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1 Introduction and preliminaries

Let X1, Xo,..., X, be aset of n independent and identically distributed (i.i.d.) random variables
(r.v.’s), from a population with distribution function (d.f.) F'. Let us arrange them in ascending
order, to get the order statistics (0.8.) X1., < Xo.p < ... < Xy, Suppose that we are interested
in making inference about extreme values of X. Extreme Value Theory (EVT) provides a
great variety of results that enable us to to deal with alternative approaches in the statistical
analysis of extremes. We shall present a brief review of the most important approaches: the
block maxima method, the peaks-over-threshold (POT) method and the largest observations
method.

The first method is based on the unified version of the possible non-degenerate limit distri-

butions of the normalized maximum, the Extreme Value (EV) distribution,

xp(— -1/ i
G () = exp(—(1+~z)=/7), 14~z >0 f ~v#0 (L1)

exp(— exp(—x)), relR it v=0.

When such a non-degenerate limit exists, we say that F' belongs to the max-domain of attraction
of G and denote this by F' € Daq(G). The shape parameter v is related with the heaviness of
the right tail F := 1 — F and it is often called the extreme value index (EVI). This distribution
unifies the possible non-degenerate limit distributions in Gnedenko (1943): Weibull (v < 0),
Gumbel (y = 0) and Fréchet (v > 0). The block maxima method is of a parametric nature: we
work with the sample of maxima and estimate the parameters (), d,7) of the EV distribution,
G, ((x—=X)/0), x € R, § > 0, with G(x) given in (1.1). This method is known to be inefficient,
due to the fact that the loss of information in each block can be catastrophic (the sample of the r
maximum values in each of the r blocks does not necessarily contain the largest r observations
in the sample). If we have access to all observations, and not only to block maxima, other
methods may be more efficient.

In the second approach, the POT method, inference is performed through the use of the
sample of exceedances from i.i.d. sequences over a high threshold u. The limit distribution of

these exceedances is the Generalized Pareto (GP) distribution (Balkema and de Haan, 1974;



Pickands, 1975) defined by,

GP, (z) = 1—(14~z)" Y7, 1442>0, >0 if 4#0 12)
1 —exp(—x), x>0 if y=0.

This distribution unifies all possible non-degenerate limit distributions: Beta (v < 0), Expo-

nential (y = 0) and Pareto (v > 0). Note that the high threshold can also be a random value,

leading to the peaks over random threshold (PORT) methodology, a terminology introduced in
Aratjo Santos et al. (2006).

The third approach is the one we shall consider in this paper. It uses the largest k& obser-

vations to make inference about the right tail F. For heavy-tailed models, i.e., models with a

positive EVI, we assume that F' has a Pareto-type tail, i.e., as ¢ — oo and with the notation

a(t) ~ b(t) if and only if a(t)/b(t) — 1,
Flz)=1-F(z) ~ (z/C)'" — U@#®)~Ct’, C, >0, (1.3)
where C'is a scale parameter and U(t) := F—(1—1/t), t > 1, with F~(z) := inf{y : F(y) > z}

denoting the generalized inverse function of F. Note that models with a right Pareto-type

tail have a regularly varying right tail with a negative EVI equal to —1/+ and belong to the

max-domain of attraction of G, in (1.1), with v > 0. More generally, we have, for all > 0,
F(tx)

F € DM(G’Y>O) = lim ———= = x_l/'y = lim U(tf]}') o

t—oo F(t) tmoo U(t) E

To guarantee the consistency of many semi-parametric estimators we usually need to assume

that k is intermediate, i.e., that k is a sequence of integers in [1, n[, such that
k =k, — oo, k/n — 0, n — 00. (1.4)

To obtain information on the non-degenerate distributional behaviour of semi-parametric esti-

mators of parameters of extreme events, we shall also assume a second order condition,

— P _ _ _ p_
lim Ul(tz)/U(t) — x a7 1 e lim InU(tx) —InU(t) —ylnzx oz 17
t—00 A(t) p t—00 A(t) p

(1.5)

for all z > 0, where p < 0 is a second order parameter controlling the speed of convergence of
Ul(tz)/U(t) to 7, as t — oo. The validity of condition (1.5), with p < 0, implies the validity of

condition (1.3).



