On an isotropic differential inclusion
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Abstract—Differential inclusions arise in successful models
proposed to describe the microstructures of elastic crystals. In
this paper we are interested in the existence of Lipschitz maps
u :  — R? satisfying the inclusion

DueF,
U=,

where € is an open bounded subset of R and F is a compact
subset of R2*2, which is isotropic, that is to say, invariant
under rotations. We will show an existence result under suitable
hypotheses on the boundary datum .

a.e. in

on 0N

Index Terms—Differential inclusion, isotropic set, singular
values, rank one convexity.

I. INTRODUCTION

In the last twenty years successful models for studying
the behaviour of crystal lattices undergoing solid-solid phase
transitions have been studied. In such models it is assumed that
the elements of crystal lattices have certain preferable affine
deformations; this is true for example for martensite or for
quartz crystals (see [1], [11]). This physical problem motivates
the mathematical question of the existence of solutions to
Dirichlet problems related to differential inclusions such as
Du € F ae. in €, where € is a domain of R” and £ C R™**"
is a compact set.

Two abstract theories to establish the existence of solu-
tions of general differential inclusion problems are due to
Dacorogna and Marcellini (see [5], [7]), whose result is based
on Baire’s category theorem, and Miiller and Sverak [12], [13],
who use ideas of convex integration by Gromov. In these two
theories special notions of convexity are used. More precisely,
the rank one convex hull of the set F, plays an important role.
We say that a set £ C R™*™ is rank one convex if

A BeE,tk(A—B)=1 = tA+(1—t)B € E,Vt € 0,1].

Given a set £ C R™* "™ its rank one convex hull, denoted
by Rco F, is the smallest rank one convex set that contains
E. We point out that we are following the notation used by
Dacorogna and Marcellini in [7]; the rank one convex hull is
denoted by lc(E) by Miiller and Sverdk in [12]. The following
characterization of Rco E holds

Rco E = U R;,coF,
i=0
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where Roco £ = E and
RH_lCOE =
{tA+ (1—-1¢)B,t€[0,1], A, B € Rijco E,tk(A — B) = 1}.

Provided certain approximation properties hold, if the gradient
of the boundary datum ¢ belongs to the interior of Rco F, then
there exists a solution u € ¢ + Wol’OO(Q, R™) to Du € E a.e.
in ). However, the approximation properties are different in
each of the two theories.

Using these abstract theorems various interesting problems
related to the existence of microstructures have been solved,
such as the two well problem, where F = SO(2)AUSO(2) B,
where A and B are two fixed R?*2 matrices (see [6], [7], [9],
(11], [12]).

In this article we study the case where the set £ is an
arbitrary R2%2 isotropic set, that is, invariant under rotations.
More precisely, we assume that £ is a compact subset of R%*?2
such that AEB C E for every A, B in the orthogonal group
O(2). Let £ be an open bounded subset of R?. We investigate
the existence of weakly differentiable maps u : ) — R? that
satisfy

Due E, ae. in()
{ ey

U=, on Jf).
Since E is isotropic it can be written as

B ={£ € R¥?: (M(), M2(9)) € K}, @)

for some compact set K C {(x,y) € R? : 0 < 2 < y}, where
we have denoted by 0 < A1(£) < Ag(&) the singular values
of the matrix &, that is, the eigenvalues of the matrix \/@,
which are

X (€) = 5 [VIETE + 20 det(@)] - I — 2l det @)
Xo(€) = 5 [VIETE + 2 det(@)] + VT — 2l det @]

Thanks to the properties of the singular values (see [10]),
problem (1) can be rewritten in the following equivalent way:

|Du(z)||> = a®> +b*> ae.in Q,(a,b) € K,

|det Du(z)| = ab ae. in Q, (a,b) € K,
u(z) = ¢(x) x € 00.

In the case where K consists of a unique point these two
equations are the vectorial eikonal equation and the equation
of prescribed absolute value of the Jacobian determinant.
The main result of our article is the following
Theorem 1.1: Let E := {€ € R**? : (A\(£),\2(§)) € K}
where K C {(z,y) € R? : 0 < = < y} is a compact set.
Let 2 C R? be a bounded open set and let ¢ € C._ (Q,R?)

piec(




be such that Dy € int RcoE in 2. Then there exists a map
u € ¢+ Wy™(Q,R?) such that Du € E ae. in .
This result was first obtained by Croce in [4] using the theory
developed by Dacorogna and Marcellini and a refinement due
to Dacorogna and Pisante [8]. In this article we treat the same
problem using the theory by Miiller and Sverdk which leads
to different technical difficulties. We point out that in the case
where K consists of a unique point and K C R™, n > 2
the same existence result was obtained by Dacorogna and
Marcellini in [7].

