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Abstract

In this paper we discuss the existence of solutions to vectorial differ-
ential inclusions, refining a result proved in Dacorogna and Marcellini [8].
We investigate sufficient conditions for existence, more flexible than those
available in the literature, so that important applications can be fitted in
the theory. We also study some of these applications.

MSC2000 classification: 35F30, 49K20, 49K24.

1 Introduction

In this paper we discuss the existence of W1 >°(Q, R"V) solutions to the vectorial
differential inclusion problem

{ Du(z) € E, a.e. x € Q, W)

u(z) = p(x), x € 9Q,

where (2 is an open subset of R™, E is a given subset of RN*™ and ¢ : Q — RV,
This problem has been intensively studied by Dacorogna and Marcellini [8], [9]
through the Baire categories method (see also Miiller and Sverdk [18]). Their
result provides a sufficient condition for existence of solutions related with the
gradient of the boundary data. It asserts that, if this gradient belongs to a
convenient set enjoying the so called relaxation property with respect to the set
E (see Definition 3.1, and Theorem 3.2 due to Dacorogna and Pisante [10]) a
dense set of solutions to (1.1) exists.
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In the applications, direct verification of the relaxation property is a hard
task and sufficient conditions for it were also obtained by Dacorogna and Mar-
cellini [9], namely, the approximation property, cf. Definition 3.3 and Theo-
rem 3.4 (see also [9, Theorem 6.15] for a more general version). If such a prop-
erty is satisfied, we can get as a sufficient condition for existence of solutions to

(1.1)
Dp(z) € EUIntReo E, a.e. z € Q, (1.2)

where int Rco E denotes the interior of the rank one convex hull of the set F, that
is, the interior of the smallest rank one convex set containing E (see Definition
2.4).

However, there are interesting applications for which int Rco E is empty, and
thus, condition (1.2) is much too restrictive. This is the case of a well known
problem solved by Kirchheim in [14] that we will discuss in Section 4. In view
of this, our goal in Section 3 is to obtain sufficient conditions for the relaxation
property which can be handled in the applications and which are more flexible
than (1.2). More precisely, we shall be able to deal with subsets of the hull
Rcos E defined as

Rcoy E = {§ e RVX™ . £(€) <0, for every rank one convex f € }"E} ,

where F¥ = {f : RV*" — R : f|, <0}, and which is, in general, a larger hull
than Reo E. Recovering results due to Pedregal [20] and to Miiller and Sverak
[18], we obtain in Theorem 2.9 the following characterization of this type of
hulls for compact sets E:

EERN* M Ve>03TeN, I (N, &)iz1,.. 1 with \; >0,
E={ < ! 1
Reoy B = Z/\i = 1 satisfying (H;(U)), £ = Z)\igi7 Z N<e (°
- = ¢ B.(B)

(1.3)
where U is an open and bounded set containing RcoyFE and the property
(H;(U)) is introduced in Definition 2.7. Thanks to this characterization we
will prove, in particular, the following result (cf. Corollary 3.7).

Theorem 1.1 Let E C RN*™ be bounded and such that E and Rcoy E have the
approzimation property with Ks = Rcos Es for some compact sets Es C RN*n
Then int Rcoy E has the relaxzation property with respect to E.

From this theorem and from the Baire categories method it follows that, to
ensure existence of solutions to (1.1) under the approximation property assump-
tion, condition (1.2) can be replaced by

Dy(z) € EUintReoy E, a.e. x € Q. (1.4)

Based on the characterization of the elements of Rcoy E given in (1.3) we will
prove in Theorem 3.5 a more general sufficient condition for the relaxation



property which allows us to work with subsets of Rcoy £. This is very useful
in the applications because many times the entire hull Rcoy £ is not known.
Moreover, characterizing Rcoy E (or Reco E) may lead to complicated formulas
and thus checking condition (1.4) (or (1.2)) becomes very difficult. However,
many problems can still be solved provided it is possible to work with convenient
subsets of Rcoy E/. This will be the case in the several applications given in
Section 4.

We start, in Section 4.1, with the problem already solved by Kirchheim [14]
on the existence of a non affine map with a finite number of gradients whose
values are not rank one connected and with an affine boundary condition. We
will show that this example is still in the setting of the Baire categories method
thanks to the sufficient conditions for the relaxation property proved in Section
3. In this case the set F is a finite set of matrices with no rank one connections.
We observe that we don’t need to compute Rcoy £/ and that we get existence of
solutions whenever the affine boundary data ¢ satisfies Dy € K, for a certain
set K C Recoy E.

Then we will come back to the problem, already considered by Croce [6], of
arbitrary compact isotropic subsets E of R?*2. Once again, our theory shows
here its versatility. For this type of sets the hull Rcos E was characterized by
Cardaliaguet and Tahraoui [2]. Although it was proved in [6] that this hull
coincides with Rco E, we are now able to apply the Baire categories method
without using this information.

Finally we consider, in Section 4.3, the case of sets E for which a constraint
on the sign of the determinant is imposed on a set of isotropic matrices:

E={£eR™™: (M(€), -, An(€)) € A, deté >0}, (1.5)

where Ag is a set contained in {(z1, - ,2,) ER" : 0 < 27 < --- < z,} and
0 < A(§) < -+ < Ap(€) are the singular values of the matrix € (cf. Section 4).
Characterizing the hulls of such sets is quite complicated and the only results
available were obtained by Cardaliaguet and Tahraoui [3] in dimension n = 2.
Considering a particular class of sets E we will prove the following result (cf.
Theorem 4.11).

Theorem 1.2 Let E = {£ € R?*2: (A(£),\2(€)) € {(a1,b1), (ag,b2)}, deté >
0} with 05 a1 < by < as < by. Let Q C R2 be a bounded open set and let
@ € (U, R?) be such that Do € EUint Reoy E a.e. in Q. Then there exists

a map u € o+ Wy (Q,R?) such that Du(z) € E for a.e.  in Q.

In addition, we are also able to establish sufficient conditions for sets E of
the form (1.5) in dimension n = 2 and n = 3, working with a subset of Rcoy E.
In particular, in dimension 2, we prove the following result.

Theorem 1.3 Let Ag be a subset of R? containing the line segment joining two
distinct points (a1,as) and (b1, ba) such that 0 < a1 < ag, 0 < by < by, a1 < by,
as < ba, and either a1 < ag or by < by. Let

E= {f S R2%2 . (/\1(5),)\2(6)) S AE, det§ > 0},



Q C R? be a bounded open set and ¢ € C}

iec(Q,R?) be such that for a.e. x in
Q

)

aias < det D(p(ﬂ?) < blbg,

X2(Dop(x)) < Al(D¢(z))b2 —az  a2b; — baay

by —ay by —ay

Then there exists a map u € p + Wy > (Q,R?) such that Du(z) € E for a.e.
in Q.

We refer to Theorems 4.12 and 4.14 for more details. We stress the fact
that these results are independent of the knowledge of Rcos £/, which is not
known for n > 2, and that analogous results could be obtained in higher dimen-
sions. In practical applications the conditions stated are easier to verify than
the conditions needed to characterize Rcoy E.

2 Review on the generalized notions of convex-
ity

In this section we recall several definitions and properties of some generalized
notions of convexity that will be useful throughout this paper. We refer to
Dacorogna’s monograph [7] and to Dacorogna and Ribeiro [11] for more details.

Several types of hulls in a generalized sense will be recalled here. The main
result of this section is the characterization of the hull Rcoy E, established in
Theorem 2.9.

We start by recalling the notions of polyconvex and rank one convex func-
tions.

Notation 2.1 For £ € RV we let

T (€) = (£,adjyé, . .., adjypné) € RTE),

where adj £ stands for the matriz of all s x s subdeterminants of the matriz &,
1<s< NAn=min{N,n} and where

N N N
r=rt= 3 (0)(0) e (0) - vy
In particular, if N =n =2, then T (§) = (£,det§).

Definition 2.2 (i) A function f : RN*" — RU{+oc} is said to be polyconvex
if there exists a convex function g : RT0V™) — R U {400} such that f(£) =
9(T'(€))-

(ii) A function f:RN*" — RU {+o0} is said to be rank one convex if

JOE+ L =XNn) <AfE+A=A) f(n)
for every A € [0,1] and every &, € RVN*™ with rank(¢ — n) = 1.



It is well known that f polyconvex = frank one convex.
Next we recall the corresponding notions of convexity for sets.

Definition 2.3 (i) We say that E C RN*" s polyconvex if there exists a
convex set K C R™N™) such that {£ e RN*" : T(§) € K} = E.

(ii) Let E C RN*". We say that E is rank one convex if for every A € [0,1]
and for every £,m € E such that rank(§ —n) =1, then A + (1 — A\)n € E.

As shown by Dacorogna and Ribeiro [11] a set E is polyconvex if and only
if the following condition is satisfied, for every I € N

I I
; NT(E) =T (; A@-) ,

i=1

I

GEE, Xi20, % N=1
i=1

Moreover, we have the following implication
FE polyconvex = FE rank one convex.

As in the classical convex case, for these convexity notions, related convex
hulls can be considered.