1.1 Estimators under study

Under the largest observations framework, and whenever dealing with heavy-tailed models,
the classical semi-parametric EVI and scale estimators are the Hill estimator (Hill, 1975) and

Weissman’s estimator (Weissman, 1978), with functional expressions

k
A 1
A = - Z (In Xy —ir1in — 0 Xy pon) k=1,2,...,n—1, (1.6)
i=1
and
< H
~ k ’yn,k
CXIICH = An—kin <TL> ) k=1,2,...,n—1, (17)

respectively, which are pseudo-maximum likelihood estimators, consistent for k£ intermediate in
the whole Da¢(G~), v > 0. Under the second order framework in (1.5) and for intermediate k,
we can guarantee, for an adequate k, the asymptotic normality of the estimators ’yﬁ{ . as well
as CA'X[,/,C‘H in (1.6) and (1.7), respectively.

Most of the times, this type of estimators exhibits a large variance for small k, a strong
bias for moderate k and sample paths with very short stability regions around the target value.
This has led researchers to search for alternative estimators with smaller mean square error.

Since heavy-tailed models only have mean value if v < 1, methods based on sample moments
are usually rarely considered when we work with such a type of distributions. But in many
practical fields like in finance or insurance, for example, we usually have an EVI smaller than
one, and even 7y < 1/2. In this article we propose the use of a Probability Weighted Moments
(PWM) method based on the largest observations for the estimation of tail parameters.

The PWM method is a generalization of the Method of Moments. It also consists in equat-
ing sample moments with their corresponding theoretical moments, and then solving those
equations in order to obtain estimates of the different parameters under play. The PWM of a

r.v. X are defined by
My, := E(XP(F(X))"(1 - F(X))*),

where p, r and s are any real numbers (Greenwood et al., 1979). When r = s = 0, M, o are
the usual noncentral moments of order p. Hosking et al. (1985) advise the use of M , , because

then the relations between parameters and moments have usually a much simpler form. Also,
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when r and s are integers F"(1 — F')® can be written as a linear combination of powers of F' or

1 — F. So it is usual to work with one of the two special cases:
ar == Mo, = E(X(1-F(X))") or by == M, 0= EX(F(X))"). (1.8)

Given a sample of size n, the unbiased estimators of a, and b, in (1.8) are, respectively,

R lnz_f(n—l—r)!(n—z’)!Xm_;Z(n—i)(n—i—1)...(n—i—r+1)Xi:m

T D) pa (n-1)(n—-2)...(n—r)
(1.9)
and
“ _l n (n—l—T’)(Z—l) - l n 171 ) “(ii’r) A'
br_ni:TH (n—l).(z—r—l).Xm n< (n—1)(n—-2). .'(n_T)Xz.n-

For the Pareto d.f., F(z) = 1 — (x/C’)fl/W, x> C, ~ >0, the PWM are M,,s =
CPB(s+1—~ypr+1), s—~vp>—-1, r > —1, where B represents the complete beta
function. In particular, a, = My, = C/(r+1—7), ~ <r+ 1. Consequently, if we consider
the theoretical moments, ap = C'/(1 — ), the mean of X, and a1 = C/(2 — ), with v < 1, the
Pareto PWM (PPWM) estimators of v and C' are, respectively,

ﬁPPWM:1—<A @ ) and (Z“PPWM:&()(A @ > v <1, (1.10)
ap — ax

where a¢ and a; are given in (1.9).
We shall consider in this paper, the PPWM estimators for the parameters of a Pareto tail in
(1.3), based on the top k largest o.s. If we work with the sample of the k largest observations,

Xn—tk+1n < Xp—krom < ... < Xy, the estimators ap and a; in (1.10) should be replaced by,

i .

respectively. The EVI and scale PPWM estimators, based on the largest values are:
~ PPW M

L PPWM d o (k) Q

. @mk) _ _Go(k) @i (k)
A e IS s A

n i+1:n; (111)

pwH

k
1
= % ZXn—i—i—l:nv and
i=1

PPWIM

(1.12)

with k=1,2,--- ,n—1and vy < 1.