We will use the following characterisation of the rank one
convex hull of E due to Croce [3], [4]. Letting

Jo(z,y) ==y +0(y —

the following result holds.
Theorem 1.2: Let K be a compact set satisfying

x),z>0,y>0,0>0 (3)

Kc{(z,y) eR*:0<z <y} )

and let
E={eR¥?: (A\1(£), A2(9))
Then Rco E is the set of R?*2 matrices ¢ such that

fo(Ai(€), A2(€)) < (nax fo(a,b),V 0 €0, (fé?&b]‘

€EK}. (3)

Moreover, intRco E is the set of R?*? matrices ¢ such that

fo(A1(8),X2(8)) < (aI’r;?é(K fo(a,b),V 0 €0, max b].

(a,b)eK

II. IN-APPROXIMATION

To show theorem 1.1 we will use an existence result due
to Miiller and Sverdk [12] which requires the following in-
approximation property.

Definition 2.1: (In-approximation) Let E be a compact
subset of R™*™, We say that a sequence of sets {U,} is an
in-approximation of E if

1) the sets U; are open and contained in a fixed ball;

2) U; € ReoUiya;

3) if &, €U, and &, — £, as n — oo, then & € E.

In this section we will show that the set F, defined by (5)
and (4), admits an in-approximation. Since a characterization
of the rank one convex hull of an open isotropic set is not
available, we will construct closed sets V,, from which we
will obtain the open sets U,, of the in-approximation.

Definition 2.2: Let ¢, = % and let r, be a decreasing
sequence such that 0 < r, < g,. For (a,b) € K we define
the sets,

Ry, ) = {(z,y) eR?tatep—1p <z <a+ep,
ab—e, <y < ab—sn}
a+en n=Y

T a+téy
and V,, 1= {€ e R¥?: (\1(€), 2(€)) € K, }, where K,, =
U R(a )
(a,b)eK
Proposition 2.3: The function fy(z,y) defined in (3) satis-
fies the following properties:

i) fo is strictly increasing in y, for every = > 0 and 6 > 0;

ii) fp is strictly increasing in x, for every y > 6 and is
strictly decreasing in x, for every y < 0;

iii) fo(-,0) is constant, for every 6 > 0;

iv) setting

ab—eg,
™ “aFe, )

@ ©) = fo (a—f—sn
(

C00) = fo(aten, 222
one has
max fo(z,y) = max {a{0(0), 510 (0) |
(z,y)eRE, )
S ONA= max
n Y y
[ V000,
aﬁf’b)(e), 0> max y;
(z:9)ERT, 4
v) forevery 8 € [ max y, max ] the following
(@YERT, ) (z.y)ERLE,

inequality holds:

alev (9) < Bﬁﬁkﬁ)( );

for every 6 > 0 the following inequality holds:

B (6) < B (6);

vi) assume that max 1y < max vy, then for every
(z.y)ERLT) (@) ERTY,
fe| max gy, max y|] we have
(@w)ERL,  (zy)eRp

@9 (9) < ol (0);

vii) for every 6 € [0, max g the following inequality
(z,y)GR?a ;)
holds:
max f0<w7y) < max f9(x7y)
(z, y)ER(a b) (x,y)eRTT]

(a,b)

Proof: The first three properties are clear and the fourth

one follows from i), i) and iii). The second inequality in v)
follows immediately from the fact that

ab— e,

a+éey

ab — En+1
a+ent1

(6)

