The exact and near-exact distributions of the
likelihood ratio statistic for the block
sphericity test

Filipe J. Marques and Carlos A. Coelho*

Using a suitable decomposition of the null hypothesis of the sphericity test for several blocks of variables, into a sequence
of conditionally independent null hypotheses, we show that it is possible to obtain the expressions for the likelihood ratio
test statistic, for its h-th null moment and for the characteristic function of its logarithm. The exact distribution of the
logarithm of the likelihood ratio test statistic is obtained in the form of a sum of a Generalized Integer Gamma distribution
with the sum of a given number of independent Logbeta distributions, taking the form of a single Generalized Integer
Gamma distribution when each set of variables has two variables. The development of near-exact distributions arises, from
the previous decomposition of the null hypothesis and from the consequent induced factorization of the characteristic
function, as a natural and practical way to approximate the exact distribution of the test statistic. A measure based on the
exact and approximating characteristic functions, which gives an upper bound on the distance between the corresponding
distribution functions, is used to assess the quality of the near-exact distributions proposed and to compare them with an

asymptotic approximation based on Box’s method.
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1. Introduction

The block sphericity test is a very interesting generalization of the standard sphericity test with application in several statistical
studies mainly when it is necessary to test if in a set of p variables, from a multivariate Normal population, we have independence
among all of the variables and if in each of the k groups of variables, the i-th of which with p; variables (i =1, ..., k), all the p;
variables have the same variance, that is, the k groups of variables are independent and in each group the sphericity assumption
holds. One example of application is in testing the error structure in Linear and Nonlinear Mixed Models which are becoming
more and more popular tools with applications in areas like Economics, Psychology, Biology, Agronomy, Genetics, Epidemiology
and Medicine.

The normality assumptions under which the I.r.t. (likelihood ratio test) statistic is derived may seem too restrictive. However
we should bear in mind the results in [2], [3], [1], [9] and [10], which show that I.r.t. statistic is the the same when the underlying

distributions for the sample is multivariate elliptically contoured and left orthogonal-invariant distributions.
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We strongly believe that it is now a good time for a fresh and new look into this test. By showing that the null hypothesis of

the test may be decomposed into a sequence of null hypotheses, and that this decomposition

- allows the obtention of the |.r.t. statistic and the expression for the h-th null moment of the L.r.t. statistic,
- induces a factorization on the c.f. (characteristic function) of the logarithm of the l.r.t. statistic which may be used as a
basis to develop very precise approximations to the exact distribution of this statistic (see [7]),

we therefore aim at developing very precise near-exact distributions for the l.r.t. statistic for the block sphericity test. These are
distributions that

- are built using a new technique which combines a decomposition of the exact c.f., most often a factorization, with keeping
most of it unchanged and approximating asymptotically only a smaller part of it, often using the well known matching
moments technique (see Section 4),

- may be used for statistics which have highly complex distributions, being easy to use when decompositions of the null
hypothesis are considered,

- have very good asymptotic properties not only in terms of the sample size but also when other parameters involved, such
as the number of variables, increase their values,

- may be implemented using simple computational resources and therefore may be used in statistical studies for a large

number of practical problems.

2. Another way of looking into the null hypothesis

In this test we consider a sample of size N from a p—variate normal population, N,(4, ¥) and we want to test the null hypothesis
Ho: X =diag(oily, i=1,..., K) (1)

with 1§k§p:pl+p2++pk
The null hypothesis in (1) may be decomposed into a sequence of two null hypotheses,

Ho = Hopjoa © Hoa (2)
where
Hoa : X;=0 for i#,; (i,j=1...,k), (3)
is the null hypothesis for testing the independence of k groups of r.v.'s (random variables) and

Hobjoa @ Zii= o? Iy v i=1,..., k,  (k independent sphericity tests) (4)

assuming that Ho, is true

is the null hypothesis for testing sphericity in each of the k groups of r.v.'s.
Using this decomposition we will be able to derive, in a very simple way, the l.r.t. statistic to test the null hypothesis in (1) as
product of the L.r.t. statistics used to test the null hypotheses in (3) and (4). We have this way, for the modified l.r.t. statistic,
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where A} and X}, are modified |.r.t. statistics used to test the null hypotheses in (3) and (4) (see [1]), A is the p x p matrix of
corrected sums of squares and products formed from the sample or alternatively the sample variance-covariance matrix or the
MLE of ¥, n= N — 1 is the number of degrees of freedom of the Wishart distribution of A and A;; denotes the /-th diagonal
block of order p; of A.

