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Abstract In this work near-exact distributions for the likelihoodicatest (l.r.t.)
statistic to test the one sample block-matrix sphericitpdifiesis are developed
under the assumption of multivariate normality. Using aashkegosition of the null
hypothesis in two null hypotheses, one for testing the irdéepnce of th& groups
of variables and the other one for testing the equality ofktiock diagonal ma-
trices of the covariance matrix, we are able to derive theesgions of the L.r.t.
statistic, itsh-th null moment, and the characteristic function (c.f.) tsfiegative
logarithm. The decomposition of the null hypothesis induadactorization on the
c.f. of the negative logarithm of the L.r.t. statistic thatbles us to obtain near-exact
distributions for the L.r.t. statistic. Numerical studigsing a measure based on the
exact and approximating c.f.'s are developed. This medsarupper bound on the
distance between the exact and approximating distribdtiontions and it is used
to assess the performance of the near-exact distributimhsoacompare these with
the Box type asymptotic approximation in [3].

1 Introduction

The one sample block-matrix sphericity test is of greatregewhen we wish to
test, under multivariate normality, if in a sequencepofandom variables (r.v.'s)
X1,...,Xp we havek independent groups gf* variables and if all of thé covari-
ance matrices are equal. We show that we can split the nufithggis of the block-
matrix test in two null hypotheses, one for testing the irefence among the
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of groups of variables and the other one for testing the éguafithe k covariance
matrices.The exact distribution of the likelihood ratistté.r.t.) statistic has a very
complicated expression which makes its use very difficuttracctice. Therefore the
development of easy to use and yet highly accurate approxinssbecomes a good
target. Our aim is to show that, based on a the decomposititre mull hypothesis
of the one sample block-matrix sphericity, we are able tivdehe expressions of
the L.r.t statistic and also of itsth null moment, and the characteristic function (c.f.)
of its negative logarithm. The factorization induced oncteof the logarithm of the
l.r.t. statistic, by the decomposition of the null hypotisetogether with the results
in [7] and [6] will allow us to develop very accurate near-eixdistributions for the
l.r.t statistic (see also [8]). In [4] the exact null distition of the L.r.t. statistic when
k = 2 is obtained using the inverse Mellin transform and the &teg-function what
renders the quantile computations too hard even for smialesgeaof p*, reinforcing
the need for good manageable approximations. In [3] theoasiffresent an asymp-
totic approximation based on Box’s method (see [2]) whichwileuse to compare
with the new approximations proposed.

2 The decomposition of the test null hypothesis

Let us consider a sample of si2¢ taken from ap-variate normal population
Np(H, Z). We intend to test the following null hypothesis

A0...0
0A...0

Ho: 2= . .. . (:IK®A), (A not specified (1)
00...A

whereA is of orderp*, with p = kp*.
The null hypothesis in (1) may be decomposed in two null hyesés, more
precisely

Ho = Hopjoa © Hoa 2)
where, for
Z]_l Z]_Z ce Zlk
221222 ... 2k
I T I (3)
Zk]_ Zkz e Zkk
we have
HOa 2= bdiag(le, 222, P Zkk) s (4)

the null hypothesis to test the independence among ¢heups ofp* variables and
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Hobjoa: 211 =222="... = Z(=4) , (4 not specifiedl
assumingHg, true

()

the null hypothesis to test the equality of theovariance matrices of order .

3 The l.r.t. statistic, A *, and the h-th null moment of A*

The expressions of the L.r.t statistids, and)\bla, to test the null hypotheses in (4)
and(5) respectively are given by (see [1])

k n/2
‘A|n/2 (kn)knp*/z j|;|1|Ajj|
M= and A= ©
Aii[n/2 npPn/2
jI;Il| i J_I;Il

N = o
wheren=N-1,A= 5 (% —X) (% —X)', Ajj is the j-th diagonal matrix of order
i=1

p* of AandA* = Ag1+ ...+ A Using the decomposition in (2) we may obtain the
expression for the I.r.t. statistig,*, to testHg in (1) as the product of the expressions
of the L.r.t. statistics in (6) (see Lemma 10.3.1 in [1])

AN =M= (7

Given the independence of the |.r.t. statistit$, and)\bla, in (6), underHgp in (1),

the expression of thie-th null moment ofA * may be obtained as the product of the
expressions of the-th null moments of\; andA;, (see [1]), therefore

E[A)"] =€ [(/\gax\;)h} —E {(Aga) h} <E[(A2)"]

(nk)”kp*'“/2 o (%) K Mo (3+h)

= (8)
I—l nP nh/2 [p (% 1+h) I_Il [p: (g)
j=1
9
8 rp* rlrp 1+h ©
W pknhp F(%(n+nh—1+1 r(3(nk—i+1))

