2005) and Grilo and
Coelho (2007, 2009)). Thus, although we do not have the exact quantiles for the examples presented, we
can compare the quantiles of different approximations with the quantiles of the near-exact distribution
M2GNIG (for n =25 or n = 100), since this approximation has lower values of A; and A,.

Table 3: Values of measures A; and A, for asymptotic and near-exact distributions.
Case m=3 withp, =5,p,=7,p,=3;n=25and n=100 .

Proximity measures

Distributions n=25 n=100
A, A, A, A,

Box-Anderson (O m.)  8.815E-02 1.063E-02 1.104E-03  2.844E-05
Asymptotic Gamma (2 m.) 1.371E-02  9.355E-04 2.112E-03  2.620E-05
GNIG (3 m.) 1.914E-03 1.122E-04 5.029E-04 5.225E-06
M2G (4 m.) 3.370E-04 1.896E-05 2.053E-06 1.909E-08
Near- GNIG (2 m.) 8.356E-07 5.566E-08 5.581E-07 6.898E-09
-exact GNIG (3 m.) 2.244E-08 1.262E-09 3.168E-09 3.320E-11
M2GNIG (4 m.) 6.369E-11 3.135E-12  3.163E-12  7.082E-15

Table 4: Values of measures A; and A, for asymptotic and near-exact distributions.
Case m=3 withp, =5,p,=7,p,=9; n=25and n=100.

Proximity measures

Distributions n=25 n =100
A, A, A, A,

Box-Anderson (O m.)  7.795E-01  1.151E-01 4.538E-03 1.597E-04
Asymptotic Gamma (2 m.) 2.435E-02 3.214E-03 2.114E-03  3.905E-05
ymp GNIG (3 m.) 4797E-03 5.451E-04 1.126E-04 1.772E-06
M2G (4 m.) 1.965E-03 1.944E-04 4.096E-06 5.674E-08
Near- GNIG (2 m.) 6.385E-08 8.140E-09 1.182E-07 2.178E-09
-exact GNIG (3 m.) 9.273E-10  9.942E-11 4.631E-10 7.235E-12
M2GNIG (4 m.) 1.416E-12 1.328E-13 3.200E-13 1.299E-14

Table 5: Values of measures A; and A, for asymptotic and near-exact distributions.
Case m=4 withp, =5,p,=7,p,=3,p,=6;n=25and n=100 .

Proximity measures

Distributions n=25 n=100
A A, A, A,

Box-Anderson (0 m.) 8.331E-01 1.673E-01 5.865E-03 2.224E-04

Asymptotic Gamma (2 m.) 2.352E-02  3.190E-03 1.956E-03 3.819E-05
¥ GNIG (3 m.) 4.663E-03 5.444E-04 1.044E-04 1.736E-06
M2G (4 m.) 1.907E-03 1.937E-04 3.872E-06 5.669E-08

Near- GNIG 2 m.) 5.712E-08  7.500E-09 9.509E-08 1.852E-09
-exact GNIG (3 m.) 8.052E-10 8.900E-11  3.532E-10 5.834E-12

M2GNIG (4 m.) 1.192E-12  2.077E-14 2.310E-13  9.125E-15
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5 Conclusions and final remarks

The near-exact distributions developed are very close to the exact distribution and although some of the
general expressions obtained for the c.d.f.’s, may seem complicated they are, in fact, very manageable
and easily allow for the calculation of near-exact quantiles and p-values through the use of some
symbolic software. Note that even when we have the expressions for the exact p.d.f.’s and c.d.f.’s
available from the literature, these are usually only available for specific numbers of variables per set and
the expressions are highly complex, once they make use of unsolved integrals and/or series, which
renders the computation of exact quantiles impossible.

The comparative analysis conducted allowed us to confirm and reinforce the importance of near-exact
distributions over the asymptotic ones. Even when we compare asymptotic and near-exact distributions
that equate the same number of exact moments we confirm that the near-exact distributions are always
closer to the exact distribution. The near-exact distributions are still closer to the exact distribution when
the difference between the sample size and the total number of variables, n — p, is very small, the usual
situation where asymptotic distributions work less well. The near-exact distributions developed also
display an asymptotic behavior for increasing number of variables.