Given the independence of the statistics A and A, in (5), under Ho, we may use the expression for the h-th null moment of

these statistics (see [1]) to derive the expression for the h-th null moment of \* as

ol = Tegn+zhn) Mo (3n) e T () T (3+5)
E[(A)} = D) Hrp,(2n+ s Hp ( ’ @)

E[O5)"]

_ rp(2n+ hl'l) hp,n/2 r("TP:)
rp( n) H r(

where

p i
Mo(z) = 7rp(p71)/4H r (Z — J—; 1)

j=1

is the multivariate Gamma function.

3. The exact distribution of W = —log A* and \*

In the complex case, the exact null distribution of the L.r.t. statistic was obtained by [16] as a Beta series or as a chi-square
series and by [15] based on the Meijer's G-function which is almost impossible to use in practical terms and as a series of Psi
and Zeta functions. However the distribution of the l.r.t. statistic in the complex case is indeed and surprisingly a bit simpler to
handle. For the real case [14] obtained an asymptotic distribution for the multisample block sphericity I.r.t. statistic, however
although giving the expressions for the h-th moment he does not present any expressions for the exact p.d.f. or c.d.f..

In this section we will show that the exact distribution A\* in (6) is the same as the distribution of

i) i)
Zi~T (rj, n;])

and Y; with Beta distributions and where p = p1 + p2 + - - + p«, rj given in (21) and

where Z; and Y] are all independent, with

el

where £ is the number of odd p;, that is the number of sets with an odd number of variables. More precisely, the second product

in (9) should indeed be writen as

3 ¢

{ (%*)n/Z} H H (Yu**)n/Q H (YJ**)"/Q (11)

1 i=1 | j=1 J=pi—k+1

.
Il




F. J. Marques and C. A. Coelho
. _____________________________________________________________________________________________________________________________________________|

where Y/, Y;/" and Y;/™ are all independent with

it o~ Beta(HLE1-1), =1,k j=p-k+Ll..p

From (7) above we may obtain a factorization of the c.f. of the r.v. W = —log \*,
dw(t) = E [e‘“*"’g”ﬂ =E [(x*)*‘ﬂ
k k np; ni
_ rP(zn - _ltn H rP: ) % pr\tp,n/Z r (Tp) rF’/ (_ B Tt) (12)
L TG —dien) P T ey 1, ()

b log )\Z‘a (t)

where ®_,qx:(t) is the c.f. of —log A} and CID,‘Og%z‘a(t) is the c.f. of —log A}, In the next Subsection we will introduce new

factorizations of the above c.f.'s which will be fundamental for the development of near-exact distributions for the l.r.t. statistic.

3.1. The c.f.'s of —log A} and of —log A}, — the general case

According to [6] and [13], the c.f. ®_joqx:(t) in (12) may be written as

D jogrs(t) = {ﬁ(n;j)zj<n;1_”)ZJ}X{Fg)rg(igt)_F%(;gg

} (13)

®1,1(t) ®1(1)
with m* given by (10) and
0 j=2
hy — m* =3
=4 . (14)
ho +m* j=4

ijz-f—hj;g J:5 ..... P
with
=(#of pi(i=1...,k)>j)—-1, Jj=1,....,p—2. (15)

The c.f. ®1,1(t) in (13) corresponds to the sum of p — 2 independent r.v.'s with Gamma distribution and integer shape parameters
zj given by (14), that is a GIG (Generalized Integer Gamma) distribution of depth p — 2 (see [5] and Appendix A), while ®1»(t)
is the c.f. of the sum of m™ independent r.v.'s with Logbeta distribution with parameters (n — 1)/2 and 1/2, multiplied by n/2.