Definition 2.4 The polyconvex and rank one convex hulls of a set E C RV*"
are, respectively, the smallest polyconvex and rank one convex sets containing E
and are, respectively, denoted by Pco E2 and Rco E.

Obviously one has the following inclusions
E CRcoE CPcoE CcoFE,

where co E denotes the convex hull of E.
We recall the usual characterizations for the polyconvex and rank one convex
hulls. It was proved by Dacorogna and Marcellini in [9] that

741 T+1
Pco FE = {f S Ran : T(f) = ZtiT(fi), fi eEFE, t; >0, Zti = 1} (2.1)
i=1 i=1

and
Rco E = U RjcoL, (2.2)
ieN
where RgcoF = E and

1> 0.

R coF {§€RN><TL §:AA+(1_)‘)B7 AE[O’”? }
i+1 = . )

A, B € RijcoE, rank(A—B) <1



One has (see [11]) that Pco E and Reco E are open if E is open, and Pco F
is compact if E is compact. However, in general, it isn’t true that Rco F is
compact if E is compact (see Kolar [16]).

It is well known that, for E C RN*",

coFE = {5 € RV*": £(€) <0, for every convex function f € ]—'fj} (2.3)

coE={¢¢€ RN . f(£) <0, for every convex function f € .7:E} (2.4)
where co E¥ denotes the closure of the convex hull of E' and
FE={f:RV*" S RU{+o0}: f|, <0}
FE={f:RV*" S R: f|; <0}.

Analogous representations to (2.3) can be obtained in the polyconvex and
rank one convex cases:

PcoE = {¢{ € RNX™ . f(€) <0, for every polyconvex function f € .7:53} ,
ReoE = {¢ € RN*" . £(€) <0, for every rank one convex function f € ff;} .

However, (2.4) can only be generalized to the polyconvex case if the sets are
compact, and, in the rank one convex case, (2.4) is not true, even if compact
sets are considered. In view of this, another type of hulls can be defined.

Definition 2.5 For a set E of RVN*™, et

cof B = {f e RNX" . £(€) <0, for every convex f € ]-"E}

Pcos E = {¢ € RNX™ . £(€) <0, for every polyconver f € TE}

Rcoy E = {f e RNX" . £(€) <0, for every rank one convez f € }"E} .
Remark 2.6 1) Notice that these hulls are closed sets. Moreover, they are,
respectively, convex, polyconvex and rank one convex.

2) For compact sets E, these are the hulls considered by Miller and Sverdk

[18] to establish an existence result for differential inclusions. We notice that a
different definition was introduced for open sets.

Thus, as observed above, co ' = coy E; if E is compact, then
PcoE = Pco I = Pcoy F,

but, in general,
Pco E C Pco E C Pcoy E.

Moreover, in general, even if E is compact,
RcoE C Reco ¥ C Reoy E.

Next we establish a characterization of the hull Rco¢ F for a given compact
set E. Based on the following result, we will investigate in Section 3 sufficient



conditions for the relaxation property (cf. Definition 3.1) which is the key to
apply the Baire categories method for vectorial differential inclusions due to
Dacorogna and Marcellini [9].

Before stating the result we give a definition.

Definition 2.7 Let U be a subset of RN*" and, for some integer I > 1, let
& e RYX™ gnd Ny > 0, i = 1,....1 be such that Zle X = 1. We say that
(Xi» & hr<i<r satisfy (H(U)) if

(i) in the case I =1, & € U;

(i1) in the case I =2, &,& € U and rank(& — &) = 1;

(iii) in the case I > 2, up to a permutation, &1,&s € U, rank(§; — &) =1
and defining

{ H1=A1+ A, m1= 7&%:\\252
Hi = Aiy1, i =&q41, 2<i<T-1
then (pi,ni)1<i<r—1 satisfy (Hr_1(U)).

Remark 2.8 The property in the above definition was introduced in [7, page
174], but here we have the additional condition that the vertices of the “chain”
must be elements of a given set. Moreover, we notice that in the above definition,
in particular, all & € U.

Theorem 2.9 Let E C RYX™ be a compact set and let U be an open and
bounded subset of RN*™ containing Rcoy E. Then

EERN ™ Ve>03T€eN, 3(N,&)iz1,..1 with A; >0,

,,,,,

I I I
Reop b = Z)"i =1 satisfying (H;(U)), £ = Z)‘i@'v Z Ai<e (7
= T edBm)

(2.5)
where B.(E) = {£ e RV*" : dist(& E) < €.

Remark 2.10 1) The fact that Rcoy E is included in the set on the right hand
side of (2.5) was obtained by means of Young measures by Miiller and Sverdk
[18, Theorem 2.1] as a refinement of a result due to Pedregal [20]. Below we
recall the proof without mentioning Young measures.

2) Since, for compact sets E, Rcoy E C co E, the set U can be chosen to be
any convex open set containing F.

3) This result should be compared with the following characterization of
Rco E which follows trivially from (2.2): for any set E C RN*"

I
EeRN™: 3T eN, I (A, &)izt,...,1 with X; >0, Z)‘i =1

i=1

RcoE = ,
satisfying (Hr(Reo E)), € = Z)\iﬁi, GeE Yi=1,..,1

i=1



Proof. Let us call X the set on the right hand side of the identity to be proved.
First we show that X C Rcoy E. Let £ € X and let f : RN*" _ R be any
rank one convex function such that fijz < 0. We will show that f(£) < 0 by
verifying that f(£) < ¢ for any § > 0.
We start by noticing that, since f is continuous, it is uniformly continuous
in U. Thus, fix § > 0 and let v > 0 be such that

Voun €U, Im—ml <y = |f(m) = f(n)] < 4.
Now, let € > 0 be such that ¢ < min{§,v} and B.(E) C U. By definition of
I

X, let I € N, (X5, €)iz1, ., with AT >0, > X5 = 1 satisfying (Hy.(U)), be

i=1

IE €
such that & = Z A Z A; < e. Then, using the rank one convexity of

19

=1 =1
& ¢B:(E)
f, we have
I. 1.
=f (Z Af&?) <Y OXFE) = Z XSF(€) + Z XS F(€9).
=1 =1

Ef%Bs(E) EEEBE(E)

We are going to estimate the last two sums. For the first one we have

I
Z NIE)<sc YDA
edB.(B) e dB.(B)

where C' := maxf. For the second sum we use the uniform continuity of f in
U

U. Since & € B.(E), we can consider n; € E such that |n; — &§| < . Then,

J(&) < F(&) = f(ng) < (&) = f(mi) < 0.

We then conclude that f(§) < (1 + C)d. Since ¢ is arbitrarily small, we
obtain f(£) < 0, as we wanted.

We will now prove the other inclusion, Rcoy 2 C X. We suppose by con-
tradiction that £ € Rcoy E and § ¢ X. Then, there exists € > 0 such that, for

every I € N and for every (\;,§;) satisfying (H;(U)) with & = Zi[:l A& we

have
I
Z )\7, Z E.
i=1
£i¢ B (E)
Defining, for n € U, f(n) := dist(n; E) and

I
> wif(i): TEN, (miyni)iz1, r with g, >0, Y i =1
i=1

=1 9

g(n) := inf
satisfying (H;(U))



it is trivial to see that 0 < g < +o00 and g|g = 0. Moreover, for any (u;,7;)i=1,....1
as in the definition of g(§), the contradiction assumption gives

I I I
Zﬂif(m‘) 2 Z pif(mi) = Z pie > e* >0
i=1 i=1 i=1

ni¢ Be (E) ni¢ B (E)

and therefore g(¢§) > 0. Finally, we show that g is rank one convex on U
according to the definition in [18], that is, if A, B € U with rank(A—B) = 1 and
AM+(1-NB e U, Ve (0,1) then g AA+(1—X)B) < Ag(A)+(1-X)g(B). To
achieve this, it is enough to observe that if (1;, A;);=1,.. 1 and (v;, B;)i=1,....s are
as in the definition of g(A) and g(B), respectively, then ((Au;, A;), (1—=X)vy:, B;))
satisfy the conditions in the definition of g(AA + (1 — \)B).

These properties of g allow us to apply the extension result [18, Lemma 2.3]
which ensures that there exists a rank one convex function G : RN*" — R coin-
ciding with g in a neighborhood of Rcos F£. This yields the desired contradiction,
since we are assuming that { € Rcoy E. o

3 Sufficient conditions for the relaxation prop-
erty

The Baire categories method, developed by Dacorogna and Marcellini [9] for
solving vectorial differential inclusions, relies on a fundamental property, called
relaxation property, cf. Definition 3.1 below. Due to the difficulty in dealing
with this property in the applications, sufficient conditions for it were also ob-
tained in [9]. They ensure existence of solutions to the differential inclusion
boundary value problem when the gradient of the boundary data is in the inte-
rior of the rank one convex hull of the set where the differential inclusion is to
be solved. However, in some examples this hull turns out to be too restrictive.
Therefore, our goal in this section is to find more flexible sufficient conditions for
the relaxation property. This will allow us to handle the problems considered
in Section 4.

We start by recalling the relaxation property introduced by Dacorogna and
Marcellini [9] and their related existence theorem for differential inclusions, here
in a more general version due to Dacorogna and Pisante [10].