If we consider the GP distribution with scale parameter 4, i.e, GP,(2/8) = 1—(1+~yx/5) /7,
1+~2/0 >0, >0, 6 >0and vy <1, with GP,(x) defined in (1.2), the Generalized Pareto
PWM (GPPWM) estimators of v and ¢ are

(GPPWM 1 2a1 . and 5GPPWM _ A2d0&1 v <, (1.13)
ag — 2ay ap — 2a;

respectively (Hosking and Wallis, 1987). Notice that the GP scale parameter 0 is usually

different from C. Since 1 — GP,(x/8) = (yx/8)~'/7, we have § = Cvy. An obvious GPPWM

estimator for the scale parameter C| is

AGPPW M 2&0&1
= —) <L
ay — 4(11

De Haan and Ferreira (2006) considered, also for v < 1, the previous GPPWM estimators of
~ and ¢ based on the sample of exceedances over the high random level X,,_.,. Since we are
more interested in the estimation of the scale parameter C, we shall also consider the GPPWM

estimators of v and C based on the sample of exceedances over the high random level X,, g.p,

ie.,
®) (6) & (h) SGPPWM
_GPPWM 2a3(k A GPPWM 2ay(k) ay(k k\ 'nk
=]—-———=—-*-——_and C =— 7 7 | 1.14
e a0 - 2010 " Ok G~ 4ai(e) \m -

with k=1,2,...,n—1,v< 1, and

k . s
1 1 —1
a0x = - E Xn—i m T An—kmn) = ’1'
a (k) k i=1 <k - 1) ( i e 2 =0

We shall also study the GPPWM estimators in (1.14) and compare them with the PPWM

estimators in (1.12), based on the largest observations.

Remark 1.1. Note that all EVI estimators here referred are scale invariant. The two GPPWM
estimators, in (1.13) and (1.14), are also shift invariant.

1.2 Scope of the article

In Section 2, after the study of the asymptotic behaviour of two auxiliary statistics, we state

a few results already proved in the literature and a generalization of Proposition 5 in Caeiro



and Gomes (2009). Next, in Section 3, we derive the asymptotic properties of the PPWM and
GPPWDM-estimators of the first-order parameters and proceed to an asymptotic comparison
at their optimal levels of the tail-index estimators under consideration. Finally, in Section 4,
we perform a small-scale Monte-Carlo simulation, in order to compare the behaviour of the

estimators under study for finite samples.

2 Preliminary Asymptotic Properties

2.1 Auxiliary statistics

To study the asymptotic properties of the EVI and scale PPWM and GPPWM estimators

introduced in this paper, we first need to study the behaviour of the statistics,

~ 1 i—1\° Xn—i+1:n
s =T , >0, 2.1
gs (k) kZ(kz—l) - §>0 (2.1)

and

Qt(k) = ;i (;:DS <XX”‘”1:” - 1) . s>0. (2.2)

Proposition 2.1. Under the second order framework in (1.5), and for intermediate k, i.e.,
whenever (1.4) holds, we can guarantee the asymptotic normality of qs(k). Indeed, we can

write, for s >~y —1/2,

covd 1 Ts () A(n/k)(1 + 0p(1))

L L Ty , 2.3

R Y L N (e |y (23)
and

ey d g Ts () A(n/k)(1 + 0p(1))

(k) = + W™ + ) 2.4

O T e T ET T rs 0ty 24
where Wés) is an asymptotically standard normal r.v., and

2
o2 = 7 (2.5)

Tl +s—9)2(1+2s—29)



Proof. Since U(X;.p,) 4 Yin, where Y is a standard Pareto r.v. with d.f. Fy(y) = 1 — 1/y,

y>1, Yo ivin/Yn—kn 4 Yi—it1:.k, and under the second order framework in (1.5),

U(MYmk:n) .

Xn—i+1:n d Y, k- d YP =
4 —ken iy v(l Yol Ay (1 1 )
Xn—kn U(Yn—k:n) ( k H_l'k) T P ( n k’”)( +Op( ))

: i-1 i
Consequently, since = ~ 1,

k N\ S k N ) _
k) 2 ;g (k> (Yiisrn) + ;; (k) (isrna) =2 4y 1+ 0,(1)
k i\* iN®. Y, —1
4 %Z (1 - /~c> Y] + ;Z (1 - k) Y] Z-kp A(n/k)(1+ op(1)).