Given the independence, under Ho, in (3), of the k sphericity tests in (4), the c.f. of —log A}, for A}, in (5) may be obtained
as the product of k c.f.'s of the negative logarithm of the l.r.t. statistics to test each of the k sphericity hypotheses in (4).
Near-exact distributions for the l.r.t. statistic to test sphericity were developed by [12] and [8]. In [8], the authors show that for

a group of p; variables the c.f. of the negative logarithm of the l.r.t. statistic is given by

oI(t) = lﬁ(”;l)r/Q ] (n;j it)[Z

J=1

(16)

where k' = |p;/2]. In (16) above, ®5,(t) is the c.f. of a GIG distribution of depth p; — 1, with rate parameters (n —j)/n and
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j—J+1

shape parameters {—J (=1,...,pi—1) and ®55(t) is the c.f. of the sum of p; independent Logbeta r.v.'s, k;° of which

2

with parameters (n+1)/2 and (j—1)/pi—1/2 G=pi— k' +1
U-1/p (=1

pi) and the remaining p; — ki with parameters n/2 and

pi — k). The c.f. of —log Apja may thus be given by

k
Soogn (1) = [N
i=1
_ pj—Jj+1 pj—Jj+1
= ﬁpl 1 ni‘j \‘_AQ_J ni‘j —It 7LJ2_J
i=1 j=1 n n
o1 M(s+50) T -5 " (3+51) T -5
>< . .
Mz T(52) T (4452 git) 5o T(3) T (3+52 - git)
p—1 N —rF
CONCON:
n n
j=1
31 (1)
0t r(s+) T -5 e (3+52) r -2
x WARY WA (17)
Frimn ke T (22 T (3452 — git) G 1(3) T (4+52 - git)
25(t)
with r/" given by
. Zf:l rffjf Jj=1 s Pmax — 1
= (18)
0 J = Pmax, p—1
where, for i =1,...,k
\‘pﬁTﬁlJ _j= 1,..., Pi
= . 19
s 0 J=pi+1 .. pmax— 1 (19)

With pmax = max{p1, ..., px}.
The c.f.'s in (13) and (17) show that both the exact distribution

of —logAj and —log AL, may be seen as the sum of

independent Gamma r.v.’s with shape parameters integers with the sum of independent Logbeta r.v.'s multiplied by n/2.

We have thus the c.f. of W = —log \*

—(log A\; +log A},,) given

Theorem 3.1
The c.f. of W = —log A* may be written as

by the following theorem.

p—1 o\ I . —r
n—j\’(n-— . !
du(t) = { ( - J) ( J _ It) } X P1a(t) x Poo(t) (20)
- — —_——
=1 Sy (1)
Sy, (1)
with ®15(t) and ®22(t) given by (13) and (17) respectively, and where r; are given by
rr =1
=4 " J (21)
I+ zp J=2,..., p—1

with z given by (14) and r;" given by (18).

Proof

Since W = —log A" = —(log A; + log A},) we have ®w(t) = ®_jogx;(t) X CID,‘Og%z‘a(t) with ®_o4x:(t) given by (13) and

d>,‘ogkz‘a(t) given by (17).

O
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From Theorem 3.1 we may say that the exact distribution of \* may be seen as the distribution of the product of two

W>

independent r.v.’s, €™ and e™2, where W4 has the distribution of the sum of p — 1 independent Gamma r.v.’s with shape

integer parameters and W> has the distribution of the sum of p + m"* independent Logbeta r.v.'s multiplied by n/2 (see (9)).

3.2. Particular cases of interest

3.2.1. When at most one of the p; is odd
In the case where at most one of the p; is odd, m* in (10) is equal to zero and so the c.f. W is given by

Sw(t) = {pl <”;j>q <”—;J it)rj} x P2a(t) (22)

J=1
Py, (1)

Dy, (1)
with @55 (t) given by (17).
3.2.2. When all p; =2

For pj=2,i=1,..., k, we have ®y,(t)=1, Vt€ R and also m*in (10) equal to zero, so that ®;,(t) in (13) vanishes
and thus the c.f. of W is, in this case, given by

q)W(t):Qﬁl(n;j)@ <n;j _it)fo- |

J=1

with

k j=
r= ) 23

’ {k—l—pT?J j=2,....2k—1. (23)
In this case, we have a single GIG distribution as the exact distribution of W and from the expression of the p.d.f (probability

density function) and c.d.f. (cumulative distribution function) of W = —log A* we may obtain, by simple transformation, the
p.d.f and c.d.f. of A*. Thus, a distribution with c.d.f. (using the notation in Appendix A)