Definition 3.1 (Relaxation Property) Let E, K C RN*". We say that
K has the relaxation property with respect to E if, for every bounded open set
Q C R™ and for every affine function ug, such that Dug(z) = € and Dug(z) € K,
there exists a sequence u, € Af fpicc(QRY) such that

Uy € Ug —I—WOLOC(Q;]RN), Du,(xz) € EUK, a.e. z in ,

u, = ug in WHO(Q;RY),  lim dist(Du, (x); E) dz = 0.

v——+00 Q



Theorem 3.2 Let  C R™ be open and bounded. Let E C RN*" and K C
RNX" be compact and bounded, respectively. Assume that K has the relazation
property with respect to E. Let ¢ € Af fpiec (Q; RN) be such that

Dy (z)e EUK, a.e. z in Q.
Then there exists (a dense set of) u € o + W™ (4 RY) such that
Du(x) € E, a.e. x in Q.

Moreover, if K is open, ¢ can be taken in C),..(; RM).

A sufficient condition for the relaxation property is the approximation prop-
erty [9, Definition 6.12 and Theorem 6.14] (see also [7, Definition 10.6 and
Theorem 10.9]) that we recall next.

Definition 3.3 (Approximation property) Let E C K C RNX", The sets
E and K are said to have the approximation property if there exists a family of
closed sets Es and Kg, § > 0, such that

(i) Es C Ks C int K for every § > 0;
(1)) ¥V e>036 >0: dist(g; E) <e, Vne Es, 6 €(0,0)];
(i) neit K = 3§ >0: ne K;, ¥e(0,d).

We therefore have the following theorem.

Theorem 3.4 Let E C RVX™ be compact and assume Rco E has the approzi-
mation property with K5 = Rco Es. Then int Rco E has the relaxzation property
with respect to F.

In the spirit of the approximation property, we establish a sufficient condition
for the relaxation property such that larger sets than the rank one convex hull
of E can be considered as the set K in Theorem 3.2. More precisely, we will
show that hulls like Rcoy E are likely to enjoy the relaxation property.

We can now state our main theorem.

Theorem 3.5 Let E, K be two bounded subsets of RN*™ and let, for 6 > 0,
Es, Ks be sets verifying the following conditions:

(i))¥Ve>036 >0: dist(n; E) <e, Vn € Es, 6 €(0,6)];
(ii))neint K = 3§,>0: ne K;, Vde(0,d);

I
(iii) ¥V 6 >0V £ € K5 3T €N, 3 (M, &)1<icr with A >0, YA =1,

i=1

I I
& € RNXn - satisfying (Hp(int K)) and & = Z/\ifi’ Z A < 0.
=
Then int K has the relazation property with respect to E.

10



Remark 3.6 1) In the sense of Proposition 3.13, Theorem 3.5 is a generaliza-
tion of the usual approzimation property for the hulls Rcoy.

2) This result is analogous to Theorem 6.15 in [9] and allows us to work with
subsets of Rcoy E.

Before proving the result we establish two corollaries.

Corollary 3.7 Let E C RNX" be bounded. Assume that there exist compact
sets Es C RVX™ such that, defining K5 = Rcoy Es and K = Reoy B, K5 C
int K and conditions (i) and (ii) of Theorem 3.5 are satisfied. Then int Rcos E
has the relaxation property with respect to E.

Remark 3.8 One can easily see that Theorem 3.5 is also true if in condition
(ii1) we replace Es by Bs(E). In this case, Corollary 3.7 follows directly from
Theorem 3.5 and Proposition 3.13 below. In the proof that we present here we
have to consider artificial approzimating sets Fs.

Proof of Corollary 3.7. Let E(; = Bjs(Es) and let IZ'(; = Rcoy E5. We will
show the result as an application of Theorem 3.5 for this choice of approximating
sets.

By the hypotheses on Es and K one can easily see that conditions (z) and
(i7) of Theorem 3.5 are still satisfied by Es and Kjs. Condition (iii) follows
from Theorem 2.9 applied to Rcoy Es, noticing that we are assuming that Ej is
compact, and taking U = int Rcoy I/ which contains Rcoy Es by hypothesis. O

The following result was already proved by Ribeiro [21].

Corollary 3.9 Let E, K C RN*" be such that E is compact and K is bounded.
Assume that the following condition holds:
(H) given § > 0, there exists L = L(6,E, K) € N such that

V¢eint K\ Bs(F)

Iy eyng ERNXJeN, J<L, rank(n;) =1, j=1,...J
E+m+...+n-1—n8+m+ .. +nj—1+n] Cit K, j=1,....J,
E+m+...+n5€ Bs(E),

where [A, B] represents the segment joining the matrices A and B. Then int K
has the relaxation property with respect to E.

Remark 3.10 Using the same ideas of the following proof, it turns out that,
under the conditions of Corollary 3.9, the set K is contained in Rcoy E.

Proof of Corollary 3.9. We will prove that
Es =int K N Bs(E) and Ks =({int KNE)U (int K \ Bs(FE))

satisfy conditions (7), (i7) and (iii) of Theorem 3.5.

11



Condition (%) is trivial. To get condition (i7), we observe that if n € int K
then either 1 € E, and thus n € K for every § > 0, or n ¢ E. In this last case,
since E is compact, dist (n; E) > 0 which entails (i7).

It remains to show condition (i74). Let § > 0, £ € Ks and consider L =
L(§,E,K) € N as in the hypothesis. If £ € int K N E, then condition (#i7)
is satisfied with I = 1 and (\;,&)i=1 = (1,£) and we are left with the case
¢ eint K \ Bs(E). Applying the hypothesis, we have

I, .., RV JeN, J<L, rank(n;) =1, j=1,...,J
E+m+ ... +n-1—n8+m+ .. +n_1+n] CintK, j=1,..,J,
E+m + ... +ny € Bs(E).

Thus, by iteratively writing convex combinations using the matrices n;, i =

1,---,J, we obtain

1 1 1
= 5(5—ﬁ1)+27(5+771 n2)+-. + (f+771+ ANg—1—175)+ 2ﬁ(§+771+~~+77J)'
(3.1)
We notice that if we take

)\j=2j,1f1<]<J q G=E+m+ .+ —n, 15T
an
i1 =E&+m+...+ns,

then (A;,&)1<j<s+1 satisfy (Hyy1(int K)) and (3.1) can be rewritten in the
form

)\J+1 2

J+1 J+1 1
=Y N, with Z N Sl- oy <1— o
j=1 =1
&#55(5)
J+1

If all ¢, € Bs(E), then Z A; = 0 and we have achieved condition (7).

Jj=1
§E€Bs(E)
Otherwise, for each &; € int K \ Bs(E) we apply again the hypothesis and get,
for some I; < L,

Ij+1
= > XN& such that (M, &)1<i<r 41 satisfy (Hp, 11 (int K))
=1
and
I;+1
> Nsig
sﬂezBa<E>
Therefore
J+1 J+1 I;+1 o
E= D NG+ Y D NN,
j=1 j=1 =1
§;€Bs(E) §;¢Bs(E)
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where the scalars and matrices in the above expression satisfy (Hj(int K)) for
a certain [ € N, and

J+1 Ij+1 o J+1 1 1\2
> X s X oa(1og)=(1-5)
j=1 =1 j=1
¢;¢B;s(E) € ¢ Bs(E) & &Bs(E)

Of course, after a finite number of iterations of this procedure one gets condition
(4i7). a

In order to prove Theorem 3.5 we will show the following lemma.

Lemma 3.11 Let I > 1 be an integer and let U C RN*™ be an open set. For
1<i<I, let& € RVX™ and A\; > 0 be such that Zi[:l Ai =1 and (N, &)1<i<r
satisfy (Hr(U)). Denote by & the sum Zle Xi&i and let ug be an affine map such
that Due = €. Then, for any given € > 0 and any bounded open set 2 C R",
there exist ue € Af fpiec(QRY) and disjoint open sets QL C Q such that

ue € ug + Wy ™ (G RY),

Du.(x) €U UB(E), ae. €, Du.(z) =&, ae.x €l i=1,..,1

) )

Jue — ugl|pe < e, |meas(Ql) — \;meas(Q)| <e, i=1,..,1.

The proof of the lemma relies on the following approximation result, due to
Miiller and Sychev [19, Lemma 3.1], which is a refinement of a classical result.
For a € RY and b € R" we will denote by a ® b the N x n matrix whose (4, ;)
entry is a;b;.

Lemma 3.12 (Approximation lemma) Let 2 C R™ be a bounded open set.
Let A,B € RVX" be such that A— B = a ®b, with a € RN and b € R™.
Let b3, ...,by € R", k > n, be such that 0 € intco{b, —b,bs,...,b;} and, for
t €10,1], let ¢ be an affine map such that

Do(x) =¢(=tA+(1—-t)B, z€Q

(ie. A=E+(1—t)a®band B=¢—ta®b). Then, for every e > 0, there
exists u € Af fpiec(Q;RY) and there exist disjoint open sets Qa,Qp C §, such
that

|meas (Q4) — ¢t meas (Q)| < ¢, |meas (2p) — (1 —t) meas(Q)| < e
u(z) = p(x), = € 9N
) — @) <e e

Ju( 1= e
m
Du ):{B ian
)€€

)
(z
Du(z) e+{(1—-t)a®b, —ta®@b,a®bs,...,a @b}, a.e. x in Q.