Due to the linearity in 6, it suffices to show the remaining
inequalities in v) and vi) for 6 belonging to the boundaries

of the respective intervals. This is achieved using (6), i) and
141). Finally, vii) is a consequence of iv) and v). [ |
Lemma 2.4: Let bpy = max b and apy = max a.
(a,b)GK (a,bjyj)GK
Then
aMbM — E&n
max y=-———
(z,y)EKn apn + En

for all sufficiently large n.
Proof: If (a,b) € K satisfies a < ajs then it is easy to

see that
ayby —en

any + En

ab— e,
a-+e,

It remains to show the above inequality for points (a,b) € K
such that a > ajpr and b < bys. We argue by contradiction



and assume there exists a sequence (a,,b,) € K and ¢,/ a
subsequence of €,, such that

a]WbJW —&n/ anbn —&n/

apy + En

Ay, + Eny

Since K is compact and (a,,b,) € K, up to a subsequence
(an,bn) — (a,b) € K, so passing to the limit in the above
inequality we obtain b > by, contradicting b < by;. [ |
We will now prove the following proposition.
Proposition 2.5: The sets V,, introduced in Definition 2.2
satisfy V,, C int RcoV 4.
Proof: Due to the compactness of K and to the definition
of the sets R"u ) standard arguments show that the set K, is
compact. Therefore by Theorem 1.2, it suffices to prove that

for every # € [0, max
Y © (zy)eKn+1 vl
max < max x,Y).
s, olmy) < x| Joley)
Let # € [0, max y]. Then there exists (a,b) € K
(z,y)eKn+L

(depending on ) such that
) =

max
n
(z,v) GR( b)

fo(w,y).

max fo(x,

Recall that, by Lemma 2.4,

apbar — €nt1 S ab — ent1

max = > .
ap + Enti a+ Ept1

(zy)eKnt!

Ifo<60< ‘Zb;%:ll the result follows by property vii) of
Proposition 2.3.
Ifo e |:tlb—6n+1 apmbyr—enta

} we have, by iv) and vi) of

atent1’ am+tent1
Proposition 2.3,
max fo(x, = max o\T,
Gmax Jolwy) = e fo(z,y)
= al ()
b
<ol "(6)
< max  fy(z,y)
(@eRr

< max z,Y).
N (z,y)€EKnt1 f@( y)

|
Theorem 2.6: Let E be given by (5) and (4). Then E admits
an in-approximation.
Proof: Let V,, be the sets considered in the previous
proposition and define the sets U,, = intV/,.
Step 1) U, are open by definition and it is clear that the
sequence {U,,} is uniformly bounded.
Step 2) We will prove the second condition of the definition
of in-approximation. Due to Proposition 2.5, we have U,, C
V, Cint RcoV,, ;1. We will show that, for every n,

int RcoV,, C Rco U, (7

this will imply that U,, C Rco Uy, 41, as required.
_Let § € intRco V;,. We will prove that { € ReoV,,, where
V,, is the set defined by

V = {5 € R2X2 (A1(§)7)‘2(€)) € Kn}v

for a certain compact set K,, C intK,. By continuity of the
function & — (A1(€), A\2(€)) this will entail that V,, C intV,,,
therefore

¢ € ReoV, C ReointV,, = Reo U, ,

and we will have proved (7). For simplicity of notation we
set (A1(£), A2(§)) = (,y). Our aim is thus to find a compact

set K, C intK,, such that, for every § € [0, max b], the
(a,b)EKn
following inequality holds

fa(xay) < max f@(a7b)' (8)

(a,b)EK,,

For A > 0 define K} = J RZ'akb) where

(a,b)eK
R, ={(z,y) €R* aten—rn+ A<z <a+e, -\
b— n b— n
a 3 a I3 _)\}

—r,tA<y<
a—+ ey " =v= a+en

It follows that R?a”\b) C intR{,,, C intk, and so K) c
intK,. Since £ € intRcoV,,, we have that fy(z,y) <

( ril)az(( fo(a,b), so to show (8) it suffices to prove that, as
a,b)e K,

A — 0T,

max f@(a,b)—> max f@(azb)v (9)
(a,b)eK) (a,b)EK,,

uniformly with respect to 6. Notice that, as in the case of K,

o(r,y) = sup max a(a g ,ﬂ(a’b) 0
f ( y) { WA n,A\
(a,b)eK ’

max.
(z,y)eK)

where

(@) (g) = A DmEn
an,)\ ( ) f9 (a+€n rn + ate,

(ab o o ab_€n_
B0 = fo (aken =2 T2 2 0).