=1

Using the asymptotic results for linear functions of o.s. (David and Nagaraja, 2003), with the

notation L,(j) =% (1 —i/k)* Y]} /k, we have

(s)
K] ‘L - Ms 1
W = Ve 2l 4 N, ), s> 3, (2.6)
O n—oo
with
! 1
si= [ l—w) Vdu= —— —1, 2.7
I A( u)* du Trs— °77 (2.7)
and

s

02 =2 // u(l —u)¥ 711 —0)* Vdudv, s>v—1/2,
O<u<v<1
the value given in (2.5). The covariance, CO’U(O’SWéS),JTWéT)), can also be easily computed

and is equal to

2
(s) r(r)y _ 9rs T 9sr _ i 2
kCoolly” L) = = = e i s Aty &Y

where g.s == 2v? [ [ w(l —u)"7" Y1 — v)*Tdudv (Hosking et al., 1985). Consequently,
O<u<v<1
(s)

. P
since L;” — s, and

k .
SO (B RFRIELES !
k k) TR (I+s=)(1+s—7—p)

equation (2.3) follows, with o2 given in (2.5).




Next, since

k . S . S 1
1 71— 1 1 1 —1 1
* — . — ~ & e
as (k) = as() ki:1<k—1> and k§:<k—l> .A v =

equation (2.4) follows straightforwardly. O

We still refer the following:

Proposition 2.2 (Caeiro and Gomes, 2009, Corollary 1). Under the conditions of Proposition
2.1, but with p < 0,

A(n/k)

ank:n d ( Y
L o1+ LB+
(n/k)7 VE "

with By an asymptotically standard normal r.v. and Cov(B,, Bs) = /rs(1 —s/n)/(s—1),

Fo,(A(n/1) )

r<s.

2.2 Asymptotic behaviour of the classical estimators

Proposition 2.3 (de Haan and Peng, 1998). Under the second-order framework in (1.5), and

for intermediate k, the asymptotic distributional representation of ’Ayfk, in (1.6), is given by,

v AW/

with Zy, = Vk (Zle E;/k — 1), and {E;} i.i.d. standard exponential r.v.’s. Consequently, if
we choose k such that vk A(n/k) — X, finite and not necessarily null, then,

~ d
A Sy 4+ (1+ 0p(1)),

A
\/%(’yfk—v)i> N<1,72>, as n — oo.
’ —p
More generally than Proposition 5 in Caeiro and Gomes (2009), but with a similar proof,

we now state the following proposition.
Proposition 2.4. Under the conditions of Proposition 2.3, let 'Ay?;’,g be any semi-parametric
estimator of vy, such that, with Z; asymptotically standard normal, o4 > 0 and be € R,

Ak 4 ¥+ U\./ZE]: +be A(n/k)(1+0p(1)), as n— oo. (2.9)

)



Then, with CA’ZV,y = Xn_k:n(k/n)%k‘, and for p <0,

A o d ~® n o
C L {1+ (8) (g — 1) (1 +0p(1)) + By + ABULeD ]

If we further assume that VEA(n/k) — X, as n — oo,

AW e
\/E an d 2
— —1 N o, 0g) -
mk/n) | C i N beod)

3 Asymptotic behaviour of the PPWM and GPPWM estima-

tors

We can now study the asymptotic behaviour of the semi-parametric PPWM and GPPM esti-
mators in (1.12) and (1.14), respectively.

3.1 Limiting behaviour at k

We next state the main result in this paper:

Theorem 3.1. Under the second  order  framework  in (1.5), with

0 < v < 1/2, and for intermediate k such that vk A(n/k) — X, finite, we can guarantee
the asymptotic normality of *Ay;ZWM and @SZPWM, in (1.12) and (1.14), respectively. Indeed,
with e denoting either PPWM or GPPWM, the distributional representation in (2.9) holds,

where

> =2 —y)? (1-=72-9)

PPWAM T (1 -2y)3—2y) " PPMT (1—y—-p)2—v—p)’

g

and

2 . (1_7""272)(1 _7)(2_7)2 L (7""/’) bPPWJW'

Tormwan T (g3 oay) e T

Moreover, with o2, Wés), and ps given in (2.5), (2.6), and (2.7), respectively, and with Ts :=
US/HS