-1 —(2k—-1
1fFG/G(flogx|r1,...,r2k,1;n n ( ))
n n
and p.d.f
-1 —(2k—1)\1
fele (— log x|r, ..., Fak—1; U n=( ))— .
n n X
where the shape parameters rj, j =1,...,2k — 1 are given by (23), and 0 < x < 1 represents the running value of the statistic
A* = e W, is the exact distribution for \*, when pj=2foralli=1,..., k.

In the Figure 1 we present examples of p.d.f.'s and c.d.f.'s considering different sample sizes and for pj =2 forall i =1, 2, 3.

Figure 1. Plots of the p.d.f's and c.d.f’s for GIG distributions when p; =2 forall i =1,2,3
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In the next Section we will obtain near-exact distributions for \* that have very good asymptotic properties not only in terms

of sample size but also in terms of the number of variables and the number of sets of variables involved.

4. Near-exact distributions for /W and \*
The near-exact distributions we will develop in this paper will have c.f.'s of the form

P (1) = Dy (£) x Dy () (24)

GIG distribution

where ®yy, () is the same as in (20) above and ®y; (t) is the c.f. that we will use to approximate the c.f. dw, (t) in (20).

We propose that CDWQ*(t) may be either the c.f. of a single Gamma distribution or of a mixture of two or three Gamma
distributions, depending on the number of exact moments we want to match. The c.f. (DWQ*(t) will indeed have, accordingly, the
same 2, 4 or 6 first derivatives (with respect to t at t = 0) as the part of the exact c.f. of W that will be replaced, that is,
®u, (t) in (20). In other words, we will have
J

d
= chWZ(t)

dj
— Dy (1)

v j=1,...,h (25)

t=0 t=0

for h=2,4 or 6, according to the case of CDW;(t) being the c.f. of a single Gamma distribution, or the c.f. of a mixture of 2 or

3 Gamma distributions with the same rate parameter, that is,

h/2
Pus (1) = 3 peX* (A=) ™%, (26)

k=1

with weights px >0 (k=1,..., h/2 with h = 2,4 or 6) and Zﬂfl pk = 1.

This way we will be able to write the near-exact c.f. of the negative logarithm of the l.r.t. statistic for the one sample
block sphericity test in the form in (24) where CDW;(t) is either the c.f. of a Gamma distribution or the c.f. of a mixture of 2
or 3 Gamma distributions, being thus the near-exact distributions obtained in this way, correspondingly a GNIG (Generalized
Near-Integer Gamma) distribution (see [6] and Appendix A) of depth p, or a mixture of two or three GNIG distributions of the
same depth, which have very manageable expressions, allowing this way for an easy computation of very accurate near-exact
quantiles. From the near-exact distributions obtained for W, a GNIG distribution or a mixture of two or three GNIG distributions
of depth p (for h=2,4 or 6), by a simple transformation we may obtain the expressions for the near-exact distributions for \*
with p.d.f.’s and c.d.f.’s given in the next theorem (using the notation in Appendix A)

Theorem 4.1
The near-exact distributions for A* are either a exponential GNIG distribution or a mixture of two or three exponential GNIG
distributions of depth p and for h = 2,4 or 6 with p.d.f. for A* given by

h/2 e (_ n-—1 n—p+1 )l
ngl puf logw|r, ..., Fo=1, 805~ - D) W
and c.d.f. for \* given by
1—hE/2quGN'G —log w|n r -l nierl)\'
— ( ----- p—1,Sv; n n ' , P)
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with r; given by (21), and where for h =2

-1 2
A= - > and St - > (27)
with .
) 0 A
mj =i o0 du, (t) L Jj=12,

and for h=4 or h =6 (according to the case of CDWZ*(t) being the c.f. of a mixture of 2 or 3 Gamma distributions with the
same rate parameter) the values of p,, s, and X are obtained from the numerical solution of the system of equations in (25),
that is