Hence (9) will follow from the fact that, as A — 07,

( Sbl;Ie)K an‘f’kb)(Q) — ( SIEEK a%“ b)(ﬁ)
sup AL (0) — S B0),

(10)

uniformly in 6. As

a b n
a0 (9) — e (9)] < A( max a+1> AL
’ (a,b)eK a—+ ey,
+A% + 200
< /\( max a+1> + 22 42X
(a,b)eK
+Amax{l, max b}

a,b)e K

and this last expression tends to 0, uniformly with respect to 6
and to (a, b), we conclude the first statement of (10). A similar
argument yields the second one.

Step 3) Given (z,,y,) € K, there exists (a,,b,) € K
such that (z,,y,) € R(a o)’ As K is compact, up to a
subsequence, (an,b,) — (a b) € K, so, by the inequalities
that define Rf, . (Tnyyn) — (a,b).



Let us now show the third condition of the definition of in-
approximation. Assume that §,, € U,, and that &,, — £. Since
&n € Vi, (M(&n), A2(&r)) € K, so, by the above reasoning,
(A (&n), A2(&n)) converges to a point (a,b) € K. On the other
hand, by continuity, X\;(&,) — Ai(§),7 = 1,2, and therefore
(A(8),22(8)) = (a,b) € K. Thus £ € E. [ |

III. EXISTENCE THEOREM

We are going to prove Theorem 1.1. We will assume that
the boundary datum ¢ is C’;iec(Q,Rz), that is to say, ¢ €
Whee(Q,R?), there exist open sets w; C €2 such that ¢ €

Cl(w;,R?) and Q\ Uwi is a set of Lebesgue measure zero.

We will use the foilowing abstract theorem of Miiller and
Sverak [12]) to prove Theorem 1.1.

Theorem 3.1: Let ) C R™ be an open, bounded set and let
E be a compact set which admits an in-approximation by the
open sets U;. Let ¢ : Q@ — R™ be a C! function such that
Dy € U, in Q. Then there exists u € ¢+ W, ™ (Q, R™) such
that Du € E a.e. in €.

We begin by considering the case where ( is an affine function
and to this effect we will need the following proposition.

Proposition 3.2: Let E be the set defined by (5) and (4)
and let £ € int Rco E. Then there exists an in-approximation
sequence U, for E such that £ € U;.

Proof: Consider the sequence of sets V,, defined in the
previous section. We will show that there exists N = N(¢) €
N such that

& € int Rco V. (11)

For simplicity of notation set (A1 (), A2(§)) = (z, y). We must
show that if
y) < ,b), V0 €0, b
fol ) < g Jole D) VO €0 25n
then there exists N = N(z,y) such that, letting K,, be the
sequence of sets in Definition 2.2,

folz,y) < mg)}{( fo(a,b), V€0, max b. (12)

(a,b) (a,b)EKN

Since, by construction of K,;, max b < max b, it suffices

(a,b)eK,, (a,b)eK
to prove that
a b a ,0), 400, (13

BB, P00 = g Pl e, (1D

uniformly with respect to 6 € [O,(H;?XK b]. By Proposi-
a,b)e
tion 2.3, iv)
max  fo(a,b) = sup max{a("(6), 5 ()}

(a,b)EK,,L (a,b)EK

and

| sup max{a{®?(6),52(0)} — max fo(a,b)|

(a,b)eK (a,b)eK
< sup [max{a(""(0), 3" (0)} — fo(a,b)].
(a,b)eK

Therefore we must show that, as n — +o0,

|l P(8) = fola,b)] — 0, |5 (6) = fo(a,b)| — 0,

uniformly with respect to 6 and to (a,b). We start with the
first limit. Letting

ab—¢ ab—¢
My = Fg: —a—En+Tn, qn=(a+e,—1y) a+€:
we have aif””)(e) = m,0 + ¢,. Notice that ¢,, — ab — 0 and

my, —b+a — 0 uniformly with respect to (a,b). This implies
the result. The same reasoning applies to the second limit.

To complete the proof we notice that, letting U,, = intV,,,
for every fixed N € N, the sequence

Rco UN, UN+1,UN+2,

is an in-approximation of E. Indeed the rank one convex hull
of an open set Uy is open and rank one convex. Since, by
construction, Uy € RcoUpny; and Rco Uy is the smallest
rank one convex set that contains Uy we conclude that
RcoUy <€ RcoUp4i. Moreover, if € € int RcoE then
& € RcoUy, by (11) and inclusion (7). [ |

Theorem 3.3: Let () be an open, bounded subset of R2 and
let E be the set defined by (5) and (4). Let £ € R?*2 be such
that ¢ € int Rco E and let o : Q — R? satisfy Dy = £ in Q.
Then there exists u € o + W, (2, R?) such that Du € E.