Proof of Lemma 3.11. We prove the result by induction on I.

13



If T = 2 it suffices to apply Lemma 3.12 choosing |bs], ..., |bx| sufficiently
small so that |a ® b;| < e for i =3,..., k.

Now, let I > 2 and consider (\;,&;)1<i<s as in the hypothesis. Up to a
permutation, and defining

{ 1 =A+ Ay, = 7)‘1§11§252
i = Aiy1, ni =&y, 2<i<T—1,

we have §1,&» € U, rank(&1 — &2) = 1 and (pi,mi)1<i<r—1 satisfy (Hr—1(U)).
Then the induction hypothesis ensures the existence of v € Af fpice(Q; RY) and

disjoint open sets ﬁ; CcQ, i=1,..,] —1 such that
v € ug + Wy (G RY),
Dv(x) e UUB(§), a.e. z €Q, Du(zx)=mn; ae x€ ﬁ;, i=1,.,1-1

= I-—1.

) =
llo = ugl[z= < 5. meas(QL) — pimeas()| < 5, i =1,...,

Since (pi,mi)1<i<r—1 satisfy (Hr_1(U)), then n; € U. Now let 0 < ¢ < ¢
be such that the neighborhood of 71, Bs(n 1) is contained in U and apply again

Lemma 3.12 in Q; to obtain w € Affpmc(Qé,RN) and disjoint open sets Q% C
QL i=1,2such that

w e v+ WP (QLRY),

Duw(z) € {&,&}YU Bs(m), ae. z €Ql, Duw(z) = §i7 ae €O, i=1,2

[lw—v||pe < %, ’meaS(Qi) - meas(Q1)| < 5 i=1,2. (3.2)

Ai
A+ Ao
We then obtain the desired result taking Q2 and Q2 as above, Qf = Qi~? for
1=3,...,1 and B
vin Q\ QL
Ue = ~
w in QL.
In fact we only need to verify that [meas(QL) — \;meas(Q)| < e for i = 1,2:

meas(QL)| +

|meas(2L) — A\;meas(Q)] < ‘meas(Qi) >\+/\

+ ) /\1’}:)\2 meas(Q1) — )\imeas(Q)‘
< 5+ ﬁ ’meas(ﬁé) — (M + Ag)meas(Q)‘
= £+ ﬁ ’meas(ﬁé) - ,ulmeas(Q)‘
< &
where we have used (3.2). m|
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We can now prove Theorem 3.5.

Proof of Theorem 3.5. Let 2 be an open bounded subset of R”, ¢ € int K
and let us denote by u¢ an affine map such that Dug = . We want to construct
a sequence e € Af fpiee(Q; RY) such that

ue € ug + Wy (4 RY), Du.(z) € EUMtK, a.e. z €,

ue = ug in WHR(QRY),  lim [ dist(Duc(x); E) dz = 0.

e—0t Jo

Fix ¢ > 0. From condition (i¢), and since £ € int K, we have £ € K; for
6 < §p. Choose 0 < 6 < §g such that § < € and

dist(n; F) < e, V n € F;. (3.3)

This is possible from condition (7). We then apply condition (i) to obtain
I =10) €N, (\i,&)i<icr with \; > 0, 21\ = 1, & € RV*" satisfying
(H;(int K)) and such that

I I
€= N& and Y\ <4 (3.4)
i=1 i=1
§&i¢Es
By Lemma 3.11 we now get ue € Af fpiec(Q;RY) and disjoint open sets Q¢ C Q
such that, for ¢ sufficiently small,

U € ug + Wy (4 RY),
Du.(z) €int K, ae. 2 €Q, Duc(z)=¢&, ae.x€Ql, i=1,..1,
Jue — ug||p= < e, |meas(QL) — \;meas(Q)| < ;, i=1,..,1I (3.5)

Since K is bounded, up to a subsequence, we have u, — ug in WHe(Q;RY),
We will finish the proof by verifying that

lim [ dist(Duc(z); E)dx = 0.

e—0t Jo

Since E and K are bounded there exists a positive constant ¢ such that

dist(n; E) < ¢, Vne€int K. (3.6)

15



Then, using (3.3), (3.6), (3.5) and (3.4), we obtain the following estimates,

dist(Duc(x); E) dz =
Q

I I
= > / dist(&s; B) do + > / dist(&; E) da+
i=1 YU i=1 YO

&€EEB;s &i¢Es
+/ dist(Duc(z); F) dx
o\(ui_,0i)
I . .
< emeas(?) + ¢ Z meas(Q2}) + cmeas (Q\ (U_, Q%))
5:;55
L e
< emeas(Q) + ¢ ; (T + Aimeas(Q)> +ce
§i¢Es
< emeas() + ce + cemeas(2) + ce.

This completes the proof. O

As already mentioned, the characterization of Rcoy E obtained in Section 2
entails a similar condition to condition (#i7) of Theorem 3.5 under the approxi-
mation property assumption. This is stated in the next proposition.

Proposition 3.13 Let E C RY*" be a bounded set and for 6 > 0 let Ejs be
compact sets such that Rcoy Es C int Rcoy E and

(i))Ve>030>0: dist(n; E) <e,VneEs, §d€(0,0);
(1) n € intRecoy E = 3y >0: n & Recoy E5, V€ (0,d).
Then the following condition is satisfied:

I
V>0V EeReoy By ITEN, 3 (N, &)ricr with X >0, > X =1,

1=1

I I
& € RVXn satisfying (Hy(int Reoy E)) and € = Z/\ifi, Z A < 0.

i=1 i=1
&i¢Bs(E)
Proof. Let § > 0 and £ € Rcoy E5. Since Recoy Es C int Rcoy E, € € int Recoy B
so, using (i¢), we conclude that §& € Rcoy E, for all p < py. Thus, by the
characterization of Rcoy E,, stated in Theorem 2.9 with U = int Rcoy F, for
every p < pp and for every € > 0, there exist I € N and (\;,7;)i=1,....; with
X >0, Y0\ = 1 satisfying (H;(U)) and such that

I I
= A, dodi<e (3.7)
i=1



On the other hand, by (¢), for every v > 0 there exists ua > 0 such that

dist(n; E) <~, Vn € E, with u < po. (3.8)

Choosing in the previous conditions v = g, po < minf{uq, po}, € = g we con-

clude, by (3.7), that there exist I € N and (A, n;)i=1,...,r with A; > 0, Zle A=
1 satisfying (H;(U)) and such that

I I 5
f:ZAﬂh; Z Ai <3
i=1

I I 25
=1 =1 3
ni¢Bs(E) Ni¢Bas/3(Epg)

Indeed, if n; ¢ Bs(E) then dist(n;; E) > §. From (3.8), dist(n; ) < g, Ve
E,,,. This means that E,, C Bs/3(F) and thus dist(n;; E,,) > %‘5. O

4 Applications

We will now recall some properties of isotropic sets and investigate similar prop-
erties when a restriction on the sign of the determinant is considered. These
results will be useful in the study of some differential inclusions related with
this type of sets which we present in subsections 4.2 and 4.3.

We start by giving the precise definition of isotropic set.

Definition 4.1 Let E be a subset of R"*"™. We say E is isotropic if RES C E
for every R, S in the orthogonal group O(n).

Isotropic sets can be easily described by means of the singular values of its
matrices. Indeed, let 0 < A\;(£) < --- < A\, (€) denote the singular values of the
matrix £, that is, the eigenvalues of the matrix \/@ , then the isotropic sets £
of R™*™ are those which can be written in the form

E={{eR"™: (A(&),-++, An(8)) € Mg}, (4.1)

where Ag is a set contained in {(x1, -+ ,2,) ER" : 0 < 27 < --- < x,}. This
is a consequence of some properties of the singular values that we recall next.

The following decomposition holds (see [13]): for every matrix £ € R™*"
there exist R, S € O(n) such that

A (©)
¢ = Rdiag(\ (), . Mi(€)S = R s (42
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and, for every £ € R"*" R S € O(n)
Ai(§) = Ni(RES).

Moreover, one has

n n

[T © =ldeté] and D (M(€)* = ¢

i=1 =1

In particular, in the 2 x 2 case, A\; and Ay are given by

A(§) = % [\/IﬁP +2[det £] — \/[€]2 — 2] detg@
Xo(€) = 5 [VEE F et ] + VIEE — 2]derd]].

n
The functions \; are continuous, £ — H Ai(€) is polyconvex for any 1 <
i=k
k < n and A, is a norm. From this, clearly if the set Ag in (4.1) is compact
(respectively, open) then E is also compact (respectively, open). On the other
hand, if F is compact the set Ag can be taken to be compact and if E is open
(4.1) holds for an open set A C R™.
In this section we will also be interested in sets of the form

E={cR"": (M(§), -, A(£) € Ag, det& >0}, (4.3)

where, as before, Ag is a set contained in {(x1, - ,z,) ER?": 0 <2y <--- <
xn}. We observe that these are not isotropic sets, but just a class of SO(n)
invariant sets, where SO(n) denotes the special orthogonal group.