@ d
= Dy (t = — by (t =1,...,h
g5 om0 = ggom®| .
with
h/2—1
Pn2 =1— Z Pk -
k=1
Proof
See Appendix B. O

Some authors use different versions of this statistic. For example, instead of the l.r.t. statistic use could have used (X‘)N/”.
However, we may note that we can easily obtain both the distribution and quantiles of different powers of A* from the ones for
A

5. Numerical studies

In order to evaluate the quality of the near-exact distributions proposed in this work we will use a measure of proximity between

c.f.’s which is also a measure of proximity between c.d.f.’s. This measure is,

1/°°‘¢W(t)—¢w*(t) dt

= o ; (28)

where &y (t) represents the exact c.f. of the negative logarithm of the modified l.r.t. statistic and ®w-«(t) represents an
approximate c.f. for the same statistic. We have that, taking S for the support of W/,

T€a§<|FW(Y) - Fw-(y)| <A, (29)

where Fw/(y) represents the exact c.d.f. of W and Fy-(y) represents the c.d.f. corresponding to W*. For more details on the
measure see for example [12].

We intend to assess the performance of the near-exact approximations developed in this paper by computing the values of the
measure A between the exact distribution of W = — log A" and the three proposed near-exact approximations. In the calculations
we use the exact c.f. in (12) and the near-exact c.f.'s corresponding to the near-exact distributions in Theorem 4.1 and given
by (24) and (26) for h = 2,4 and 6. We will denote respectively by GNIG, M2GNIG and M3GNIG the near-exact distributions
corresponding to the c.f.’s in (24) and (26) with h=2,4 and 6. In order to better assess the quality of the new near-exact
distributions proposed in this paper, we will also use the asymptotic approximation presented by [16] based on [4] method, that
we will denote by Box.

We may observe from Tables 1, 2 and 3 that the near-exact approximations present in every case considered much better
results than the approximation given in [16] at the same time the near-exact distributions reveal good asymptotic properties for

increasing sample sizes (see Table 2) and also for increasing number of variables (see Tables 1 and 3).
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Table 1. Values of A for the approximating distributions for W = —log \*,
for increasing number of variables (p), with n=p + 2

Measure A
p pi k n GNIG M2GNIG M3GNIG Box
10 {334} 3 12 79x107 42x10" 44x10% 15x10!
12 {5572} 3 14 39x107 17x10" 15x10* 20x107!
14 {554} 3 16 22x1077 67x10% 22x10® 26x107!
20 {7.7.6} 3 22 53x10°% 69x10® 54x10Y 45x107!
50 {15,1520} 3 52 10x10° 95x107*® 24x10* 14x10°

Table 2. Values of A for the approximating distributions for W =—log A",
for increasing sample size (n)

Measure A
p pi k n GNIG M2GNIG M3GNIG Box
10 {334} 3 12 79x107 42x10" 44x10 15x10*
10 {334} 3 20 58x107 45x107" 26x10"® 42x107?
10 {334} 3 50 13x107 64x10*? 51x10*"® 13x107?
10 {334} 3 100 35x10°% 97x10*® 35x10'® 6.1x10°°

Table 3. Values of A for the approximating distributions for W = —log \*,
for increasing k and p

Measure A
p ) k n GNIG M2GNIG M3GNIG Box
9 {45} 2 11 13x10° 51x10® 91x10 ¥ 13x10"
10 {4472} 3 12 68x1077 50x10*" 12x107* 15x107?
15 {54,472} 4 17 11x1077 57x10* 79x107° 209x107!
20 {6,4,4,42} 5 22 34x10°% 42x10® 38x10Y 45x107?
50 {30,6,4442} 6 52 15x10'° 18x107* 57x10? 14x10°

6. Conclusions

The decomposition of the null hypothesis for testing block sphericity in a sequence of null hypotheses, is a practical and effective
tool not only to derive the l.r.t. statistic but also the expression of the h-th null moment. But, yet more important, the induced
factorization on the c.f. of the logarithm of the test statistic can be used to obtain very well fit near-exact distributions. Numerical
studies show that these near-exact approximations are very accurate and at the same time reveal very good asymptotic properties

both for increasing sample sizes and number of variables.
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A. Appendix

The GIG and GNIG distributions

We will use this Appendix to establish some notation concerning distributions used in the paper, as well as to give the
expressions for the p.d.f.'s (probability density functions) and c.d.f.'s (cumulative distribution functions) of the GIG (Generalized
Integer Gamma) and GNIG (Generalized Near-Integer Gamma) distributions.