ZPPWM _ (1 —7)(2— 'Y)(EOW]gO) — Elwlgl))
i =

O-PPW]\/I
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and

CPPWM (1—7)(2- ’y)(EOWéO) — 251W,£1))

& =

v O-PPW]M

are asymptotically standard Norma r.v.’s. Consequently,

VE(ine =) 5 N (Abeod) (3.1)
and, for p <0,
\/E Ar.L,k: d 2
n(h/m) ( o - 1) == N(Abe,0a?). (3.2)

Proof. We can write,

PPWM do(k) -1 _aPPwM ( (k) )‘1
n =1-(= -1 and 7, =1—-|"5-1 ,
Tnok <q1(k) ) Tnok 241 (k)

with ¢s(k) and ¢i(k), s = 0,1, defined in (2.1) and (2.2), respectively. Using (2.3) with s =1
and Taylor’s expansion (1 +2)~ ! =1— 2+ o(z), as z — 0, we get

a1y _AW/k)
VE F 2=y

Consequently, using again the previous Taylor expansion,

Go(k) _li _ CC=Y (0 ) (2=7)A(n/k)
(M) 1) L {1 w1, 1) .

Q)L 2y {1 - 1+ op<1>>} .

(3.3)
and (2.9) as well as (3.1) follow easily for ¢ = PPWM.
Analogously, we have

2= {27 2k

Ak -1 4d _
(247 (k) = ~ VE ~ Y2 —~—p)

(10,1}

Consequently,

< e 1) 1, a-mfi- (2-7) (70w — 2w ")

247 (k)
(2—7) (v +p)A(n/k)
T pe—n-p T (1)}
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and (2.9) as well as (3.1) follow easily, now for ¢ = GPPWM.

PPWM GPPWM

The asymptotic normality of Z, and Z follows from (2.6) and (2.8).

For the scale parameter estimator, we can easily derive that, both for the PPWM and the

s (o (4.

Then, using the results in Proposition 2.4, (3.2) follows. O

GPPWM scale-estimators

with € " defined in (1.7).

Remark 3.1. In Figure 1, we provide a picture of the asymptotic variances of the EVI esti-

mators given in Propositions 2.3 and 3.1.

2

154

0.5

—

0 0.1 0.2 0.3 0.4 0.5

e Hill — PPWM GPPWM

Figure 1: Asymptotic variances of \/E(’yfk -, \/E(&ifWM — ) and \/E(ﬁngWM —7).

It is obvious that 0%{ =72 < JIQDPWM < o*?;PPWM, for every 0 <y <1/2.

~GPPWM
Remark 3.2. For levels such that VkA(n/k) — X and for v + p = 0, both 4, and
C’s ZPWM are asymptotically unbiased.

Remark 3.3. The asymptotic dominant behaviour of C’;k 1s determined by the asymptotic

behaviour of 'Ay; k-

3.2 Asymptotic comparison of the EVI estimators at optimal levels

We now proceed to an asymptotic comparison of the EVI estimators at their optimal levels in

the lines of de Haan and Peng (1998), Gomes and Martins (2001), Gomes et al. (2005, 2007)

12



and Gomes and Neves (2008). Similar results holds for the scale estimators, at their optimal
levels, since they have the same asymptotic behaviour as the EVI estimators, although with
a slower convergence rate. For details see Proposition 2.4 and Theorem 3.1. Suppose that
?;Lk is a general semi-parametric estimator of the tail index ~, such that the distributional

representation (2.9) holds. Then we have,
\/%(ar:,k - 7) i’ N()\b.,O’?), asn — o9,

provided k is such that vk A(n/k) — A, finite, as n — oc.

The Asymptotic Mean Square Error (AMSE) is given by

AMSE®y,) = ? +b2A%(n/k),

where Biasoo(Vy, 1) := be A(n/k) and Vareo (3 ) == o2/k.