Theorem 4.2 If E C R™ ™ has the form (4.3) for some compact set Ag, then
Reoy E has the same form, with Arco, £ also compact.

Proof. Let E C R™™ ™ be a set of the form (4.3) for some compact set Ag.
Then it is trivial to conclude that Rcoy E is compact and Recoy E C {{ €
R™*™ . det& > 0}, this follows from the fact that £ — —det& is rank one
convex. We will show that

Reog B = {€ € R™™: (A(€), -+, An(€)) € Aneo, , det € > 0}
where
Arco; B ={2 €R" 12 = (A1 (), , An(§)) for some & € Reop B} .

Notice that, in particular, Areo, g is compact. To achieve the desired repre-
sentation of Rcoy E we only need to show that if £ ¢ Rcoy E' then for every
R,S € SO(n) one has R(S ¢ Reog E. Let £ ¢ Reoy E, then there exists a
rank one convex function f : R™*” — R such that f|g < 0 and f(§) > 0.
Let R, S € SO(n) and define f1(n) := f(R~'nS~1). Then f; is rank one con-
vex and for all n € E, fi(n) = f(R"1nS™!) <0, as R~'nS~! € E. However
f1(RES) = f(€) > 0 and so RES doesn’t belong to Reoy E. |
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4.1 Non-affine map with a finite number of gradients with-
out rank one connections

In [14], Kirchheim proved the existence of non-affine maps with a finite num-
ber of values for the gradient but without rank one connections between them
(see also the result obtained by Kirchheim and Preiss, cf. [15, Corollary 4.40],
where a non-affine map whose gradient takes five possible values not rank one
connected was constructed). Kirchheim’s result is the following.

Theorem 4.3 Let N,n > 2, m € N and Q C R™ be a bounded open set. Then
there is a set B = {&1,...,&n} CRN*™ such that

rank(§; — &) = min{N,n}, if i # j

and there are € ¢ E and u € ug + Wy ™ (Q;RY) such that
Du(z) € E, a.e. x € Q,

where ug represents a map such that Dug = &.

This theorem was obtained thanks to an abstract result also due to Kirch-
heim (cf. [14, Theorem 5]). What we want to show in this section is that the
same result can also be achieved by the Baire categories method, cf. Theorem
3.2. Evidently, since, as described in the statement of the theorem, the elements
of the set E are not rank one connected, the gradient of the affine boundary data
& does not belong to Rco E = E. Therefore, to prove the relaxation property
required to apply Theorem 3.2, one cannot use the usual approximation prop-
erty (cf. Definition 3.3). However, as we will see, this difficulty can be overcome
by means of Corollary 3.9. Indeed, the set E constructed by Kirchheim is such
that the gradient of the boundary data & belongs to the interior of Rcoy E (cf.
Remark 3.10).

We recall in the following lemma the properties of the set E constructed by
Kirchheim. For the construction of the set we refer again to [14].

Lemma 4.4 Let N,n > 2 and denote by B%(O) the open ball of RN*™ centered

at 0 and with radius % Then there exists a set B = {&1,...,&m} C RVX,
m € N, such that

rank(§; — &) = min{N,n}, ifi # j
and dist(&; B, (0)) > 0, for every £ € E. Moreover, for every £ € E there exists
M C RVN*™ such that

i) Mg CE+{ueRV>": rankp =1}
it) MgCB%(O), #H#M¢ <4Nn

iii) OB1(0) C Uge p int(co({€} U Me)).
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We now prove Theorem 4.3, for the set E considered in the previous lemma,
using the Baire categories method. This proof was already obtained by Ribeiro
in [21] but we include it here for the sake of completeness.

Proof of Theorem 4.3. We consider a set E with the properties of the above
lemma and, with the same notations of the lemma, we define

K =By (0) U [ ] int(co({¢} U Mp)).

{EE

Notice that K is an open and bounded set. Since K \ F is non empty (for
instance, it contains 0) let £ € K \ E. We will show that K has the relaxation
property with respect to E by applying Corollary 3.9. Once this is proved, we
conclude by Theorem 3.2 that there exists u € ug + Wy ™ (Q;RY) such that
Due Ewith ¢ E.

We only need to ensure condition (H) of Corollary 3.9. Let § > 0 and
n € K\ Bs(E). If n € B1(0), by definition of K and condition i) of Lemma
4.4 one can easily reduce to the case 1 € int(co({{} UMe))\ By (0), with § € E,
moving along any rank one direction.

Consider now the case where 7 € int(co({¢} UMc¢))\ B1(0), for some ¢ € E.
In this case we can write

k k
=Y N+ 1= XN | &
j=1 j=1

k
for some \; € (0, 1) such that Z Aj < 1 and for some u; € M¢. By condition
j=1
i1) of Lemma 4.4 we have k < 4Nn.

Let j* € {1,....,k} be such that X\;«| — p;+| = maxi<j<i Aj|§ — p ] and
consider the rank one direction £ — ;. We will show that it is possible to find
¢ > 0, independent of 7, such that 7y = ¢(§—p;+) satisfies [n—n1,n+mn1] C int K.
In particular, since dist(f;B% (0)) > 0, for every £ € E, and p; € B%(O) by
condition i7) of Lemma 4.4, it follows that, for some C' > 0 independent of n
and &,

m| = C. (4.4)

To find the constant ¢ we proceed in the following way. We notice that, for

k
[t <min{ A, 1= A5 0,
j=1

k k
Nt E—pye) = D A+ Ny =D+ { 1= N+t ] € € int(co({E}UMe)).
i=1 =1
i#i
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Thus we only need to show that
k
min ¢ Ajs, 1= A b >¢>0.
j=1

The estimate for A« follows from

k
§<|n—¢l < T — € < e — €] < . ¢l
n §|_Z)‘J|ﬂj | S ANnAj«|pj — £ < 4ANn); r;?eag =&
i=1 HEMe

On the other hand, since

k k
1
3 S Il <Y N+ 1= M) 1l <
j=1 j=1
k k
< | e lud | 2N+ | 1= D0 | maxlel,
HEM j=1 j=1
one gets
1
. 7~ nax |1l
M
1-— Z )\j > neMe >0
; max [¢] — max |l
J=1 EEE ¢EE
HEM
as wished.

We argue that repeating the same reasoning with the matrix n + 1; and so
on, after 7 iterations of this procedure, we obtain a sequence of rank one matrices
Ny - M satisfying [n+m1 + -+ -1 —mjm+m + -+ -1 +1;] C int K,
j=1,---,iand n+mn + ...+ n; € Bs(E) where i < L(4, E, K) is independent
of n.

Indeed, without loss of generality, assume that |+ 71| > |p — n1]. Then it
follows that

n+m|>C

since, by (4.4),
2 2 2 2 2
2n+ml” = n+ml”+n—ml” =2n"+2m|" > 2C%

If n+n1 ¢ Bs(E) we obtain, as before, 1o such that |nz| > C and [np+n; —
N2, N+m+n2] Cint K = K. Again, assuming that |9+ 1 + 12| > |n 4+ m — 12/,
one has

2(n+m +nmel> > n+m el +n+m — el =20+ m? + 2| > 402

After ¢ iterations of this procedure one gets n+m + ... +1n; € int K = K
with
[n+m+...+n] > ViC.
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Thus, |n+m + ... + 17| — 400, as i — +o00, contradicting the fact that K is
bounded. Therefore, for some ¢ bounded by a constant L = L(§, E, K), we must
have n+m + ... +n; € KN Bs(E).

This concludes the proof of condition (H) of Corollary 3.9 and thus the
proof. o

4.2 Isotropic differential inclusion

In this section we discuss the differential inclusion problem

(4.5)

Du(z) e E, ae. xz€Q,
ulw) = plz), @ €09,

where Q is an open bounded subset of R"™ and E is a compact subset of R™"*™
which is isotropic, that is to say, invariant under orthogonal transformations.

We observe that a result due to Dacorogna and Marcellini [9, Theorem 7.28]
provides a sufficient condition for existence of solutions to this problem. Indeed,
denoting by A1(§) < A2(€) < -+ < A, (&) the singular values of £ € R™ ™, if
there exists n € E with \;(n) =~; > 0 and ¢ € C},_.(Q;R") is such that

piec

i=T

Dy e EU {geR"X”: I1x© <] 7':1,...,71}

then (4.5) has W1°°(Q; R™) solutions.

In the 2 dimensional case (n = 2), a less restrictive condition can be obtained,
although it is more difficult to check in concrete examples. This was studied by
Croce [6] (see also [5]), using the Baire categories method that we discussed in
Section 3, and by Barroso, Croce and Ribeiro [1] using the convex integration
method due to Miiller and Sverdk [17, 18]. With both methods, the result
obtained was the following.

Theorem 4.5 Let E := {£ € R?*? : (A\(£),\2(€)) € Ag}, where Ap C
{(z,y) e R?: 0 <z <y} is a compact set and let

K= {5 ER¥Z: fo(A(€),22(8)) < max  fy(a,b),V # €0, max b]},
(a,b)EAE (U«,b)EAE
where fo(z,y) = vy + 0(y — x). Then, if Q C R? is a bounded open set and
if o € Cioo(Q,R?) is such that Do € EUK a.e. in Q, there exists a map

u € o+ Wy™(Q,R?) such that Du € E a.e. in .