We will say that the r.v. X has a Gamma distribution with rate parameter A > 0 and shape parameter r > 0, if its p.d.f. may
be written as .

fx(x) = A e Xt (x>0)

r(r)

and we will denote this fact by
X ~T(r,\).

Let
Xi~T(N) J=1....p

be p independent r.v.'s with Gamma distributions with shape parameters r; € IV and rate parameters A; > 0, with X; # X\, for

all j,j/ € {1,..., p}. We will say that then the r.v.
P
vo3x
J=1

has a GIG distribution of depth p, with shape parameters r; and rate parameters A\j, (j = 1,..., p), and we will denote this fact
by
Y ~ GIG(r;, \j; p) .

The p.d.f. and c.d.f. (cumulative distribution function) of Y are respectively given by (Coelho, 1998)

P
FEWIn, A, xep) = KY B(y)e ™, (y>0) (30)
Jj=1
and )
FWln, oo omide . Xip) = 1=K P () e ™, (y>0) (31)
j=1
where
p 7j
K=1I» . By =D g (32)
j=1 k=1
and
e .
P (y) = chk(k—l Z(; Ixf*'
with
1 P o, _
95 = (G —1)! [Tov=27" =10, (33)
J Ci=1
i#
and .
1 (—k4+i—1)!
G- ZZZ_:ﬁR(UP)% (ki) » (34)
(k=1,....,—=1,j=1,...,p)
where )
R(iJp)=> rN—X)" (i=1,....5-1). (35)

k ;J
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The GNIG (Generalized Near-Integer Gamma) distribution of depth p+ 1 (Coelho, 2004) is the distribution of the r.v.
Z=Y1+Y2

where Y1 and Y2 are independent, Y7 having a GIG distribution of depth p and Y2 with a Gamma distribution with a non-integer
shape parameter r and a rate parameter A # X\; (j =1, ..., p). The p.d.f. (probability density function) of Z is given by

(2|, .. ol M, .- Mo Nip+1) =
KA Ze**JZrZ ) kst ker — (= A)2) (36)
—~ F(k+r) ' ' J '
(z>0)

and the c.d.f. (cumulative distribution function) given by

r r

z
/__GmG(Z|r1, ce I F AL, A N pFL) = —I'(r+1)

1F1(f’, f’+1, *)\Z)

p N rj k— r+/ i (37)
—KX Z:e J Z Zl'(r+1+)1/:l(r r+14+i, —(A = X\j)z)
= =t a (z>0)

where

. 19
Cik = Jk I'(k)

with ¢jx given by (33) through (35) above. In the above expressions 1Fi(a, b; z) is the Kummer confluent hypergeometric
function. This function typically has very good convergence properties and is nowadays easily handled by a number of software
packages.

B. Appendix

Proof of Theorem 4.1

Proof

In this proof we will consider only the case of h = 6, since the cases h = 2 and h = 4 are derived in a similar way.
If in the c.f. of W in (20) we replace ®,, (t) by

3
Ol (1) = D peA* (A —it) ™,

k=1

we obtain

3
D (t) ~ Dduy x > peA* (A —it) "

k=1

@y, (0

w

1%

e Duy X AT (A —it)
~— —_—

GIG distribution ~ Gamma distribution

GNIG distribution
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that is the c.f. of the mixture of three GNIG distributions of depth p as a near-exact distribution for W with the p.d.f and c.d.f.
for the GNIG distribution given in the Appendix A. Having in mind the general relation

Fyx(w) =1— Fy(—log w)

we obtain the c.d.f. and also the p.d.f. of A\* given in (27) and (27) respectively. The parameters p.,, s, and A are defined in
such a way that the first six moments of W5 match the first six exact moments of W5, that is, in such a way that
d d

——= ®p, (1) _ Cdv

pry Sy, () . j=1,...,6

0 t=0

what gives rise to the evaluation of these parameters as the numerical solution of the correspondent system of equations. O
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