Among the near-exact distributions considered for the Wilks A statistic, for the general case of several
sets of variables, we confirmed that the near-exact M2GNIG distribution allows for the computation of
near-exact quantiles closer to the exact ones. So if we want more accuracy, the near-exact distributions,
expressed under the form of mixtures, are the best option, because they are closer to the exact
distribution.

The procedure used in this paper may also be applied to obtain near-exact distributions for other
likelihood ratio test statistics, used in several multivariate tests, as well as other statistic tests whose exact
distributions are usually seen as hard to obtain in a manageable form.
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Appendix A
Box and Anderson asymptotic distributions for the generalized Wilks A statistic

In this appendix we present the asymptotic distributions of Box (1949) and Anderson (2003) for the
statistic W =—In A and the fact that these approaches match by terms of certain order.

Asymptotic distribution of Box for the statistic /' =—-In A

Box (1949) obtained an asymptotic distribution for the statistic V; = u (x> 0), for the general case of

m sets of variables, for a sample size of n+1, based in a series expansion until the terms of order .
After some simple manipulation we get an approximation to the c.d.f. of r.v. V] under the form of

PV, <v)= (1 —“—;J P <n+22P(y2,, <) (43)
)% ‘ )%
where ;(; is a r.v. with Chi-square distribution of f'degrees of freedom and where, for

> :(Z”k] —2p=p =2
k=1 k=1 k=1
p, represent the number of variables in k-th set, with
1
=35 (44)

and

a,=a',—a' ﬁ+£ﬂ2
where

1
@' =2 (25,+35,)

1 (43)
a', :4—8(S4 +25,-85,)
and according to Box (1949),the best choice for £, is
28, +35,
=—"2 46
B 65, (46)
28, +38,

and, then, pis givenby y=n—-pf=n-
6S,
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Asymptotic distribution of Anderson for the statistic /7 = —-In A

Anderson (2003) obtained an asymptotic distribution for the statistic ¥, =W , also for the general case
of m sets of variables, for a sample size n+1, which gives as c.d.f. of r.v. V5,

PV, <v)= [ —Z—ﬁjP(zi <v) +%P(l§+4 <V+0(n7),

where ;(? is a r.v. with Chi-square distribution of f'degree of freedom given by (44) and where

2
77="+1—9S2+ S,
65,
and
m m m 2
. P -2p S(IJZ—ZPEJ (zf—zpij
7. —i_iS _(S3) — k=1 _ k=1 _ k=1
2 2 =
48 96 728 48 96 m
’ 72[172 —szfj
k=1
with
pP= Py -

This distribution agree, until terms of order 7>, with the distribution in (43). We just have to prove that

n=pandy, =a,.
In fact,

9S, +28, 28, +38S,
—_ =n—-— = /1
65, 6S,
while, the definition of «', and ', in (45) and given the (46) and the (44), we have

L, o Si+25,-5, 28,435, {253 +3S2]+S2 (2& +38, Jz

n=n+l

: 48 24 6S, 8| 68,
_ S, +28,-8, 4(S,)’ +128,S; +9(S,)’
48 2885,
S, _5 ($,)’°
= — ——S2 —_—— = -
48 96 * 728,
Appendix B

Some quantiles of asymptotic and near-exact distributions

In this appendix we have some quantiles of asymptotic and near-exact distributions presented in Table 1,
and for the cases considered in Table 2.

Table B.1: Some quantiles of asymptotic and near-exact distributions, for m =3 withp, =5,p, =7,p; =3 andn =25 .

Distributions Quantil

0.90

0.95

0.99

Box-Anderson (0 m.)
Gamma (2 m.)

Asymptotic
GNIG 3 m.)
M2G (4 m.)
Near- GNIG (2 m.)
-exact GNIG (3 m.)

M2GNIG (4 m.)

5.031785461796158
5.070377562043812
5.070276333237788
5.070609220349255

5.070602168477183
5.070602124092140
5.070602126798732

5.323031958069611
5.370357926673817
5.372126647829524
5.372523848045243

5.372467807060278
5.372467665422931
5.372467667053351

5.898005586512672
5.963786660003066
5.971982498923960
5.971819900646903

5.971703926691035
5.971703537687081
5.971703532349906
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Table B.2: Some quantiles of asymptotic and near-exact distributions, for m =3 withp, =5,p, =7, p, =3 and n =100 .