We notice that it turns out that K = int Rco E = int Rcoy F. To achieve the
previous theorem two fundamental results due to Cardaliaguet and Tahraoui [2]
were used. On one hand, they characterized the polyconvex hull of any set F
as in the theorem; based on their description, Croce [6] then showed that

PooE = {€ R [i0uO () £ max flad). VO D, max 1},
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On the other hand, Cardaliaguet and Tahraoui [2] showed that, in dimension
2, compact isotropic sets which are rank one convex are also polyconvex (see
also [4]). Since the hull Rcos E of a compact isotropic set E is also compact
and isotropic (cf. Theorem 4.2) and since it is also rank one convex, one imme-
diately obtains that Rcoy E = Pco E/ and thus a characterization for Rcoy E.
This was fundamental to study the differential inclusion by means of the convex
integration method. Indeed, to prove the required in-approximation it is neces-
sary to know the hull Rcoy E. In the prior work of Croce [6], where the Baire
categories method was used via the approximation property, the appropriate
hull to consider was Rco F2. Contrary to the case of Rcoy E, a characterization
of Rco E does not follow immediately from Cardaliaguet and Tahraoui’s results
since, in general, Rco F may not be compact. For this reason, in [6], Rco E had
to be computed (and the conclusion was that it coincides with Rcoy E). How-
ever, thanks to the theory presented in Section 3, the results of Cardaliaguet
and Tahraoui are sufficient to obtain Theorem 4.5 using the Baire categories
method. We proceed with a brief sketch of this proof which is essentially the
one given in [6], but with no need of computing Reo E.

Proof of Theorem 4.5. We recall that by the results in [2] and [6],

RCOfE = {g S RQXQ : f@()\l(f)7>\2(£)) S (agl)%)j\E f@(a7b)7 Ve [07 (agl)%)li\}; b]}

and

int E = R?*2; A b), Vo b ¢
it Teos £ = {€ € B%fp(0 (6. 2al6) < mx fola,), 90 € 0, o 3]}

Thus, by Corollary 3.7 and Theorem 3.2, it is enough to construct compact
sets Es such that Rcoy Es C int Rcoy E and satisfying conditions (i) and (i) of
Theorem 3.5 with K5 = Rcoy 5. In fact, this is the case if we consider

Bs= |J {6eR¥™?: (\(€).22(8) = (a—d8,b-0)},

(a,b)eAE

for 0 <6 < min & We refer to [6] for the details of the proof. a
(a,b)eAp 2

4.3 Differential inclusions for some SO(n) invariant sets

We consider in this section the differential inclusion problem

{DM@EE, ae x €, (4.6)

u(z) = p(x), z €0,
in the case E has the form

E={£cR"™: (M(£), -, A(&) € Ag, det& >0},
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with Agp C {(z1, - ,2n) ER" : 0 < 1 < -+ < x,}. As already observed,
these are not isotropic sets, but just a class of SO(n) invariant sets.

For n = 2, Cardaliaguet and Tahraoui [3] defined the set R(Ag) for any
compact set Ap C {(z1,72) € R?: 0 < 27 < 22} as the smallest compact subset
of {(x1,72) € R?:0 < 1 < w3} containing Ag such that

{€ € R¥? 1 (M(€),22(6)) € R(Ap), det€ >0}

is rank one convex. This hull can be used to describe Rcoy E (see Lemma
4.8). The representation of this envelop is quite complicated and leads to some
difficulty in dealing with it in order to show existence of solutions to problem
(4.6). In Theorem 4.11 we consider a particular set F composed by matrices
with two possible singular values and, using Cardaliaguet and Tahraoui’s results,
we give a sufficient condition for existence, relating the gradient of the boundary
data and the hull Rcoy E.

For n > 2, a representation of Rcoy I/ is not available. Of course, if one
wants to ensure existence of solutions to (4.6), one may not need to know the
entire hull. Moreover, we notice that in the applications it is more convenient to
have simpler conditions to check than those describing the hull Rcoy E obtained
by Cardaliaguet and Tahraoui [3] for the 2 dimensional case. In this sense, in
Theorems 4.12 and 4.14 we will establish sufficient conditions for existence of
solutions to problem (4.6) for certain sets E in dimension 2 and 3. Analogous
results could be obtained in higher dimensions however, due to the heavy no-
tation already present in the 3 dimensional case, we have only considered these
two settings.

4.3.1 Set of singular values consisting of two points
In this section we are going to consider the case where
E={£eR¥?%: (A\(£),\2(¢) € Ap, deté >0}

with Ap = {(a1,a2),(b1,b2)} and 0 < a1 < by < ag < be. We start by studying
the set Rcoy E. To this effect we will use the following characterization of R(Ag)
obtained in [3, Proposition 8.6, Theorem 7.1 and Definition 1.1].

Theorem 4.6 Let A be a compact subset of {(x1,22) € R? : 0 < 21 < 22} such
that R(A) is connected. Then

R(A) = {(x1,29) € R%:0 < 21 < 29,21 > a,03(x1) < 9 < inf{oy(x1),02(x1)}}

where « = inf 1y,
(z1,z2)EA

_92
0+ g—wl’ T < 9)

or(z1) = inf_ f5 (z1), fo,(z1) =

(07)€% +o0, otherwise,
o2(x1) = inf fg (1), fg (x1) =0+ T 62 ,
(0y)es, "7 " 0+ 21
2
3 3 —0+2L >0
o3\T - su x1), €T = x1—0) )
st (9’7)523 foal@n) foq(®) +00, otherwise
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So={(6,7) €eR?*: §>0, v>06%},
Yi={(0,7)€Xo: 22 < f917'y(x1)7 V (21, 22) € A},
Yo = {(057) €Xp: w2 < f92,'y('r1)a V($1,$2) € A}a

N3 ={(0,7) € Zo: w2 > fi (x1), V(x1,22) € A}.

Moreover, there exists a convex function h : R?*2 x R — R such that

{¢ € R¥*?: (M1(€), Xa(§)) € R(A), det& >0}
={£ e R¥?  h(¢,det &) <0, deté > 0}.

The following sufficient condition for R(A) to be connected was also proven
in [3, Proposition 8.4].

Proposition 4.7 Let A be a compact subset of {(z1,72) € R? : 0 < 21 < x5}
and assume that A satisfies the following property: if there exist C1 and Cs,

compact subsets of A, such that C1NCe =0, C1 UCy = A and sup m <
(z1,22)€Ct

( in)f o2 then either Cy =0 or Co = (). Then R(A) is connected.
x1,x2)€C2

If E={{eR¥™2: (A\(£),A2(€)) € Ap, det& >0}, where Ap is a compact
subset of {(z1,z2) € R?: 0 < 21 < x5}, then R(Ag) describes the hull Reoy E,
as we prove in the following lemma.

Lemma 4.8 Let E = {£ € R?*2: (\(£),)2(§)) € Ag, det& > 0} where Ag is
a compact subset of {(z1,22) € R? : 0 < x1 < 29} such that R(Ag) is connected.
Then

Reos E = {€ € RP? 1 (A1(€), A2(€)) € R(Ag), deté >0},

Proof. We set,
E={E e R¥?: (M (8), X2(¢)) € R(Ag), det& > 0}.

Since R(Ag) is connected, by Theorem 4.6 there exists a convex function h :
R?*2 x R — R such that & = {¢€ € R?*2 : h(¢,det€) <0, det& > 0}. Note that
h(&,det&) < 0 for every € € F, since E C €. According to Definition 2.5 of
Pcos E, one has Pcoy £ C £. This implies that Rcoy 2 C £.

On the other hand, Rcos E is a compact and rank one convex set. By
Theorem 4.2,

Reog B = {£€ € R (M(€),X2(€)) € A, det& > 0}
for some compact subset A of {(xz1,72) € R?: 0 < 21 < x5}. By definition of
R(Ag), A D R(Ag) and thus Recoy £ D €. O

Using the two previous results we can show the following formula for Rcoy E,
for the set F considered in this section.
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Proposition 4.9 Let E = {£ € R?*2 : (A\(€),22(§)) € Ag, deté > 0}, where
Ag ={(a1,a2),(b1,b2)}, 0 < a1 < by < az < by, and define

0 — —aias + b1bs
- b1—|—bg—a1—a2'
Then
Reos B = {£ € B2 (0 (€), Mal€)) € R(A), deté >0} (47)

where R(Ag) is the set of points (z1,72) € R? such that

a1 <1 <29 < by,
aia
$22 127
x
—ayas + 6(ar + az) — Oz . 4.8
oy < 1a2 + 0(aq 2) ,1’ ifay < a1 < b (4.8)
-z +0
bib
xggﬁ.
x1

Moreover,
int Reoy B = {€ € R?*?: (A\1(€), A2(€)) € relintR(Af), det& > 0},

where rel int R(Ag) is the relative interior of R(Ag) with respect to the set
{(z1,22) €ER?: 0 < 21 < 2} and is the set of points (x1, 1) € R? such that

a1<x1§x2<b2,

a1a2
To > s
(o

< —araz + 0(a1 + az) — x4

, ) < <b
i+ 0 Zfal Z1 1

€2

bibs
ZL‘l.