Let k§ = k§(n):=argmingy AMSE(7};, ;) be the so-called optimal level for the estimation of
~ through %‘L &> 1-€., the level associated to a minimum asymptotic mean square error, and let us
denote 75 = §;7k57 the estimator computed at its optimal level. The use of regular variation
theory (Bingham et al. 1987) enabled Dekkers and de Haan (1993) to prove that, whenever
be # 0, there exists a function p(n) = ¢(n; p,7), dependent only on the underlying model, and

not on the estimator, such that

20— 1
lim o(n) AMSER) = 2

n—oo

CAS 5 (b3) = T = LMSE(T)- (3-4)

It is then sensible to consider the following:

1)

Definition 3.1. Given two biased estimators 7, ; and 7( ) for which distributional repre-

n,k’
sentations of the type (2.9) hold with constants (o1,b1) and (o2,b2), b1, by # 0, respectively,
both computed at their optimal levels, k( ) and k:( ) , the Asymptotic Root Efficiency (AREFF)

indicator is defined as

AREFF = \/LMSE (@‘3}) JLMSE (41))

with LMSE given in (3.4), ﬁ%) = /7\ KD and 7%220) = ﬁ; L)
L)

13



Remark 3.4. Note that this measure was devised so that the higher the AREFF indicator is,

the better the first estimator is.

The indicator AREF Fppy gppw v is presented in Figure 1, and in Figure 2 we provide
an indication of the best estimator at optimal levels, with H, P and G standing for the Hill,
the PPWM and the GPPWM estimators, respectively. For p = 0, the estimators H, P and G

are asymptotically equivalent at optimal levels.

0.11
0.13
0.15
0.17
0.19
0.21
0.23
0.25
0.27
0.29
0.31
0.33
0.35
0.37
0.39
0.41
0.43
0.45

p
0.00
-0.05
-0.07
-0.09
-0.11
-0.13
-0.15
-0.17
-0.19
-0.21
-0.23
-0.25
-0.27
-0.29
-0.31
-0.33
-0.35
-0.37
-0.39
-0.41
-0.43
-0.45
I:lAREFFPPWMIGPPWM < 1| .1 = AREFFppyyigpwwm < 2| -AREFFPPWMIGPPWM =2
Figure 2: Asymptotic relative efficiency of ¥,FWM relatively to ;y\gop PWM

As can be seen, the gain in efficiency for the PPWM-estimator (comparatively with the
GPPWDM-estimator) happens for a large region of values of (v, p) such that v+ p < 0. In the
region v + p = 0, the GPPWM estimator is a second-order reduced-bias tail index estimator
and consequently outperforms the PPWM estimator. These results claim now, not for a semi-
parametric test of the hypothesis Hy : n = v+ p = 0 as in Gomes and Henriques-Rodrigues
(2009), but for a semi-parametric test of the hypothesis Hy : 7 = v + p < 0, a topic out of the
scope of this paper.
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0.05
0.07
0.09
0.13
0.15
017
0.19
0.21
0.23
0.25
0.27
0.29
0.31
0.33
0.35
0.37
0.39
0.41
0.43
0.45

-0.05
-0.07
-0.09
-0.11
-0.13
-0.15
-0.17
-0.19
-0.21
-0.23
-0.25
-0.27
-0.29
-0.31
-0.33
-0.35
-0.37
-0.39
-0.41
-0.43

-0.45

Figure 3: Best estimator at optimal levels.

4 Simulated behaviour of the EVI estimators

In this section, we have implemented a multi-sample Monte Carlo simulation experiment of
size 5000 x 10, to obtain the distributional behaviour of the EVI estimators &f,k, ’yf; pPWM
and f?fifp WM in (1.6), (1.12) and (1.14), respectively, for the following underlying par-
ents: Student’s ¢t with v = 4 degrees of freedom (y = 0.25, p = —0.5, C = V/3), the
Fréchet parent, with d.f. F(z) = exp(—z~Y7), 2 > 0, v > 0 with v = 0.25 (p = —1,
C = 1) and the Burr parent, with d.f. F(z) = 1 — (1 + 2 ?/MYr = > 0, with (y,p) €
{(0.25,-0.2), (0.25, —0.75), (0.25, —1.5), (0.5, —0.5), (0.75, —=1.5) } (C' = 1). Notice that the Burr
model with p = —v is the GP, distribution, in (1.2).