Distributions Quantil
0.90 0.95 0.99

Box-Anderson (0 m.) 0.935323168711130  0.989715419238025  1.097231449665216
Asymptotic Gamma (2 m.) 0.935339192611802  0.989726082542498 1.097223554713795
GNIG (3 m.) 0.935342850877693  0.989738547373362 1.097259383804981
M2G (4 m.) 0.935340711254230  0.989737150205773 1.097263392208844
Near- GNIG (2 m.) 0.935340709285214  0.989737142448385 1.097263384191019
-exact GNIG (3 m.) 0.935340708748366  0.989737139450099 1.097263374024131
M2GNIG (4 m.) 0.935340708764024  0.989737139462930  1.097263374001226

Table B.3: Some quantiles of asymptotic and near-exact distributions, for m =3 withp, =5,p, =7,p, =9 andn=25.

Distributions Quantil
0.90 0.95 0.99

Box-Anderson (O m.)  11.591586686879699 12.032350722190023 12.898414250694641
Asymptotic Gamma (2 m.) 12.345918745169811  12.896339241630456 13.971712356540501
GNIG (3 m.) 12.344912148762195 12.907671590755629  14.027223756619322
M2G (4 m.) 12.348171464976944  12.912166618988656 14.027008354299709
Near- GNIG (2 m.) 12.348022879983701  12.910964952132374  14.024583596099380
-exact GNIG (3 m.) 12.348022863197591  12.910964910723551 14.024583497919487
M2GNIG (4 m.) 12.348022863501334  12.910964910801998  14.024583497046136

Table B.4: Some quantiles of asymptotic and near-exact distributions, for m =3 withp, =5,p, =7, p; =9 and n=100.

Distributions Quantil
0.90 0.95 0.99

Box-Anderson (0 m.) 1.836423568798852 1.912728356791496 2.061422164719888
Asymptotic Gamma (2 m.) 1.836561835231905 1.912879136056215 2.061589621633479
GNIG (3 m.) 1.836566487919830 1.912904876661781 2.061678211637670
M2G (4 m.) 1.836567768617353 1.912905919850552 2.061676226936147
Near- GNIG (2 m.) 1.836567748918097 1.912905868635871 2.061676170614511
-exact GNIG (3 m.) 1.836567748527033 1.912905867113034 2.061676165947668
M2GNIG (4 m.) 1.836567748531739 1.912905867116187 2.061676165938647

Table B.5: Some quantiles of asymptotic and near-exact distributions, for m =4 withp, =5,p, =7,p, =3,p, =6 and n =25 .

Distributions Quantil
0.90 0.95 0.99

Box-Anderson (0 m.) 12.460941411465933 12.907514159294704 13.783900618858366
Asymptotic Gamma (2 m.) 13.296058071513843  13.856824747820833 14.950117240148249
GNIG 3 m.) 13.295201884762036 13.868568563988037 15.006772567048699
M2G (4 m.) 13.298577869482085 13.873174216085569 15.006387007465356
Near- GNIG (2 m.) 13.298396069376416 13.871917301706467 15.003950051538756
-exact  GNIG (3 m.) 13.298396053550118 13.871917262268838 15.003949957231221
M2GNIG (4 m.) 13.298396053835702 13.871917262346372 15.003949956414496

Table B.6: Some quantiles of asymptotic and near-exact distributions, for m =4 withp, =5,p, =7, p,; =3, p, =6 and n =100 .

Distributions Quantil
0.90 0.95 0.99

Box-Anderson (0 m.) 2.039136431292056  2.119137075841269  2.274715205452883
Asymptotic Gamma (2 m.) 2.039331328087639  2.119352060184476  2.274962859788668
GNIG (3 m.) 2.039336486121450  2.119378976623912  2.275054213119008
M2G (4 m.) 2.039337803157476  2.119380026799260  2.275052099885275
Near- GNIG (2 m.) 2.039337781112693  2.119379971964562  2.275052042593969
-exact GNIG (3 m.) 2.039337780749925  2.119379970585481  2.275052038400520
M2GNIG (4 m.) 2.039337780753908  2.119379970588093  2.275052038392689