To <

Proof. Notice that, since a1 > 0 and A\ (§)A2(€) = | det £, our set E satisfies the
hypotheses of Lemma 4.8 since, by Proposition 4.7, the set R(Ag) is connected.
Thus (4.7) holds and to establish (4.8) we will write the inequalities o3(z1) <
xo < inf{oy(z1),02(x1)}, given by Theorem 4.6, for x; > ay, in a more explicit
way. Let us start by studying z2 > o3(x1). It is easy to see that

Y3 = {(9,7) eR?:0<0<ay, 0 S'ygalagfe(agfal)},
as 0 < a; < by < az < by. Therefore x5 > o3(x1) is equivalent to
129 — O0(x2 — 1) > aras — 0(az —a1), 0 €[0,a1)
since x1 > 6, that is,

aras —0(az —a1) —0x1 ajas
To > sup = .

9€[0,a1) 1 —0 71
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In the same way, to study 22 < o9(z1), we remark that
Yo ={(0,7) ER?:60 >0, v >max{6? bibo + 0(bs — b1)}}.
Therefore xo < oo(x1) is equivalent to
129+ 0(x0 — 1) < HlaX{GQ,ble +6(b2—01)}, 6>0,
that is,
To Smin{b;?,bg}. (4.10)
We now analize the inequality zo < o1(x1). It is easy to see that
1 ={(0,7) €R*:0 >0, v > max{6*, —ajas+0(a1 +az), —biby+0(by+b2)}} .
Therefore zo < o1(z1) is equivalent to

-0
$2<w, V(9,7)621:9>$L’1,

that is,

—2129+0(z1422) < max{0?, —araz+0(a1 +az), —b1ba+0(bi+b2)}, VO > ;.
By (4.10), x2 < by and so

—2129+0(z1+29) < max{0?, —ajaz+0(a1+az), —b1ba+0(bi+bo)}, 0 € (1, bs].
Since 0 > x1 > a1 and 0 < a; < b; < as < by, one has

max{falag —+ 9(&1 —+ 112), 7b1b2 —+ 0(b1 + bg)} — 01’1

To < inf 4.11
2= 96(1:7017172] —T1 + 9 ( )

We observe that
b1 <0 <ap (4.12)

and

— 0 a1 <0<46
max{fa1a2+0(a1+a2), 7b1b2+0(b1+b2)} = {_2‘11522:9((;;1:1)23) g'l<70 <7b2,

To study (4.11) we distinguish the cases 1 > 6 and z1 < 6. In the first case,
(4.11) gives
—b1b 0(b by) — 0
zo < inf 12 + 0(b1 + bo) ml.
OE(El,bQ] —T1 + 0

Notice that the sign of the derivative of the function

. —b1by + 9(b1 + bg) — 02,

g(0) : —
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does not depend on 6. Therefore we have

xo < min {g(bg), glim+ g(@)} =g(bg) =bo, if 1 > 6. (4.13)

—x]

In the second case, (4.11) yields

xg < min{ inf 9192 +0(a1 +as) — 021 min —b1ba + 0(by + b2) — Oz }
- oetendl —1 0 6c(0.b2] —z1+0 '

As above, the sign of the derivatives of g(#) and

—ai1a2 + 0(a1 + (12) — 0x,
—x1+ 6

1) :=

does not depend on 6, so we obtain

00—z

22 < min {£(8), lim_£(0),9(0),g(bs) } = min {£(6).b2},

that is,
— 0 -6
3 < min{ aaz + B + ap) xl,bQ} ,if o < 0.
—z1+0
Therefore if 1 < 0
—aiaz + 0(ar + az) — Oy
<b
wy < 1+ 0 por=m (4.14)
b27 b1 < T < Q
In conclusion, from (4.9), (4.10), (4.13) and (4.14) we get
a2 <z9 < min{bg, blb?} , if xy > by
X x
and
— —0
ai1az << min{bg, @7 araz +0(a1 + as) — O0xy } if 2y < by
T T —x1+0

—aias + 0(ar + az) — 0x;
-1+ 0

By (4.12) and the fact that 1 —

(a1,az2) and (b1, bs), we get (4.8).
The formula of int Rcoy F is easy to obtain from the above representation. O

passes through

Remark 4.10 In the following figure we provide a representation of the set
R(Ag).
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Z2

biby
T

—aiazHA(a1+az)—0z1 T2 =

T2 = Fz1+6

T

We are now in position to prove an existence result for problem (4.6).

Theorem 4.11 Let E = {£ € R?*2 : (\(£),\2(€)) € Ap, deté > 0} where
Ar ={(a1,a2),(b1,b2)} and 0 < a; < by <az <by. Let Q C R2 be a bounded
open set and let o € C,. (,R?) be such that Do € E UintReoy E a.e. in Q.
Then there exists a map u € o + Wy > (Q,R?) such that Du(z) € E for a.e. ©
in Q.

Proof. We will prove the result using Theorem 3.2 and Corollary 3.7. Let § > 0
be sufficiently small such that a1 + 6§ < by < as < bs — . We define
Es = {6 € R¥?: (\(€), M2(€)) € Ag,, deté >0},

with Ag, = {(a1 + d,a2),(b1,b2 — 0)}. Observe that Ej5 is a compact set.
By Proposition 4.9, Rcoy Es is given by the matrices § € R2*2 with positive
determinant such that (x1,22) = (A1(£), A2(€)) satisfies

(11+($§I1§$2§b2*5 (415)
2y > (Gt 0)a (4.16)
1

—(a1 + 0)az + 5(a1 + 5 + az) — O521

if 0<x1 <D 4.17
—x1 + 05 » Bo+osm=h ( )

To <

bi(by — 6
my < 202 70) (4.18)
1

where
—(a1 + 5)&2 + b1(b2 — (5)

b1—|—b2—a1—a2—25 '
We are going to verify the hypotheses of Corollary 3.7. We start by proving that
Rcoy Es C intReoy E. Let £ € Reoy Es and denote (Aq1(€), A2(€)) by (21, z2).
Since (1, x2) satisfies inequalities (4.15), (4.16) and (4.18), it is clear that
aira

YUs =

2 and Ty < 222 Tt remains to show that

(11<J}1§J32<b2,$2>
T z1

—araz + 0(ar + az) — bz
<
—z1+6

To s ifa; <x1 < by (419)
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— b1 b
where 6 = a102 + 5152 . Since x7 > a1 + 6, it suffices to show that if
b1 +by —ay —as

xr1 € [a1 +6, bl), then

—(a1 + 0)az +05(a1 + 9 + az) — 0521 - —ajas + 0(ay + az) — 0z
—x1 + 0 —x1+46 '

As b; < @ < az and by < 05 < ag, the above inequality is equivalent to
(05 — 0)(x1 —ar)(x1 — az) < 6(—x1 + 0)(az — O5), (4.20)

for 1 € [a1 + 6,b1). This inequality holds whenever 85 — 6 > 0, since the
left hand side of (4.20) is negative and the right hand side is positive. To
show it also holds in the case 5 — 6 < 0, we notice that the graph of z; —
(@5 — 0)(x1 — a1)(x1 — az) is a concave parabola passing through (a1, 0), (a2, 0),
whereas the graph of 1 — §(—x1 + 6)(az — ;) is a straight line with negative
slope passing through (6, 0). Therefore it is sufficient to prove (4.20) for x; = by,
that is,

|:(a1 + 5)0,2 —+ bl(bg — 5) —aias + blbg

- by — by —
b1+ by —ay —az — 20 b1+b2—a1—a2](1 ar)(by — ag) <

<6 |:—b1 n —aj1as + bibsy :| l:a2 B —(a1 + 6)&2 + bl(bg — 5)

b1—|—b2—a1—a2 b1+bg—a1—a2—25 '
It is not difficult to see that the above inequality holds if and only if § < by —ay
which is satisfied by the hypotheses on §.

The other conditions of Corollary 3.7 are easy to check. Indeed, any n € Es
can be written as Rdiag(a; + d,a2) S or Rdiag(bi,be — 0) S, for some R, S €
SO(2). In both cases dist(n; E) < §. This proves that for every ¢ > 0
dist(n; E) < ¢ for every n € Es, with § < e.

To prove the last condition of Corollary 3.7, let € int Rcoy E. Since a; +
0 — ay, ba —0 — by and 05 — 6, as § — 0, we have that (A1(n), A2(n))
satisfies (4.16), (4.17) and (4.18) for sufficiently small §, that is, n € RcoyEs for
sufficiently small §. o

4.3.2 Set of singular values containing a line segment

In this section we establish sufficient conditions for existence of solutions to
problem (4.6) when n = 2 and n = 3. Our results rely on the hypothesis that
the set of singular values of the matrices in E contains a line segment. We start
by considering the 2 dimensional case.