To ilustraste the finite sample behaviour of the EVI estimators, we present, in Figures 4, 5,

6, 7, 8, 9 and 10, the simulated mean values (E) and root mean square errors (RMSE) patterns

of ﬁ/g &> ‘yi f WM and ‘ygf PWM a5 functions of k, the number of top o.s. used, for a sample size
n = 1000.

In Table 1 we present the simulated mean values of the above mentioned EVI estimators,

at their simulated optimal levels ky. Again, with e denoting either PPWM or GPPWM, Table
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Figure 4: Student’s ¢ parent with v = 4 degrees of freedom, (v, p) = (0.25, —0.5).
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Figure 9: Burr parent with (v, p) = (0.5, —0.5).
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Figure 10: Burr parent with (v, p) = (0.75, —1.5).

2 has the simulated relative efficiencies of 4 , comparatively with the Hill estimator, whenever

computed at their simulated optimal levels, i.e., the simulated values of

st i1

REFF,y = RMSE [’%,kg} |

Some remarks:

1. For Burr models with v 4+ p > 0, or equivalently, G P, models, ’ygf PWM is the best EVI
estimator at its optimal level, unless n is small. In all other cases it shows a quite bad

performance, essentialy due its high variance.

. The EVI estimator @f; f WM can be used as an alternative to the Hill estimator, specially
for small to moderate sample sizes, but also for large samples. All the figures suggest that
its RMSE is never much bigger than Hill’s estimator RMSE and it has smaller bias than
the Hill estimator. At their optimal levels and for small sample sizes, ‘yi f WM g usually

much more efficient than Hill’s estimator.

. The asymptotic properties of new extreme value index estimators do not hold for the Burr
model with (v, p) = (0.75,—1.5). But even in this example, the PPWM EVI estimator
is more efficient than the Hill estimator at their simulated optimal levels, for small to

moderate sample sizes.
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Table 1: Simulated mean values of EVI estimators under study, at their simulated optimal

levels
n 50 100 200 500 1000 2000 5000 10000 20000
Student-t4
H 0.388 0.361 0.338 0.316 0.305 0.296 0.286 0.279 0.275
PPWM 0.325 0.308 0.304 0.297 0.292 0.287 0.280 0.276 0.272
GPPWM  —0.077 0.007 0.059 0.110 0.136 0.155 0.179 0.192 0.200
Fréchet(0.25)

H 0.283 0.275 0.270 0.265 0.262 0.260 0.257 0.256 0.255
PPWM 0.274 0.270 0.267 0.264 0.261 0.259 0.257 0.256 0.255
GPPWM 0.089 0.132 0.160 0.187 0.203 0.213 0.223 0.229 0.234
Burr(0.25, —0.2)

H 0.511 0.467 0.434 0.401 0.381 0.364 0.344 0.334 0.325
PPWM 0.356 0.350 0.348 0.337 0.333 0.327 0.320 0.316 0.310
GPPWM 0.353 0.342 0.333 0.320 0.313 0.304 0.296 0.291 0.287
Burr(0.25, —0.75)

H 0.310 0.298 0.287 0.279 0.274 0.268 0.264 0.261 0.259
PPWM 0.292 0.286 0.281 0.274 0.271 0.267 0.263 0.261 0.259
GPPWM 0.032 0.087 0.125 0.159 0.178 0.193 0.208 0.216 0.222
Burr(0.25, —1.5)

H 0.280 0.272 0.268 0.263 0.260 0.258 0.255 0.254 0.253
PPWM 0.273 0.269 0.266 0.262 0.260 0.258 0.255 0.254 0.253
GPPWM 0.085 0.131 0.164 0.193 0.207 0.219 0.228 0.233 0.237
Burr(0.5, —0.5)

H 0.686 0.650 0.622 0.594 0.579 0.564 0.550 0.542 0.535
PPWM 0.558 0.553 0.550 0.546 0.543 0.540 0.535 0.532 0.528
GPPWM 0.428 0.456 0.474 0.486 0.492 0.495 0.498 0.499 0.499
Burr(0.75, —1.5)

H 0.839 0.816 0.805 0.789 0.779 0.773 0.766 0.762 0.760

PPWM 0.749 0.765 0.769 0.766 0.764 0.762 0.761 0.759 0.758

GPPWM 1.000 1.000 0.605 0.645 0.667 0.684 0.700 0.709 0.717
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