I r(Gn—j+1) L %nk+nkh—|+1))
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4 The c.f. of W = —logA*

The expression of the c.f. of the ' = —logA* may be derived from the expres-
sion of theh-th null moment ofA *, noticing thatE (¢™V) = E ((A*)™™)

_ Lokt (n— nlt—j+1)) r(3(nk—j+1))
rll I' (n—j+1)) I (3(nk—nkit—j+1))

If we consider the decomposition in (8) and (9) we may rewthigec.f. ofW as the
product of the c.f's oiM = —logA; andWs, = Iog)\b‘a

Mok( n—éltn I'p* 5

I_pk rll'p —It (10)

(07 oz M%k) S T (33-11)

|—| n- p*nlt/2 (%((1_“)) j=1 [p (g)
=1

Bw(t) =

4.1 Factorizations of thec.f’sof Wy = —logA; andW, = Iog)\b‘a

With the final goal of developing near-exact distributions the I.r.t. statisticA *,

in (7) (see Subsection 5) we will use factorizations of tfigssof Wy = —logA; and

W, = — Iog}\gla. These factorizations, already obtained in [6] and [7]vstitat the
exact distribution of both\y andWs may be represented in the form of the sum of
two independent r.v.'s, one with a Generalized Integer Gani@iG) distribution
(see [5]) and the other one with the distribution of the surimdépendent Logbeta
distributions, eventually multiplied by a constant. Thesrilarities in the structure
of the c.f’'s ofW; andW; will be of great use to achieve our goal.

4.1.1 The c.f. oMy = —logA;

In [6] the author shows a possible factorization for theafity = —logAj, in the

form
(=) (e —“T{r@)r(z—;—;it)}m*
b= ) \n " 12
et - ACY) C0 ) g by @

Dy1(t) @12(t)
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with m* = kif p* is odd andn* = 0 if p* is even; the parameters are the parame-
tersr; given by expressions (A.3) and (A.4) in [9]. The offy 1(t) is the c.f. of the
sum ofp— 2 r.v.’s with Gamma distribution, with integers shape pagters,, and

with rates parameter%_ﬁj (j=2,...,p—1), that is, the c.f. of a GIG distribution
with depthp— 2. The c.f.®15(1) is the c.f. of the sum af* independent r.v.'s with
Logbeta distribution multiplied by and with parameter$ — % and3.

4.1.2 The c.f. oML = Iog)\bla

In [7] the authors derive the following factorization foeth.f. of dy, (t)

=T (%0)" (%)

®21(1)
(P28 9 (aj+bj) I (@j+bj—nit) (13)
rl'] F(@y+bj,) T (ay - bynit
12
ap+bpk (ap+b g ) P
I_ll' (ap+biy) I (ap+bpk—5it)
®2(t)

whereaj, bjk, b]-‘k, ap, bpk andby« are given in (3.1) and (3.2) in [71; are given in
expressions (3.3)-(3.5) also in [7] and where

_ | p+1 p| [0, forp even
pJ_LZ_{ 2 J_{ZJ_{l,forpodd :

The c.f.®,4(t) is the c.f. of the sum op — 1 r.v.'s with Gamma distribution, with
integers shape parameters,and with rates parameteﬂ%J (j=1,...,p—1), that

is, the c.f. of a GIG distribution with depth— 1. The c.f.®, (1) is the c.f. of the
sum of| p/2| x g+qx p LL 2 independent r.v.'s with Logbeta distribution, the first
| p/2] x q ones multiplied byn and the remaining ones By

5 Near-exact distributions forW and A *

Using the similarities observed on the factorizations ef¢H.'s ofW, eW, given in
Subsection 4.1 we may now rewrite the c.fVéf= —logA*.

Theorem 1. The c.f. of W= —logA* may be represented in the form



6 Filipe J. Marques, Carlos A. Coelho and Paula Marques

Dw(t) = :ii(”l) ’ <nnj B it>_uj ¢1,2(t;N%(t:732,2(t) (14)

Ay (1)

with @1 5(t) and @, »(t) given respectively i(12) and(13) and wherev; are given

by
T j=1
UJ{r,—Jrr’j* ji=2,....,p—1, (15)

with rj equal to the parameters given by expressions (A.3) and (A.4) in [9] and
rj given in expressions (3.3)-(3.5) in [7].
The near-exact c.f.’s will thus have the form