Theorem 4.12 Let E = {£ € R?*?: (A\1(£), A2(€)) € Ap, det& >0}, where
Ar C{(z1,22) € R?: 0 < 21 < 22}, and assume that

I':= {(a1 + t(b1 — a1),a2 + t(by — az)) : t €[0,1]} C Ap,
with a1 < by, as < by, and either a; < as or by < by. Let

K= {€ e R¥?: (A\i(€), M2()) € A, det& >0},
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where

Ag = U {(z1,72) €ER?: T129 = g, 0 < 21 < 29 < @},
(a1,az)€relint T

and relint T is the relative interior of T' with respect to the line joining (a1, as)
and (by,bs), that is,

relintI" := {(a1 + t(bl — (11),0,2 + t(bg — 0,2)) te (0, 1)}

Let Q C R? be a bounded open set and let € C},..(Q,R?) be such that

Dy(z) € EUK for a.e. x in Q. Then there exists a map u € ¢ + Wy (9, R?)
such that Du(z) € E for a.e. = in ).

Remark 4.13 Saying that Dp(x) € K means that det Do(x) > 0 and the
singular values of Dp(x) lie in the region given by the figure below.

T2

aiaz

ZTo = o

Moreover, analogous results can be achieved for other cases of the extreme
points of the segment, (a1,a2) and (b1,bs), but each case must be treated sepa-
rately.

Proof. We start by noticing that, by the regularity of the boundary condition
, one can assume that E is compact. Let E be the subset of E whose singular
values lie in the segment joining (a1, az) and (b1, ba):

E = {€ € R¥?: (A\(€),M2(€)) € Ag, det& >0}, where Az :=T.

Using Theorem 3.5, we will show that K has the relaxation property with respect
to F and thus with respect to E, since £ C FE. ’~The result will then follow as
an application of Theorem 3.2. Notice first that E is a bounded set since Az is
compact and A; is a norm.

We will prove that the set Ax is open in {(xy,75) € R? : 21 < a5},
Let y = (y1,y2) € Ak and assume, by contradiction, that, for each 6 > 0,
there exists © = (z1,22) € Bs(y) with 27 < a9 and x ¢ Ag. Therefore, it is
possible to construct a sequence z™ = (z7,2%) converging to y with =7 < z}
and z" ¢ Ag. Observe that, due to the hypotheses on a1, az, b1, ba, the function
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Y(t) := (a1 + (b1 — a1)) (a2 + t(b2 — az)) is strictly increasing in [0, 1] and thus,
a continuous bijection between [ajag,bibs] and Az is defined. By definition
of Ak, there exists (a1,as) € relintT such that y1y2 = ayas € (a1asz,b1bs)
with yo < ag. By continuity of the product, ngrfoo riay = ajae. Hence, for

sufficiently large n € N, zz} € (aia2,b1b2) and thus, the existence of the

bijection referred to above implies that z7z% = (765, for some (67,0%) €

relint ' with lirf B8y = ajag. In particular, again by the continuity of
n—-+oo

the bijection between [aiasz, biby] and A, liT (67, %) = (a1, az). Since, by

hypothesis, 2™ ¢ Ak, then 24 > (2 and passing to the limit, as n — +oo0, we
get Yo > ap, which is a contradiction. So we conclude that Ak is open.

Since the singular values are continuous functions and A; < A, it follows
that K is an open set. It remains thus to show that K has the relaxation
property with respect to E, which will be achieved through Theorem 3.5.

Before proceeding, we observe that K C int Rco E. Indeed, it follows from a
result due to Dacorogna and Tanteri [12] (see also [7, Theorem 7.43]) that, for
each (a1, as) € relint Ag,

Reo {€ € R¥*? 1 (A1(€), X2()) = (a1, 2), det & >0} =
={£eR¥?: deté =g, Ma(§) <as}. (4.21)

Therefore, it is clear that K C Rco E and since it is open, the desired inclusion
follows. Moreover this inclusion implies that K is bounded since E is bounded.
We also note that, since Az C {(21,22) € R? : 0 < 2y < x5},

[e5)e]
Ak = U {<a1+c,a11+2> cR?: O<c§\/a1042—061}~ (4.22)

C
(a1,az)€relint T

Now we will prove the relaxation property introducing convenient approxi-
mating sets F5 and K. For sufficiently small §, let

c(6, a1, a9) = min{d, \/aras — a1},

Ey = {€ € R (a(8), Xa()) € A, det >0},

Ks = {€£ e R¥?: (A\(£),X2(8)) € Ak, det& >0},

where

B _ may
AE5 = U {<a1+C(5’a17a2)7a1+C(67a1,0é2))} ﬁ

(a1,az)€relint Ag

ﬂ{(l‘l,lfz) ERZZ O<1‘1 SJ?Q, a1a2+5§z1x2 §b1b2—5},

AK5 = U {(xl,xg) € R2 D X1Ty = e, 0 <x; <ag < CVQ}.

(Ot] ’a2)€AE5
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We proceed with the proof of conditions (i), (i4) and (i7) of Theorem 3.5.
To prove condition (i), by the matrix decomposition (4.2), it is enough to
show that, for any given £ > 0, there exists dg > 0 such that

diSt((.’El,mg);AE> <e V (371,5(}2) S AE‘g’ b€ (0,50].

(63K
> ar+c(0,a1,02)

&
V1+b3 /a3’

< 0y/1+b3/a?,

where we have used the fact that any (a1, as) € relint AE satisfies o1 > a; and
g < by (this follows from the hypotheses on aq,as, by, ba).

Now we prove condition (i7). Let n € int K = K. It suffices to show that, for
sufficiently small 6, A (n)A2(n) = 3152, for some (81, B2) € Ag, with Ao (n) < PBa.

By (4.22), (AM(n), X2(n)) = <a1 +c “10‘2> for some (ai,a2) € relint Ay and

Y ay+c
0 < ¢ < Jajas — a;. The monotonicity of the function 1 introduced above,
yields o g € (ajag, bibs). Thus, for small §, one has ayas € [a1az+ 6, byby — 4.

Defining (1, 32) = (a1 + ¢(6, a1, ) %> we observe that (81, 82) €

Y aitc(d,ar,a2) )’

The elements of AE; are of the form (oq + c(d, a1, ag) ) for some

(a1,2) € relint Ay C Az. Thus, choosing dp = we achieve the

desired condition, since

(65K e%)

‘(al + C(é,al,QQ), m

> — (o1, 02)

Ag, . Finally, A2(n) < B2 is equivalent to ¢ > ¢(d, a1, a2) and this is true for
sufficiently small 4, since %in% c(d,a1,a2) =0 and ¢ > 0.

It remains to prove condition (i#¢). We notice that, using (4.21), we conclude
that any £ € Ks belongs to

Reo {€ € R**? 1 (A1(£), X2(€)) = (1, 2), det& >0},

for some (a1, a3) € AEJ' Since AEJ C Ak, this hull is a subset of K = int K
and condition (#44) follows from (2.2) (see also Remark 2.10 - 3)). O

We consider next the 3 dimensional version of the previous result.

Theorem 4.14 Let E = {£ € R¥3 : (A1(£), A2(€), A3(§)) € A, det& >0},
where Ap C {(71,72,73) € R3: 0 < 21 < 29 < 23}, and assume that

['i={(a1 +t(br —a1), a2 + t(b2 — a2), a3 + t(bs —a3)) : t €[0,1]} C Ap,
with a; < by, as < be, ag < bg and either a1 < az < az or by < by < bs. Let
K = {§ € R¥: (A(€), 22(6), A3(6)) € Ag, det& > 0},
where

Ag = U {(z1,32,23) € R3: z12973 = 0yapas,

(a1,02,03)€relint T

0 <z <mp <z3 <ag, T2x3 < oz},
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and relint I' is the relative interior of I' with respect to the line joining (a1, as,as)
and (b, ba, b3), that is,

relint ' := {(a1 + t(by — a1), a2 + t(bs — a2),as +t(bs —agz)) : t € (0,1)}.

Let Q C R® be a bounded open set and let o € CJ,..(,R?) be such that

Dy(x) € EUK for a.e. z in Q. Then there exists a map u € ¢ + Wy ™ (Q,R?)
such that Du(z) € E for a.e. x in Q.

Proof. The proof of this result follows the lines of that of Theorem 4.12. Due
to the heavy notation we won’t present it here in full detail. The reader can
follow the proof of Theorem 4.12 taking into account that in this case the set
A can be written in the form

102 (65 DI %} 3
Ag = ay + ¢, + co, ) eR”:
K U {( T e T anas +eo(ag + )

(a1,a2,a3)€relint T’

[e5Ke%) [e5Re%1e%] Qa0
c1>0, co>a1+c — , 0< e < — .
a1+ ar+c a1+

The approximating sets Ejs and K can be defined, for sufficiently small 8, by

Ey = {€ € R : (01(€), 2a(6), 2a(©)) € A, det& >0},

K5 = {€ e R (A1(6), \a(€), As()) € Ak, deté >0},

where Az is the set
S5

( U {<a1 +9, aoiliQ(S + (6, a), s +Ccyz((5)j2acg?za1 +96) ) })

(og,a2,a3)€reling T’

ﬂ {(Il,xg,xg) S Rs 0 < a1 <o < x3,010203 + 0 < T129x3 < b1bobs — 5}

¢(d, @) = min {6, 1/ o;:laiogg - ozoilizé}’ a = (aq,az,a3) and

- 3. _
AK5 = U {(.’1?1,$2,$3) e R’ : T1T2T3 = (1 0ia (X3,

(a1 00,05)EA g

0 <z <xp <23 <0y, Tawz < 23}

O
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