The proof of Theorem 3.3 follows immediately from the
previous proposition and from Theorem 3.1. To obtain our
existence result in the general case we will once again make
use of Proposition 3.2 together with the following result,
proved by Dacorogna and Marcellini in [7] (Corollary 10.15).

Theorem 3.4: Let ) be an open subset of R™ and A be an
open subset of R™*™, Let p € CY(Q,R™) N WL (Q,R™)
be such that

Dy(z) e A,V x € Q.

Then there exists a function v € W1°°(2, R™) such that v is
piecewise affine in 0, v = ¢ on 92 and Dv € A a.e. in (.
We will now prove Theorem 1.1.
Proof: Assume first that ¢ € C1(Q,R?). We define the
open set A as the set consisting of R?*2? matrices ¢ such that

f@(/\l(é-)v)‘Q(f)) < (ar,I;)aEXK fg(a,b), b€ [07 (ﬁ)a‘é(K b]

We apply the previous theorem to ¢ and A, in order to obtain a
map v € W1°°(Q,R?) such that v = ¢ on 99, Dv = ¢; in ;
for some constant ¢; € A and | J2; = Q. Due to Theorem 3.3

we can solve the problem

DueE,
u(z) = v(z),
in each set ;. Denoting by u; the solution in €2;, the map
defined by u = wu; in §2; belongs to ¢ + Wol’oo(Q,]Rz) and
satisfies Du € E. -
Now suppose that ¢ € C...(Q,R?). This means that there

exist open sets w; C €2 such that ¢ € C(w;, R?) and Q\U w;

a.e. in €Q;
r € 0

is a set of Lebesgue measure zero. By the first case, for each
i, there exists w; € ¢ + Wol’oo(wi,IR{Z) such that Dw; € E
a.e. in w;. Thus, the function u defined as w; in w; belongs
to o 4+ Wy (2, R?) and satisfies Du € E, a.e. in €. ]



We conclude this article by pointing out that Theorem 1.1
is not far from being optimal in the case where the boundary
datum ¢ is affine. To explain this, we need some further
notions of convexity given in [7].

Definition 3.5: A function f : R?*2 — R U {+oc0} is
polyconvex if there exists g : R> — R U {+o0o} convex such
that f(A) = g(A,det(4)).

A measurable function f : R>*? — R is quasiconvex if

1
F) < g /Q F(A+ DY) du

for every bounded domain Q of R2, for every A € R?*2 and
for every 1 € Wy ™°(Q,R?) (|0 stands for the Lebesgue
measure of ).

A function f : R?*? — R U {+oc} is rank one convex if
FEA+ (1 —-t)B) <tf(A)+ (1—1t)f(B) whenever ¢t € [0, 1]
and rk(A — B) = 1.

It is well known that, for f : R?*? - R,

f polyconvex = f quasiconvex = f rank one convex.

Definition 3.6: A set E C R?*2 is polyconvex if for all
5

t; > 0 with Zti =1 and all A; € FE with
=1

i=1 =1

5
then ZtZAZ € FE.

i=1

The polyconvex hull of a given set E is defined as the
smallest polyconvex set that contains F.

Let E C R**2, Let P be the set of polyconvex functions
f : R**2 — R such that f|g< 0. We recall the following
characterization of the closure of the polyconvex hull of E

PcoE = {£ e R¥*?: f(£) <0,V f € P}.
Now, suppose that u is a solution of

Due E,

U= Ug,

a.e. inf)
on Of)

where ug, is an affine function with Dug, = &. Then there
exists a map ¢ € W™ (Q, R?) such that u = ug, + 1. Let
f € P. Then f is also quasiconvex and thus

f(o) < ﬁ /Q F(éo+ Do) de = ﬁ /Q F(Du)dz < 0

since f|p< 0. This implies that § € PcoE. In the case
where E is an isotropic compact subset of R?*? is has been
shown in [4] and [2] that Rco £ = Rco £ = Pco E. Therefore
& € Rco E.
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