Buy; (t) X Prelt) (16)
N——
GIG distribution

whereaa,\,f (t) is given by (14) andbne(t) is the c.f. that we will use to approximate
the c.f. d)wz* (t) in (14). Since a Logbeta distribution is indeed an infinitetunie of
Gamma distributions, we propos&(t) to be the c.f. of a single Gamma r.v. or a
mixture of 2 or 3 Gamma r.v.’s. The parametersfins(t) are evaluated so that we
can ensure thaby, (t) and ®ne(t) have the same first 2, 4 or 6 derivatives at0,
that is, we want to ensure the exact and the approximatinghisons to have the
same first 2, 4 or 6 moments. Thus, we will have

h/2
CDne(t) = ; 6, u5£(u _ it)75£ (17)
=1

with weights6, >0 (£ =1,...,h/2withh=2,4 or 6 andz?fl 6, = 1, and with

dl
= — (Dne(t)

di
il QN*(t) -0 dtJ

G W . i=1,....h (18)

t=0

for h= 2,4 or 6, depending o®¢(t) being the c.f. of a single r.v. or a mixture
of 2 or 3 Gamma r.v.'s with the same rate parameters. Usirsgabproach we ob-
tain, forh = 2, as near-exact distribution f¥¥ a single Generalized Near-Integer
Gamma GNIG) distribution (see [6]) or, foh = 4 or 6, a mixture of 2 or BENIG
distributions. By simple transformation it is easy to obtaear-exact distributions
for A*.

Theorem 2. The near-exact distributions far* are either a exponential GNIG dis-
tribution or a mixture of 2 or 3 exponential GNIG distributis of depth p and for
h= 2,4 or 6with p.d.f. forA* given by (using the notation of Appendix B in [9])

1
w

h/2 _ _
/zGgfGN'G(—Iogw|u1,...,up,l,ég;n 1,...,” p+l,u;p)
=1 n

n
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and c.d.f given by
h/2 -1  n-p+1
1— /Z 6, FGN'G( logw|v, ..., Up_ 1,64, Ll p)

with vy, ..., Up_1 given in(15), and where, for h= 2,4 or 6, the parameterd,, &

andu are obtained as the numerical solution of the system of @ojugin (18), with
h/2 1g

Oh2=1-3%," 6.

6 Numerical studies

To assess the closeness of the near-exact distributioh® texact distribution we
will use the measure
—+oo
a= [ ™

where @y (t) and @4pp(t) represent respectively the exact and the approximate c.f.
of the rv.W = —log A *. For further details on this measure see [7]. We will denote
by GNIG, M2GNIG andM3GNIG the near-exact distributions corresponding, re-
spectively, to a GNIG or to a mixture of 2 or 3 GNIG distribut®and byBoxthe
asymptotic approximation in [3].

‘Dapp( ) ’dt

Table 1 Values ofA for the approximating distributions fo% = —logA *

p pt k n GNIG M2GNIG M3GNIG Box
9 3 3 11 45% 10°° 3.6x10°° 40x1012 5.8x 102
12 3 4 14 12%x10°° 43x10°10 29x10°13 12x101
15 3 5 17 43x10°7 8.2x10 11 38x1014 21x101
21 3 7 23 83x 108 1.7x10°12 9.0x 10716 41x101
27 3 9 29 25x10°8 6.3x 1013 5.2x 1017 6.4x 101

Table 2 Values ofA for the approximating distributions foW = —logA*

p pt k n GNIG MPGNIG M3GNIG Box
8 4 2 10 31x10°6 2.9x10°10 91x10 13 33x10°2
8 4 2 50 21x 1077 6.9x 1013 1.8x 10 32x10°°
8 4 2 100 55x10°8 43x10°14 3.2x10°18 33x10°

From Tables 1, 2 and 3 we may observe not only the very good@tsyimprop-
erties of the near-exact distributions proposed for ingirepvalues oh and p but
also the very good results of the meastiror the near-exact distributions, specially
when compared with the ones presented by the asymptotioxpmation denoted
by Boxand given in [3].
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Table 3 Values ofA for the approximating distributions f&W = —logA*

p p° Kk n GNIG M2GNIG M3GNIG Box

9 3 3 11 45% 1076 3.6x10°° 40x10712 58x 1072
9 3 3 50 46 x 1077 27x10°11 1.2x 1014 9.0x 1075
9 3 3 100 12x10°7 2.0x 10712 15x 10715 9.2x 1076

7 Conclusions

We have shown that, based on a the decomposition of the mudithgsis of the one
sample block-matrix sphericity, we may derive the expssof the I.r.t statistic, its
h-th null moment, and also of the c.f. of its logarithm. Thigdmposition induces a
factorization on the c.f. of the L.r.t. statistic which talger with the results obtained
in [7] and [6] allow us to develop very accurate near-exastritiutions for the I.r.t
statistic and for the logarithm of the l.r.t. statistic. Bbenear-exact distributions
are very accurate approximations and reveal at the samevérgegood asymptotic
properties.
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